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ABSTRACT

Transparent solids may absorb energy from a laser beam of sufficient high intensity. Several models are under
consideration to describe the evolution of the free-electron density. Some of these models keep track of the energy
distribution of the electrons. In this work we compare different models and give rules to estimate which one
is applicable. We present the inclusion of a term in the multiple rate equation approach, recently introduced,
describing fast recombination processes to exciton states. Moreover, we present experimental results with tempo-
rally asymmetric femtosecond laser pulses, impinging on a surface of fused silica. We found different thresholds for
surface material modification with respect to an asymetric pulse and its time reversed counterpart. This difference
is due to a different time-and-intensity dependence of the main ionization processes, which can be controlled with
help of femtosecond shaped laser pulses.

Keywords: femtosecond laser absorption, dielectrics, avalanche, rate equation, pulse shaping, material process-
ing, control

1. INTRODUCTION

Interaction of dielectrics with ultrashort laser pulses is a broad field of fundamental theoretical and experimental
investigations stimulated also by the high potential of femtosecond laser pulses in applications like micro-machining
and medical surgery.1–3 When transparent solids are irradiated with laser intensities above a certain threshold,
strong absorption of laser energy occurs, known as laser-induced breakdown. The increasing absorptivity is caused
by the formation of a free electron gas in the conduction band of the dielectric. With the advent of ultrashort
laser pulses of subpicosecond duration, a new regime of laser-matter interaction was opened where the pulse
duration compares with characteristic times of microscopic collision processes within the material. Theoretical
works study these microscopic processes and their influence on the free-electron distribution by solving kinetic
equations like Fokker-Planck equation or Boltzmann equation.4–7 Numerous experimental studies investigate
processes like optical breakdown, filamentation and Coulomb explosion, see for example Refs. 8–14. For all kinds
of practical investigations the pre-breakdown regime is of essential interest to monitor the evolution of the free-
electron density and to control the laser induced damage. The temporal evolution of the free-electron density
in a dielectric during ultrashort pulse laser irradiation plays therefore a fundamental role in these investigations.
Usually for its description a simple rate equation is applied, though explicit kinetic calculations have shown its
inadequacy on ultrashort time-scales.6,15,16

For a long time there was a gap between the oversimplified approach of the standard rate equation and
the full kinetic treatment considering the microscopic collision processes in detail. In a recent Letter17 I have
introduced the multiple rate equation (MRE), which keeps track of the energy distribution of the free electrons,
while maintaining the conceptual and analytic simplicity of the standard rate equation. It allows to calculate the
temporal evolution of the free-electron density on a broad range of time-scales. The asymptotic solution of the
multiple rate equation provides a possibility to calculate directly the avalanche parameter entering the standard
rate equation and provides the condition of its applicability. Here we will present new insights into the role
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of the main ionization mechanisms, their mutual influence, the distinction between two fundamentally different
ionization regimes and the transition between these regimes.

In the next section we shortly resume the multiple rate equation in comparison with the commonly applied
standard rate equation. Section 3 shows up in which regimes the distinct energy of electrons has to be considered,
f.e. in frames of the multiple rate equation, and where the standard rate equation may be sufficient. In section 4
we show the influence of fast exciton recombination on the asymptotic behavior of free-electron density increase.
Section 5 is devoted to an experimental result, revealing different damage thresholds for different pulse shapes at
identical fluence, spectrum and statistical pulse duration. This difference is explained with the time-and-intensity
dependence of the main ionization processes.

2. MULTIPLE RATE EQUATION

Classically, the free-electron generation in dielectrics is described by a simple rate equation for the increase of the
total free electron density inherent in the conduction band, ntotal:

dntotal

dt
= ṅpi(EL) + α(EL)ntotal . (1)

This equation combines the probability of photoionization ṅpi, directly depending on the amplitude of the electric
laser field EL, with the rate of impact ionization, assumed to depend on the total free electron density.

Due to photoionization electrons are shifted from the valence band into the conduction band.18 In contrast,
electron–electron impact ionization is caused by a free electron already existing in the conduction band. If its
kinetic energy is sufficiently large, it may transfer part of it to an electron in the valence band, such that the
latter is enabled to overcome the ionization potential.19,20 The avalanche coefficient α depends on the effective
energy gain of the free electron in the electric laser field EL and can be intuitively estimated21,8 by

αest = W1pt(EL) h̄ωL/εcrit . (2)

Here, W1pt(EL) is the probability of one-photon intraband-absorption, h̄ωL the photon energy of the laser light
and εcrit is the critical energy for impact ionization, which is on the order of Egap, the band gap between valance
band and conduction band. A correction of this estimation, providing a possibility to calculate the avalanche
parameter α was found in Ref. 17 and will be given below.

Equation (1) was proposed and verified for laser pulses in the nanosecond regime (see for instance Refs. 22,23
and references therein). Experiments measuring the optical breakdown threshold (OBT) for different pulse dura-
tions down to the femtosecond regime were analyzed by using eq. (1), identifying the electronic avalanche as the
dominant excitation mechanism, while multiphoton absorption only provides seed electrons for this avalanche.4,11

However, in Ref. 13 single-shot time-resolved experiments were performed to study the free-electron density evo-
lution in dielectrics, probing also the electron density below OBT. These experiments could only be successfully
interpreted when neglecting the contribution of the electron avalanche, i.e. the second term in eq. (1).

Thus, experimental studies applying eq. (1) have lead to contradictory results. Moreover, theoretical investiga-
tions state fundamental doubts whether this standard rate equation is applicable in general in the subpicosecond
time regime.6,15,16 One basic assumption of eq. (1) is that impact ionization depends directly on the total den-
sity of the free electrons. However, impact ionization needs a certain critical energy of the ionizing electron, thus
this process depends also on the energy of a particular electron in the conduction band. While photoionization
generates electrons with low kinetic energy in the conduction band, impact ionization requires electrons of high
kinetic energy. This additional energy is absorbed from the laser light by intraband absorption. If this absorp-
tion process takes time comparable to the laser pulse duration, it is obvious that eq. (1) is oversimplified. On
ultrashort time scales the shape of the electron distribution in the conduction band may change in time; then
the energy-averaged total electron density, ntotal is not an adequate parameter to describe the ionization process.
At least until the shape of the transient distribution function of the electrons in the conduction band becomes
stationary, the energy distribution of the electrons is crucial for the probability of impact ionization.



Defining the density nk of electrons above εcrit, where k will be identified with the number of photons necessary
to reach εcrit, a modified rate equation can be formulated as

dntotal

dt
= ṅpi(EL) + α̃ nk , (3)

where α̃ represents the direct probability for impact ionization, provided that an electron with sufficient energy
exists in the conduction band. α̃ can be estimated from the corresponding collision term given for example
in Ref. 6 and is, in contrast to the avalanche parameter α(EL) independent of laser parameters. In case of
a stationary shape of the electron distribution in the conduction band, the fraction of high-energy electrons
nk/ntotal is temporally constant and the modified rate equation (3) reduces to the standard rate equation (1)
with α(EL) = α̃ nk/ntotal. For the non-stationary case, the fraction of high-energy electrons changes with time
and the difference in the last term of Eq. (3) as compared to Eq. (1) is substantial.

Equation (3) follows directly from the multiple rate equation (MRE), introduced in Ref. 17. It provides a
possibility to calculate the density of high-energy electrons nk(t) and thus the transient evolution of free electron
density ntotal(t) also for the highly non-stationary regime on ultrashort time-scales. The MRE is a comparably
simple description which keeps track of the electrons energy distribution, as up to now only realized by complex
kinetic approaches, while maintaining the conceptual simplicity of the standard rate equation. It is given by

ṅ0 = ṅpi + 2 α̃ nk − W1pt n0

ṅ1 = W1pt n0 − W1pt n1

ṅ2 = W1pt n1 − W1pt n2

... (4)

ṅk−1 = W1pt nk−2 − W1pt nk−1

ṅk = W1pt nk−1 − α̃ nk ,

with k = ⌊ εcrit

h̄ωL

+ 1⌋ .

Here, nj denotes the density of electrons at a discrete energy level εj . The k + 1 energy levels εj are given by
ε0 ≈ 0, εj+1 = εj + h̄ωL, where k = ⌊εcrit/h̄ωL + 1⌋ is the integer part of εcrit/h̄ωL + 1 and denotes the minimum
number of photons necessary to be absorbed by an electron at ε0 ≈ 0 to reach the critical energy for impact
ionization εcrit.

The formulation (4) of the MRE is based on a simplified view of the energy dependence of the main processes
involved in the generation of free electrons in the conduction band (CB) of a dielectric, which is sketched in
Fig. 1. Photoionization is assumed to generate electrons at the lower edge of the conduction band. With a certain
probability W1pt, which generally may depend on energy εj , such electron may absorb further single photons from
the laser light and gradually reach the critical energy necessary for impact ionization. After that the electron’s
kinetic energy is reduced and a second electron is shifted from the valence band (VB) into the conduction band.
Both electrons then have a small kinetic energy, which can be assumed to be comparable to ε0, starting the cycle
of ionization anew.

Here, relaxation processes as electron–electron relaxation and electron–phonon interaction have been neglected
in order to extract the main effect of energy dependence of the ionization processes, leading to the failure of
eq. (1) on ultrashort time-scales. While electron–electron relaxation simply smears out the peaks in the electron
distribution (see for example Fig. 3 in Ref. 6), electron–phonon interaction leads on picosecond and larger time-
scales to energy loss of the electron system. The reduced energy increase of the electrons during irradiation may
be included qualitatively by modifying the probability W1pt(εj) to an effective probability of energy increase.

In general cases the probability of impact ionization α̃ is much larger than the one-photon absorption proba-
bility W1pt. For the transition α̃ → ∞ the last equation of (4) becomes redundant and instead of the term +2α̃ nk
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Figure 1. Schematic view of the processes providing changes in the density and the energy, respec-
tively, of free electrons in the conduction band of a dielectric.

in the first equation a term +2W1pt nk−1 may be used. This modification of the MRE (4) was applied in Ref. 24,
it leads to a simplified numerical handling of the MRE.

As presented in Ref. 17, the MRE can be solved analytically with help of Laplace transform. For the case
of α̃ ≫ W1pt, which is a similar but weaker assumption than the often applied “flux-doubling” model,4,7 the
solution can be found analytically. It consists of a sum of exponential functions; the largest of them takes over
for long times and provides the asymptotic solution which reads

ntotal(t) =
ṅpi/W1pt

2k( k
√

2 − 2 + k

√

1/2)
× exp [t / tMRE] (5)

and is valid for t ≫ tMRE with
tMRE = [(| k

√
2| − 1)W1pt]

−1 . (6)

Here, constant intensity and thus constant ionization probabilities have been assumed.

The “transition time” tMRE characterizes the transition between the non-stationary regime on ultrashort time-
scales and the asymptotic avalanche regime for longer times, described by Eq. (5) with the avalanche parameter

αasymp = 1/tMRE = (| k
√

2| − 1)W1pt . (7)

The above mentioned estimated avalanche parameter αest, eq. (2), compares with the limit for k → ∞ of αasymp →
ln (2) W1pt/k. Thus, αest is about a factor ln (2)

−1
larger than the calculated value αasymp. This factor accounts

in the latter value for the doubling of electrons in each impact ionization event.

In case of W1pt depending on kinetic energy εj , the asymptotic behavior is similar to solution (5) with an
exponent, i.e. an avalanche coefficient α, given by the largest positive real root of the polynomial

p(s) = (s + α̃) ·
k−1
∏

j=1

(s + W1pt(εj)) − 2α̃ ·
k−1
∏

j=1

W1pt(εj) . (8)

3. TIME-AND-INTENSITY DEPENDENCE OF IONIZATION PROCESSES

For the following examples of results obtained in 25, a laser with photon energy h̄ωL = 2.48 eV and electric field
amplitudes up to EL = 1 × 1010 V/m was assumed, leading for a material with Egap = 9 eV to a critical energy
of impact ionization between 13.5 and 14.5 eV,17 hence, k = 6. The probability of impact ionization α̃ was
estimated from the corresponding collision term in Ref. 6 as α̃ = 1 × 1015 s−1. The rate of photoionization ṅpi



is taken from Ref. 18, W1pt is chosen to be 3.5 × 10−7 E2
L m2/V2s, which compares well with the mean value of

the one-photon absorption probability for SiO2 in Refs. 26,6. These material parameters correspond roughly to
the case of SiO2, however, the results presented in the following are of general character. Peculiarities of quartz
as ultrafast recombination in self-trapped exciton states27,28 were neglected. A possibility of their inclusion is
presented in section 4.

3.1. Non-stationary regime

At the initial stage of ionization, the fraction of electrons with energies sufficient to perform impact ionization
is expected to be small due to the non-vanishing time necessary for intraband absorption. Thus, at this stage,
photoionization is the dominating ionization process. Later, the shape of the free electron distribution becomes
stationary and the probability of impact ionization, which depends on the density of high-energy electrons nk,
may be expressed through the total electron density ntotal.
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Figure 2. Temporal evolution of the fraction of high-energy electrons α̃nk/nges for different laser
field amplitudes calculated by the MRE (4) (solid lines). The asymptotical values coincide with the
avalanche coefficient αasymp, eq. (7). For times up to the range of tMRE the fraction of high-energy
electrons strongly changes in time. The dashed line shows the normalized fraction of high-energy
electrons calculated with the full kinetic approach from Ref.6 for EL = 50 MV/cm.

The transient fraction of high-energy electrons nk/ntotal (multiplied with α̃) is shown in Fig. 2. It reflects the
temporal evolution of the shape of the free-electron distribution function for ultrashort times and its development
towards the asymptotic stationary long-time behavior. Depending on electric laser field, the time to reach the
stationary regime and thus a constant fraction of high-energy electrons is in the range of several hundreds of
femtoseconds. Below this timescale the fraction of high energy electrons is much lower than its asymptotic value.
Fig. 2 shows also the normalized fraction of electrons with energy above εcrit resulting from the full kinetic
calculation of Kaiser et al.6 for an electric field of EL = 50 MV/cm. The transient non-stationary electron
distribution is very well imitated by the MRE model (4). For times much larger than tMRE, when the stationary
regime is reached and equation (1) can be assumed to be valid, the fraction α̃nk/ntotal provides the avalanche
coefficient for eq. (1), compare eq. (3). The dotted lines in Fig. 2 correspond to the analytically calculated
asymptotic value of α(EL) according to eq. (7), assumed to be valid after t ≫ tMRE. The MRE model (4) thus
provides a comparably simple possibility both to consider the non-stationary electron distribution in dielectrics
during ultrashort laser irradiation and to follow the transition to the asymptotic avalanche regime for longer
times.



3.2. Contribution of impact ionization

A question of great interest is the fraction of impact ionized electrons electrons provided through impact ionization
nimp/ntotal as a function of duration and intensity.

The multiple rate equation was solved in Ref. 17 for the case α̃ ≫ W1pt with help of the Laplace transform.
Performing the transition α̃ → ∞ and thus neglecting the last equation in equation system (4), the L-transformed
function ηk−1 of nk−1 reads

ηk−1(s) =
W k−1

1pt

(s + W1pt)k − 2W k
1pt

· ṅpi

s
, (9)

with the k + 1 poles s0 = 0, and s1..k = ( k
√

2 − 1)W1pt. The full solution reads

nk−1(t) = − ṅpi

W1pt

+
∑

i=1..k

ṅpi

W1pt

1

K∗

i

exp[si t] , (10)

with K∗

i = 2k(1 − k

√

1/2), leading to the solution for the total free electron density:

ntotal(t) =
ṅpi

W1pt

∑

i=1..k

1

Ki

× exp[si t] , (11)

with Ki = 2k
(

k
√

2 − 2 + k

√

1/2
)

.

Obviously, for constant intensity the density of electrons provided by photoionization is given by

npi(t) = ṅpit . (12)

For the fraction of impact electrons follows the dependence:

nimp

ntotal

=
ntotal(t) − ṅpit

ntotal(t)
=

∑

1/Ki · exp[si t] − W1pt · t
∑

1/Ki · exp[si t]
. (13)

As long as W1pt is proportional to the intensity IL, which is given f.e. for the case of Drude-like absorption, the
equation (13) depends only on the product IL ·t. given in 10 Ws/cm2 for the dashed line. The self-similarity can be
used for instance to calculate the transition time tMRE, which divides the region of domination of photoionization
from the avalanche dominated regime. For the given laser and material parameters the transition time may be
expressed as tMRE ≃ 1013/IL ps W/cm2.

Figure 3 shows percentiles of the fraction of impact ionized electrons electrons provided through impact ion-
ization nimp/ntotal as a function of duration and intensity. The transition time tMRE marks the transition between
the non-stationary short-time regime for short pulses and low intensities where photoionization is dominating and
the asymptotic long-time regime for long pulses and high intensities where the impact avalanche is governing the
free electron generation, respectively.

3.3. Choice of description

Figure 3 provides a possibility to distingiush between different theoretical desriptions, applicable in different time-
and-intensity regimes. For short pulses and low intensities, were multiphoton ionization dominates, an inclusion
of only the photoionization term in (1) (or (4), what is the same in this case) is sufficient. For the asymptotic
regime of collisional avalanche, i.e. for long pulses and higher intensities, the usage of the standard rate equation
(1) is justified. In the intermediate regime around tMRE given by Eq. (6), the full equation system of MRE (4)
must be applied. The multiple rate equation covers also both other regimes and can be considered as a general
description.
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Figure 3. Percentiles of the fraction of impact ionized electrons nimp/ntotal in dependence on laser
intensity and pulse duration. IL – t regions where either of the ionization processes is dominating are
shaded. The transition time tMRE marks the transition between photoionization–dominated regime
and avalanche dominated regime.

4. INCLUSION OF RECOMBINATION

In17,25 the evolution of the free-electron density was studied for the case of irradiation of SiO2 on timescales
in the femto- to picosecond range. However, recombination processes were neglected, though they may play a
considerable role. Especially for quartz, fast recombination processes on a timescale of about 150 fs are known;
here ultrafast recombination in self-trapped exciton states have been experimentelly found.28,27

Generally, recombination may be included in the multiple rate equation analogously to the extension of the
standard rate equation as proposed in Refs..14,29 Aiming to calculate the stationary long-time behavior, we allow
for re-excitation from the exciton states with a probability Wexc. With the recombination time τrecomb a modified
MRE may be formulated as:

ṅexc = ntotal/τrecomb − Wexcnexc

ṅ0 = ṅpi + 2 α̃ nk − W1pt n0

+Wexcnexc − n0/τrecomb

ṅ1 = W1pt n0 − W1pt n1 − n1/τrecomb

ṅ2 = W1pt n1 − W1pt n2 − n2/τrecomb

... (14)

ṅk−1 = W1pt nk−2 − W1pt nk−1 − nk−1/τrecomb

ṅk = W1pt nk−1 − α̃ nk − nk/τrecomb ,

where nexc is the density of electrons in exciton states, ntotal =
∑

i ni and nk the density of high-energy electrons,
as in section 2 where also the other quantities are given.

Fig. 4 shows the transient fraction of high-energy electrons, which reflects the evolution of the shape of the
free-electron distribution from the initial nonstationary behavior towards the asymptotic stationary long-time be-
havior. A constant laser field amplitude of EL = 100 MV/cm was chosen and the normalized fraction α̃nk/ntotal
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Figure 4. Development to asymptotic behavior including different recombination times. The solid
curve corresponds to the original MRE, while the dashed lines give the avalanche parameter including
different recombination times as indicated.

was calculated with the original MRE (solid line) and including recombination with different characteristic re-
combination times (dashed lines), respectively. For the calculation we assumed Wexc = W1pt. While the resulting
asymptote strongly depends on the recombination time, the time to reach the stationary regime, tMRE, does
not. The dotted line shows the corresponding results of the analytical estimation based on the Laplace transform
of the unmodified MRE, i.e. the asymptotic value of the avalanche parameter and the transition time tMRE.
Seminumerical estimations of the asymptotic avalanche parameter including recombination depend on material
and laser parameters.30

Thus, while the asymptote itself, i.e. the avalanche parameter which under certain conditions can be inserted
in Eq. (1), is depending strongly on the recombination time, the characteristic time to reach the asymptotic regime
is nearly uneffected and can be assumed to be given by Eq. (6), also if fast recombination processes influence the
free electron density.

5. EXPERIMENTAL AND THEORETICAL STUDIES OF THE EFFECT OF
PULSESHAPE

In the following we present experimental studies with temporally asymmetric pulse shapes, enabling us to control
the temporal evolution of the free-electron density. We reveal a systematic dependence of the damage threshold
on the laser pulse shape for different dielectric materials. Accompanying calculations, using the multiple rate
equation (4) show that the characteristics of the free-electron density increase as well as its final value strongly
depends on the laser pulse shape.

We obtain our experimental results by introducing third order dispersion (TOD) via spectral phase modulation
in a pulse shaper buildt at the University of Kassel, Germany.31 Analytic formulas for cubic phase shaped laser
pulses of the form Φ(ω) = Φ3

3!
(ω − ω0)

3 where Φ3 is termed TOD and ω0 is the central frequency and can be
found in 32,33. The experimental setup was described elsewhere.34,35 Here we present the results of material
modification on a surface of fused silica.

Fig. 5 shows SEM micrographs of damage structures on fused silica. A triplet of applied laser pulses with
different third order dispersion (TOD)s (negative Φ3, zero Φ3 and positive Φ3) for a fixed energy and focal position
is highlighted. For all Φ3 the pulses have the same energy, spectral intensity and spatial profile. The positive



Figure 5. Scanning electron microscope micrographs of a measurement pattern on fused silica: For
an applied energy and focal position a triplet of applied laser pulses is highlighted by the ellipse.
Negative, zero and positive TOD were used. Normalized temporal intensity profiles are sketched for
comparison between different TODs. (a) low TOD (φ3 = ±2.5·104 fs3, E = 77 nJ) results in negligible
differences between created structures. (b) high positive TOD (φ3 = +6 · 105 fs3, E = 71 nJ) results
in a change of structure size and threshold energy. The threshold energy for ablation with negative
TOD (φ3 = +6 · 105 fs3) is reached in (c) with E = 110 nJ. Here the unshaped pulse is suppressed in
order not to mask structures with TOD.

and negative phase mask have the same pulse duration but their time profile is time-inverted. Fig. 5a shows
structures resulting from a weak TOD of Φ3 = ±2.5 · 104 fs3 leading to no significant changes neither to the
diameter nor to threshold (not shown) for material processing. The statistic pulse duration of 2σ = 50 fs is only
slightly longer compared to the bandwidth limited pulse of 35 fs. For a strong TOD of φ3 = ±6 · 105 fs3 (see
Fig. 5b) the statistic pulse length raises to 2σ = 960 fs. The highlighted triplet is at the threshold energy (71 nJ)
for material processing with positive Φ3. For φ3 = −6 · 105 fs3 the first structures appear at 110 nJ (Fig. 5c) and
look similar to the structures for positive Φ3. In this pulse energy region unshaped pulses are suppressed in order
not to mask structures with TOD. The energies are measured single shot for the specified holes. Note within that
context, that the energy transmission through the phasemodulator for positive and negative TOD measured at
the entrange pupil of the objective is constant.

Here we concentrate our discussion on the difference in threshold energies for different signs of the cubic phase
i.e. different asymmetric temporal pulse shapes. To that end we calculate the transient free-electron density in
laser-irradiated dielectrics by making use of the multiple rate equation (MRE).17 The achievement of a certain
critical density is commonly accepted as a criterion for laser induced damage in dielectrics. In the following a
remarkable difference in the transient evolution of electron density as well as in its final values is revealed for both
signs of phase modulation.

We apply material parameters of fused silica and laser parameters as used in the experiments. The probability
for intrabandabsorption for a laser wavelength of λ = 790 nm is assumed as W1pt = 1.38 × 10−6 E2

L m2/V2s,
using the value in Ref.17 and the Drude formula. Other material parameters are given in the preceding sections.
Recombination28,29 is neglected for the present study.

Fig. 6 shows the increase of total free electron density for negative and positive cubic phase. The corresponding
asymmetric temporal intensity profiles are shown as dashed-dotted curves. Here, a pulse duration of ∆t = 35 fs
of the unperturbed pulse (FWHM) and a phase modulation with |φ3| = 600 000 fs3 were applied, resulting in a
statistical pulse duration of σ = 480 fs. The resulting transient intensity is plotted for the case of φ3 > 0 and
φ3 < 0 where for the latter case an offset of 4σ in time was used for better visualization.

In both cases, the density of electrons shifted to the conduction band by the process of photoionization
npi is plotted additionally to the total free-electron density ntotal. Fig. 6 shows a remarkable difference in the
characteristic of free-electron density increase as well as in the finally reached value between both signs of the cubic
phase. For the case of positive cubic phase the total free-electron density increases strongly at the beginning of
irradiation. Later on, a further gradual increase is observed, attenuating at the end of the laser pulse. In contrast,
for the case of negative cubic phase, the total free-electron density increases only by the end of irradiation, when



Figure 6. Transient free-electron density ntotal (solid lines) as calculated with help of the MRE,
together with the density of electrons provided by photoionization npi (dashed lines) and the corre-
sponding transient intensities (dashed-dotted lines) of the positive modulated pulse (index +) and the
negative modulated pulse (index -), respectively.

the peak intensity of the pulse train is reached. The finally reached value is lower than for the case of positive
cubic phase.

The individual behavior for both pulse shapes is caused by a time effect together with the strong intensity-
dependence of both ionization processes. Photoionization depends directly on intensity as Iℓ in case of ℓ-photon
ionization, therefore nearly all electrons are shifted to the conduction band during the peak intensity, which is
reached at the beginning or at the end of irradiation, for the positive and negative cubic phase, respectively.

In the case of positive cubic phase, irradiation continues for a comparatively long time after the peak intensity,
thus, the initially provided free-electrons are further heated and impact–ionization becomes possible. The Drude-
like heating of free electrons depends on intensity as well (in this case the dependence is linearly, see above W1pt),
reflected by bumps in the density increase at the time of decreasing local intensity maxima of the positive cubic
phase shaped laser pulse. In case of negative cubic phase, the gradually increasing intensity in the initial phase of
the modulated pulse does not provide a remarkable density of electrons through multiphoton ionization, thus also
impact ionization is inhibited. Only during the main peak at the end of the pulse train, photoionization becomes
important, providing finally the same amount of free electrons as in the case of a positive phase mask. After
the maximum intensity is reached, it steadily decreases within the main peak on a short timescale compared to
the total pulse duration. During this intensity decrease only a small amount of free-electrons are provided by
impact–ionization leading to a lower final free-electron density as compared to the positive-modulated laser pulse.

6. SUMMARY

In summary, a model has been developed to describe the free electron density evolution in the conduction band of
a dielectric under ultrashort laser irradiation. In contrast to the commonly applied simple rate equation describing
only the total density of free electrons, the model presented in this article and in Refs. 17,25 takes into account



also the energy of electrons in the conduction band. This is important for the ionization probability as long as the
shape of electron distribution has not become stationary, i.e. in the femtosecond time regime up to picosecond
timescales, depending on intensity, as the examples in this work have shown. The model leads to an ordinary
differential equation system and ows much higher applicability than existing kinetic approaches. It thus provides
a practical tool for such theoretical and experimental investigations where details of the collision processes are
not required to know but the transient free electron density enters as a parameter.

We have studied the non-stationary regime where the fraction of free electrons with energy above critical
energy for impact ionization is changing in time. The transition from the non-stationary regime to the asymptotic
avalanche regime is governed by the transition time tMRE, which is a function of laser intensity. The transition
time may be used to decide which model is applicable. We have introduced fast recombination in our model
and found that this process does not influence the transition time, however, the avalanche parameter changes,
when the asymptotic avalanche regime is reached. The fraction of impact ionized electrons has been studied in
dependence on laser intensity and pulse duration. Here, a self-similarity was revealed: the fraction of impact
ionization depends on the product of intensity and duration of the laser pulse. Finally, experimental results
with temporally asymmetric femtosecond laser pulses have shown a strong effect of laser pulse shape on the
final material modification. Accompanying calculations show the influence of laser pulse shape on the transient
characteristics of the free-electron density as well as on its final value, suggesting a remarkable influence of the
laser pulseshape on dielectric breakdown. These differences are due to a different time-and-intensity dependence of
the main ionization mechanisms. We thus propose to control these ionization processes by applying femtosecond
shaped laser pulses.

This work was supported by the Deutsche Forschungsgemeinschaft, Emmy Noether Programme, grant No.
RE 1141/11.
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