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ABSTRACT

Fixed superdirective beamformers using small-size microphone ar-
rays are known to be highly sensitive to errors in the assumed micro-
phone array characteristics. This paper discusses the design of ro-
bust superdirective beamformers by taking into account the statistics
of the microphone characteristics. Different design procedures are
considered: applying a white noise gain constraint, trading off the
mean noise and distortion energy, and maximizing the mean or the
minimum directivity factor. When computational complexity is not
important, maximizing the mean or the minimum directivity factor
is the preferred design procedure. In addition, it is shown how to de-
termine a suitable parameter range for the other design procedures.

1. INTRODUCTION

In many speech communication applications, the microphone signals
are corrupted by background noise and reverberation. The objective
of a fixed (data-independent) beamformer is to obtain spatial focus-
ing on the speech source, thereby reducing noise and reverberation
not coming from the same direction as the speech source. Different
types of fixed beamformers are available, e.g. delay-and-sum beam-
forming, superdirective beamforming [1, 2], differential microphone
arrays [3], and frequency-invariant beamforming.

It is well known that a superdirective beamformer, which max-
imizes the directivity factor of the array, is sensitive to uncorrelated
noise, especially at low frequencies and for small-size arrays [1, 2].
In addition, superdirective beamformers are sensitive to deviations
from the assumed microphone characteristics (gain, phase, and posi-
tion). In many applications, these microphone array characteristics
are not exactly known and can even change over time.

This paper discusses several design procedures for improving
the robustness of superdirective beamformers against unknown mi-
crophone mismatch. A commonly used technique to limit the am-
plification of uncorrelated noise components, which also inherently
increases the robustness against microphone mismatch, is to impose
a white noise gain constraint [1, 2]. In addition, we discuss two
design procedures that optimize a mean performance criterion, i.e.
the weighted sum of the mean noise and distortion energy, and the
mean (or the minimum) directivity factor. These design procedures
obviously require knowledge of the gain, phase and position prob-
ability density functions and are related to [4, 5] where the design
of robust beamformers with an arbitrary spatial directivity pattern
has been discussed. When computational complexity is not an issue,
maximizing the mean or the minimum directivity factor is the pre-
ferred design procedure. In addition, it is shown how to determine a
suitable parameter range for the other design procedures.
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2. CONFIGURATION AND DEFINITIONS

Consider the linear microphone array depicted in Fig. 1, consisting
of N microphones and with d,, the distance between the nth micro-
phone and the reference point, arbitrarily chosen here as the center
of the microphone array. We assume that a noise field with spectral
and spatial characteristics o2 (w, ¢, 0) is present, where ¢ and 6 rep-
resent the azimuthal and the elevation angle in spherical coordinates
(0 < ¢ < 2m,0 <6 <), and that a speech source S(w) is located
at an angle (¢, 05) in the far-field of the microphone array. The
microphone characteristics of the nth microphone are described by

An(w’ ¢a 9) = Qn (wv ¢7 e)e—jﬂin(wa(/),@) ) (1)

where the gain a,, (w, ¢, 6) and phase 1, (w, ¢, #) can be frequency-
and angle-dependent. The nth microphone signal Y, (w) is equal to

Y (w) = gn(w; @5, 05)5r(w) + Va(w) , )

with S, (w) the speech component of the signal received at the refer-
ence point, V;, (w) the noise component of the nth microphone and

gn(w, ¢7 9) = An(wv ¢7 0) e—jWTn(¢,9) k] (3)

where the delay 7,, (¢, #) in number of samples is equal to 7,, (¢, §) =
(dy cos @fs)/c, with ¢ the speed of sound propagation and fs the
sampling frequency. The stacked vector of microphone signals Y (w)
[ Yo(w) Yi(w) Yn_1(w) ]T can be written as

Y(w) = gs(w)Sr(w) + V(w) ()

with gs(w) = g(w, ¢s, 05), the steering vector g(w, ¢, ) equal to

gnv-1(w,6,0)]",
Q)

gw, ¢,0) =[go(w,$,0) g1(w,9,0) ...

Fig. 1. Linear microphone array configuration
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and V (w) defined similarly as Y (w). The output signal Z (w) is

Z(w)

with W (w) the weight vector of the beamformer.

The array gain G(w) is defined as the signal-to-noise ratio (SNR)
improvement between the reference (input) signal and the micro-
phone array output signal, and is equal to

=wH (W)Y (w) = wH (w)gs(w)Sr(w) + wH (w)V(w),

o= W) g (@)
Gl = WH(w)Byy (w)W(w) ©

with @1y (w) the normalized noise correlation matrix, i.e. ®yv (w) =

By (W)/Py(w) = E{V (W) VI (w)}/®,(w), with ®, (w) the noise
energy of the reference signal. By spatially integrating the noise field
02(w, ¢, 0), the (n, p)-th element of @y (w) can be computed as

_ Jo TS 9n (. 8,0)95(w,6,6) 0% (w, 6,6) sinf dbdp
fo27T foTr 02(w, ¢, 0) sinb dfdep ’

Dy, v, (W)

(O]
The directivity factor (DF) is defined as the ability to suppress spher-
ically isotropic noise (diffuse noise), for which o2 (w, ¢, 0) = o2 (w).
Hence, the directivity factor is equal to

(w)[”

W (w)"gs
270 (WW(w)

DF(w) = Wi ()3

(3

where, using (3) and (7), the (n, p)-th element of ;i“i,i{;f (w)is

9= [ [ 0000,

eI (00 =p(5.0) Gin g dads . (9)

The white noise gain (WNG) is defined as the ability to suppress
spatially uncorrelated noise (e.g. internal noise of the microphones),
for which the normalized noise correlation matrix <I>“"C(w) = In,
with Iy the identity matrix. Hence, the white noise gain is equal to

(W (w)" g: ()]

PR W wie)

10)

For conciseness, we will omit the frequency-domain variable w where
possible in the remainder of the paper.

3. SUPERDIRECTIVE BEAMFORMING

The superdirective beamformer W ;4 maximizes the directivity fac-
tor defined in (8). By imposing a unit gain constraint in the direction
of the speech source, i.e. Wi g, = 1, the superdirective beam-
former W4 can be computed as

($diff) 71gs

Woa = ———= 57—
gl (@V])) e

11

The same solution is obtained by minimizing the normalized noise
energy in the output signal, subject to a unit gain constraint in the
direction of the speech source, i.e.

. H
subjectto Wig, =1.

rr\l)‘i/nWH'ic‘i,inW, (12)

Similarly, consider the weighted sum of the normalized noise energy
J»(W) and distortion energy J4(W) in the output signal, i.e.

Je (W, A) = J,(W) + AJa(W) , (13)
where A > 0 is a weighting factor and
(W) = WIBEIW,  Ju(W) = (W', — 11| (14)

The filter W(\) minimizing J;(W, \) is equal to

)\(&;diff)—lgs

1+ Mgl (®@07)) g,

15)
Note that W4 = W (00). It can be easily shown that the larger A,
the larger the noise energy and the smaller the distortion energy.

It is well known that superdirective beamformers are sensitive
to uncorrelated noise, especially at low frequencies. A commonly
used technique to limit the amplification of uncorrelated noise com-
ponents, is to impose a WNG constraint [1, 2], such that the opti-
mization problem in (12) becomes

Wt()\) (<I>dsz +)\g5gs ) 1)\gs _

subjectto WHg, =1, WwW < 3.

(16)
Using the method of Lagrange multipliers, it can be easily shown
that the solution of this optimization problem has the form

n\l}\ifn WH:I;“i,i{ij,

(@dlff + /JIN) 1g5

Wsd, = —
Y g (@Y 4 uIn) e,

a7

The Lagrange multiplier 1 needs to be (iteratively) determined such
that the inequality constraint ng, wWad, < [ is satisfied [1, 2].
The larger p, the larger the robustness of the beamformer, but the
smaller its directivity factor.

4. ROBUST SUPERDIRECTIVE BEAMFORMING

Using the procedures in Section 3, it is possible to design a superdi-
rective beamformer when the microphone characteristics and posi-
tions are exactly known. However, superdirective beamformers are
highly sensitive to deviations from the assumed microphone char-
acteristics, especially for small-size arrays and at low frequencies.
In Section 3, it has been shown that robustness can be improved by
imposing a WNG constraint. However, since the WNG is not di-
rectly related to microphone mismatch, it is quite difficult to choose
a suitable value for 3 or p that guarantees robustness for a range
of microphone mismatches. In this section, we present design pro-
cedures for improving the robustness against unknown microphone
mismatch by optimizing the mean performance, i.e. the weighted
sum for all feasible microphone characteristics, using the probabil-
ity of the microphone characteristics as weights. These procedures
obviously require knowledge of the gain, phase and position prob-
ability density functions (pdf). We will discuss two performance
criteria: the weighted sum of the mean noise and distortion energy,
and the mean (or the minimum) directivity factor.

In order to be able to describe microphone position errors, we will
incorporate them directly into the microphone characteristics, i.e.

) . 5pcosf
An(w,6,0) = an(w, ¢, 0)e V0TI (18)

where d,, represents the position error for the nth microphone. The
pdf f.4(A) describes the joint pdf of the stochastic variables a (gain),
1) (phase) and d (position error). We assume that a, ¥ and § are
independent variables, such that the joint pdf is separable.



4.1. Mean noise and distortion energy

Similar to (13), the weighted sum of the mean noise energy Jy,m (W)
and the mean distortion energy Ja,,» (W) is equal to

] Jim(W,A) = Jom (W) + XJgm (W) \ (19

with

Jvm(W):/ Wil (AW -
Ao AN—1

fa(Ao) ... fa(An—1)dAg...dAN_1, (20)
TanW) = [ [ Wl (a) 1
Ao AN-—1
Fa(Ao) ... fa(Axn_1)dAo...dAx_1, (1)

with :I;‘\i/i{:f (A) the normalized noise correlation matrix in (9) for
the specific microphone characteristic A = {Ao,..., An_1}, and
gs(A) the steering vector in (5) and (3) for the angle (¢s, 65) and
the microphone characteristic A.

The mean distortion energy Jg,,», (W) can be written as

| Jim(W) = W QoW = WWas — W+ 1] 22)

with Qs and gsm, equal to

/- 0 /A (A) fa(Ao) ..
[o], =

Using (3), the (n, p)-th element of Qs is equal to
. (dp—dp) cos Oy
Qomunp = Tanp(w,6s,0) €7 €L (23)

with Uimp (w, ¢s,

/ / An(w, ¢s,05)Ap(w, @s, 05) fa(An) fa(Ap)dAndA, |
Ap J Ay

fa(An_1)dAo...dAx_1,

fA AO) f (ANfl)dAo...dANfl .

6s) equal to

and the nth element of qs,, is equal to

qsm,n = [/ An(wy (,bs, ee)f.A(An) dAn:| €
An

. dp cos@
—juSnco8ls

NA,'VL(wa¢saes)
(24)
The expressions 0% p(W, @s,05) and pra n(w, ds, 05) can be easily
calculated for e.g. uniform or Gaussian pdfs.
The mean noise energy Ju» (W) can be written as

] Jom(W) = WL/ Iy (25)

with :Iv’dif f equal to
/ / ‘I’dlff A) fa(Ao). .. fa(An-1)dAo. .. dAN-1 .
A0 Jay

Using (9), the (n,p)—th element of ®,, is equal to

pass

m,np

Similar to (15), the filter Wy, » minimizing J¢ (W, A) is equal to

Wt'm,)\ = (éiiff + AQSWL)_l)\qs'm (26)

The larger ), the larger the mean noise energy and the smaller the
mean distortion energy.

27 p
= / / O mp (W, ¢, 0)e 9T (SO =T (00) giy gagdp.
ar Jo Jo

4.2. Mean and minimum directivity factor

The mean directivity factor is defined as

DF,,(W) F(W,A)

/Ao /AN 1 @7

fa(Ao) ... fa(AN-1)dAg...dAN_1

with DF (W, A) the directivity factor defined in (8) for the micro-
phone characteristic A, i.e.

H 2
DF(W,A) = V\%% . 28)
v’ (AW
Since the filter W' cannot be extracted from the integrals and the
separability of the joint pdf f4(A) cannot be exploited, computing
and maximizing the mean directivity factor is computationally quite
expensive. In general, we will approximate the integrals in (27) by a
discrete (Riemann) sum, i.e.

DF,(W)~ > ... > DF(W,A) fa(Ao)...

Ag AN—1

AAg...AAN_1, (29)

Ja(An-1)

with AA,, denoting the grid spacing for the pdf describing the nth
microphone characteristic. Obviously, the smaller the grid spacing,
the more expensive the computation of this sum. Since no closed-
form expression is available for the filter W,,, maximizing (29), an
iterative optimization technique will be used.

When maximizing the mean directivity factor, it is still possible
that for some specific microphone deviation the directivity factor is
quite low. To overcome this problem, the worst-case performance
can be optimized by maximizing the minimum directivity factor for
all feasible microphone characteristics. We first define a (finite) grid
of microphone characteristics (K, gain values, K, phase values and
K5 position error values), as an approximation for the continuum of
feasible microphone characteristics. We use this set to construct the
(K. K, Ks)" -dimensional vector F(W), i.e.

DF (W, A)
DF>(W,A)
F(W) = : ; (30)

DF(KaKd,K,;)N(W7A)

consisting of the directivity factor for each possible combination of
gain, phase and position error values. The goal then is to maximize
the minimum value of F(W), i.e.

W onin = arg max min Fp,(W), @31

which can be solved using e.g. a sequential quadratic programming
method. Obviously, the larger the values K, K, and K, the denser
the grid of feasible microphone characteristics, and the higher the
computational complexity for solving this minimax problem.

5. SIMULATIONS

We use a linear non-uniform microphone array consisting of N = 3
closely spaced microphones at nominal positions [0 0.01 0.025] m
corresponding to a typical configuration for a multi-microphone BTE
hearing aid. We assume that the microphone characteristics are in-
dependent of the angles ¢ and 0, i.e. An(w, ¢,0) = A, (w), and that
the nominal microphone characteristic A, (w) =1,n=0... N—1.



Directivity factor no deviation (Pattern diff = 4.4dB, Mean DF = 5.94dB, Minmax DF = 4.38dB)
T T T T T

8
6 4
g
i b
&
ok 4
i i i i
10 10° 10° 107" 10° 10' 10°
Mean Directivity factor — max = 4.88dB, (Pattern diff = 4dB, Mean DF = 4.9dB, Minmax DF = 4.0508)
5 T 7
aF
8 3r
£ 2k
&
s
i i
107 10° 107 107" 10° 10' 10°
n
Minimur Directivity factor - max = 2.43dB, (Pattern diff = 2.44dB, Mean DF = 1.91dB, Minmax DF = 2.654B)
T T T T
o
@ 101 =
=
£ 20 B
£ -20
£
5 30 : B
-0 N i i i i h
107 107 107 107! 10° 10' 10°

Fig. 2. Directivity factor, mean directivity factor and minimum di-
rectivity factor of W g, as a function of p

Design DF | DF,, | DFnin
W, 594 | 4.90 1.91
Wm,in 4.38 4.05 2.65
Wia (n=0) 9.52 1.33 -28.12
Wis (= 00) 021 | 0.20 0.16

W4, (max DFy,, = 0.01) 597 | 4.88 1.82
Wa,, (max DFpin, p=0.07) | 481 | 4.29 243
Wim,a (max DFy,, A — 0) 5.63 | 4.79 2.15
Wi a (max DFpin, A =1.4) | 477 | 4.26 243

Table 1. Directivity factor, mean and minimum directivity factor for
different design procedures

Without loss of generality, we also assume that all microphone char-
acteristics are described by the same pdf f4(A). The direction of the
speech source is 65 = 0°, the sampling frequency is fs = 16kHz
and the design frequency is 1000 Hz. We will assume only gain de-
viations, mainly in order to limit the computational complexity for
computing W,,, and W,,;,,. We will use a uniform gain pdf with
mean ftq,, = 1 and width s,,, = 0.3. The grid spacing required
for the design procedures in Section 4.2 is Aa = 0.02, such that the
sum in (29) and F(W) in (30) consist of 27000 components.

Table 1 summarizes the directivity factor D F', the mean directiv-
ity factor D F},,, and the minimum directivity factor D F,,;, for dif-
ferent procedures. Obviously, the superdirective beamformer leads
to the highest directivity factor when no microphone deviations occur
(DF = 9.52dB), the beamformer W, leads to the highest mean di-
rectivity factor (D F,,, = 4.90 dB), and the beamformer W ,,;,, leads
to the highest minimum directivity factor (D Fiin = 2.65 dB).

Figure 2 plots the directivity factors for the beamformer W yq,,,
as a function of the factor . This factor provides a trade-off between
directivity and robustness: the superdirective beamformer W g (1 =
0) leads to the highest directivity factor when no deviations occur,
but the mean directivity factor is only equal to D F;,, = 1.33dB, and
the minimum directivity factor is equal to DF,;n = —28.12dB,
illustrating the sensitivity of the superdirective beamformer to mi-
crophone deviations. On the other hand, the delay-and-sum beam-
former Wys (1 = 00) is very robust, but the directivity factor is
very low. For p = 0.01, the mean directivity factor is maximized
(DF,, = 4.88dB), while for = 0.07, the minimum directivity
factor is maximized (D Fy,in, = 2.43dB). These values are quite
close to the maximum attainable values.
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Fig. 3. Directivity factor, mean directivity factor and minimum di-
rectivity factor of Wy, as a function of A

Figure 3 plots the directivity factors for the beamformer W,
as a function of the factor A. Using this figure, it is possible to deter-
mine the values of A for which the mean and the minimum directiv-
ity factor are maximized. For \ approaching 0, the mean directivity
factor is maximized (D F,,, = 4.79 dB), while for A = 1.4, the min-
imum directivity factor is maximized (D Fyin = 2.43dB). These
values are again quite close to the maximum attainable values.

Except for the superdirective beamformer, which is very sensi-
tive to deviations, and the delay-and-sum beamformer, whose per-
formance is very low, all other beamformer designs may lead to a
reasonable performance and robustness. Although it is hard to de-
termine which design procedure is the optimal one, we can make the
following conclusions:

1. If computational complexity is not important, the beamform-
ers W,,, and W,,;,, are preferable, since they respectively
optimize the mean or the worst-case directivity factor.

2. The performance of the beamformers Wq,, and Wy, » is
quite similar, where respectively the parameters p and A pro-
vide a trade-off between directivity factor, mean directivity
factor and minimum directivity factor. Using Figures 2 and 3,
it is possible to determine a suitable range for p and .
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