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Q Introduction to Black Holes
* General Relativity



® metric of Euclidean space
ds? = da? 4+ dy? + dz?

® metric of Minkowski space-time

,,,,,

..........
\\\\\\\\\\

::::::::::

........
\\\\\\\\\\\




® metric of curved space-time




® motion in curved space—time




® metric of curved space—time

ds? = G datdx”



metric
ds? = g, drtdz”

® Einstein equations
matter tells space how to curve

G, Einstein tensor

T,.,: energy-momentum tensor
® equations of motion for matter/radiation
metric g,,,, tells matter how to move



Introduction to Black Holes General Relativity

Einstein Equations
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Q Introduction to Black Holes

# Schwarzschild Black Holes



Introduction to Black Holes

Schwarzschild 1916
* space-time outside a star: 7),, =0

1
N(r)
+7r2d6? + r? sin? 9d¢2

ds* = —N(r)cPdt’ + dr?

Karl Schwarzschild 1873 — 1916

2GM
1_G

N(r) = 2,

static spherically symmetric metric

remark: Minkowski space-time has
N(r)y=1
* space-time inside a star: T}, # 0



Schwarzschild space-time

1
2 _ 2 742 2 2 2 2 . 2 2
ds®* = —=N(r)c°dt +N(r) dr® + r°df* + r°sin” Od¢
2GM TH
N(r)=1- =1-—
(r) c2r r
# black holes: M
#» Schwarzschild radius g
2G M
N(ru)=0: g = —2

event horizon
coordinate singularity
true singularity » = 0



Jutta Kunz (Universit

space

at Oldenburg)

Introduction to Black Holes

distant
astronaut
4
r=0 singularity

AR,

“ outgoing
light rays
~

ingoing
light rays

surface of star
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Introduction to Black Holes

coordinate time

«

distance —»

proper time

7

singulari@'

time —
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Introduction to Black Holes

rotating generalization of the Schwarzschild black
holes: Kerr (1963)

Kerr metric in Boyer—Lindquist coordinates

Roy Kerr *1934

)
ds® = —% (dt — asin?06)” + S0 (adt — )’ + 2 K + p*ds?

p2=T2+a2C0529, p%Z’rQ—l—a,Q, A=T2—2M7‘+a2

. . J
a is the specific angular momentum: a = i
a = 0: Schwarzschild )



Introduction to Black Holes

metric in Boyer—Lindquist coordinates:
equatorial plane: 8 = /2
through center of black hole, perpendicular to the spin axis

oM AM
ds> = — <1 - —> d? — 2% tdg
T T
dr? a?  2Ma? 9 5.9
+12M—a2+<1+r_2+ " ) a9
r 72

comparison with Schwarzschild (a #£0)
® dt2 Term: static limit

® dtd¢p Term: frame dragging and Lense—Thirring
® dr? Term: event horizon

takunz Universit &t oldenburg) (BRI e SN e



Introduction to Black Holes

axis of rotation

coordinate singularity:

inner

outer
horizon

horizon

2M  a?

1-=—3+ =0 ergusphe.
r 72

radial coordinate of the horizon rg
rg =M £/ M? — a?

*a< M
+ +: event horizon of the black hole
* —:inner horizon
maximal angular momentum a = M :
extremal black hole

black hole with horizons

. . . Sir
® a > M: naked singularity (Cosmic Roger Penrose |
Censorship) 1931

Jutta Kunz (Universit &t Oldenburg)



Introduction to Black Holes

* The product dt d¢ implies that the coordinates ¢ and ¢ are intimately
linked.

* The Kerr metric predicts Lense—Thirring effect and frame dragging.
What does Lense—Thirring mean?

# Schwarzschild: radial rocket
thrust is required to keep a
stationary observer at a fixed
radius

» Kerr: additional tangential rocket
thrust is required to keep an
observer at a stationary position,
i.e., a position from which the
fixed stars do not appear to move
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Introduction to Black Holes
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* The Kerr metric predicts Lense—Thirring effect and frame dragging.
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Introduction to Black Holes

* The product dt d¢ implies that the coordinates ¢ and ¢ are intimately
linked.

* The Kerr metric predicts Lense—Thirring effect and frame dragging.
What does frame dragging mean?

# Schwarzschild: gyroscopes
always point in the same direction
» Kerr: gyroscpes start to precess,

i.e., the direction with respect to
distant stars changes

Jutta Kunz (Universit &t Oldenburg)




Introduction to Black Holes

0.05"
(2 light-days)




Introduction to Black Holes
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Black Hole: mass 3.7 - 10 M, (Yusuf-Zasdeh et al. Astrophys. J. 644, 198
(2006))
angular velocity ~ 1/17 min
R. Genzel (1995 — 2006)
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‘ Microscopic Black Holes
» Maxwell Theory
*» Kerr—Newman Black Holes



‘ Microscopic Black Holes
» Maxwell Theory



electric field £, magnetic field B
electromagnetic potential A*: ((I), /T)

E=-Vo-9,A, B=VxA
F,, =0,A, —0,A,
the field strength tensor F),, is gauge
invariant, while A, — A, 4+ 0,x
# the electromagnetic field can carry
energy

» the electromagnetic field can carry
momentum

# the electromagnetic field can carry
angular momentum

] e
S\

ity
AN

Coulomb field



‘ Microscopic Black Holes

» Kerr—Newman Black Holes



For spherical symmetry:

Too ~ B> ~ =
,

what are the properties of charged
black holes?




For spherical symmetry:

Too ~ B> ~ =
,

what are the properties of charged
black holes?




Microscopic Black Holes

1916: H. Reissner, 1918: G. Nordstrom
charged static spherically symmetric black holes:

oM ()
Nr)=1—-—+4 —
(r) r r2
# electrically charged black hole: M, Q - o
Hans J. Reissner
1874 — 1967

* horizons: r+ = M £ /M2 — ()*

= event horizon: ry = M + /M2 — ()

#= magnetically charged black hole: M, P

energy density outside the horizon due to the
Coulomb field of the charge ()

M = MH + Moutside = MH + 2(I)HQ "
Gunnar Nordstrom
1881 — 1923
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1916: H. Reissner, 1918: G. Nordstrom
charged static spherically symmetric black holes:

# electrically charged black hole: M, Q

® horizons: ro = M £/ M?2 — ()°
« event horizon: ru = M + /M? — ()°
= magnetically charged black hole: M, I

energy density outside the horizon due to the
Coulomb field of the charge )

M = MH + Moutside = MH + 2(I)HQ




charged rotating black holes: adding charge to the Kerr solution

global charges: | M, J=aM, Q, P

. P
dipole moments: | pmag = gmag%J v Hel = gelWJ (9Dirac = 2)

horizons: re =M=+ /M2 —a2— Q2 — P2 (A =0)

static limit: ro =M + /M2 — a2cos20 — Q% — P2| (gy = 0)

horizon velocity:

static
limit ~~



Microscopic Black Holes

static rotating
spherically Sc_hwarzschild (J\_{[)
symmetric Relss(n]\e/:[r-gogstrom -
axially Kerr (M, J)
. - Kerr—Newman
symmetric (M. Q. P,.J)

# Uniqueness theorem

black holes are uniquely determined by their mass
M, angular momentum J, charges @ and P

® |srael’'s theorem
static black holes are spherically symmetric

A B
Werner Israel
*1931
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‘ Non-Abelian Black Holes
* Einstein-Yang-Mills Black Holes



Non-Abelian Black Holes

ELEMENTARY
PARTICLES

e \What types of black holes do
current particle physics
theories predict?

® Standard Model is modelled
after Maxwell’s Theory of
Electromagnetism

® Standard Model: gauge field
theory

Leptons | Quarks
Force Carriers

clctron nuon

I IO IO

Three Generations of Matter
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Non-Abelian Black Holes

® standard model
« QCD:gluonsa=1,...,8
« WS: W, z°
non-Abelian gauge fields
non-linearity in field strength tensor

F, = 0,A% — 0, A% + gf** AL AL

What are the consequences of the presence
of non—Abelian fields?

Force Carriers
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® standard model
« QCD:gluonsa=1,...,8
« WS: W, 2°
non-Abelian gauge fields
non-linearity in field strength tensor

F, = 0,A% — 0, A% + gf** AL AL

What are the consequences of the presence
of non—Abelian fields?



Einstein-Yang-Mills action

S= / Tr(F,, F*) }\/—gd4x
167TG 2

N—— ——
gravity  Yang—Mills (YM)

a
e YM gauge potential A, = AZT—
e YM field strength tensor  F,, = 0,4, — 0, A, +ie[A,, A
Einstein equations
Einstein tensor — G, = 87GT,, «— stress—energy tensor

Yang-Mills field equations

1 woy
\/T—gDu(\/—_gF )=0



Non-Abelian Black Holes

globally regular solutions: Bartnik, McKinnon 1988

metric: ds® = —A%(r)N(r)dt® + dr? + r2d0?

1 —wg(r)
2

N(r)

gauge potential: Aydat =

[7,d6 — sin OTpd ]

® regularatr =0

* asymptotically flat

# node number k
k=1,..,00

#» dimensionless mass M;,
M; =0.83,.... M, =1

® no charge

Jutta Kunz (Universit &t Oldenburg)



Non-Abelian Black Holes

black hole solutions: Volkov, Gal'tsov 1989, et al.

metric:

gauge potential:

® regularatr = rg
* asymptotically flat
* node number k
k=1,..,00
# limiting solution
k — oco: RN
# no charge
® No uniqueness

Jutta Kunz (Universit &t Oldenburg)

1
2 _ _A2(/\N 2 2 4 2402
ds (r)N(r)dt= + N dr® +r°d
1—
Aydat = L= wi(r) [7,d0 — sin OTpdy]
' o for n=2,1 I I
\ m for n=1,2
0.5 - -
, -
-0.5 _g n=1 n=3 n=5
' ! 1
o 2 logylr) 4 L]




Non-Abelian Black Holes

globally regular solutions: Kleihaus, Kunz 1997

regular
asymptotically flat o
node number k
winding number n
no charge

) n=2 k=1 »=0

e & & o 0@
ol
N

0000009

takunz Universit &t Oldenburg) (BRI e SN e



black hole solutions: Kleihaus, Kunz 1997

# regular horizon €= 1087 107
f(rm) =0 ¢z izem0

# asymptotically flat ¢n1327107

# node number & €= 1397 107

* winding number n

* no charge

® 1O uniqueness

-
S

€e=13.97-10"*

e=1057-100* €=1297-100* €¢=13.27-10"*



black hole solutions: Kleihaus, Kunz 1997

circumferences of horizon:

27 T
l m
Le:/ — x sinf dop , L:2/ — x df
o \ﬁ TN

spherical symmetry:
L.=1L,

prolate black holes:
Lo < L, 9957

L/L,

.99

Israel’s theorem
does not hold




Non-Abelian Black Holes Einstein-Yang-Mills Theory

New regular solutions

Available online at www.sciencedirect.com
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ELSEVIER Physics Letters B 609 (2005) 150-156

www.elsevier.com/locate/physletb

New regular solutions with axial symmetry
in Einstein—Yang—Mills theory

Rustam Ibadov*, Burkhard Kleihaus®, Jutta Kunz®, Yasha Shnir"®

& Department of Theoretical Physies and Computer Science, Samarkand State University, Samarkand, Usbekistan
Y Institut fiir Physik, Universitit Oldenburg, Postfach 2503, D-26111 Oldenburg, Germany

Received 20 October 2004; accepted 16 January 2005
Available online 25 January 2005

Editor: L. Alvarez-Gaumé

Abstract

We construct new regular solutions in Einstein—Yang—Mills theory. They are static, axially symmetric and asymptotically flat.
They are characterized by a pair of integers (k, n), where k is related to the polar angle and n to the azimuthal angle. The known
spherically and axially symmetric EYM solutions have k = 1. For k > | new solutions arise, which form two branches. They
exist above a minimal value of n, that increases with k. The solutions on the lower mass branch are related to certain solutions
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Non-Abelian Black Holes

Ibadov, Kleihaus, Kunz, Shnir 2005

€ k=2, n=4, lower branch € k=1, n=4
0.12

0.1
0.08
0.06
0.04
0.02

energy density of two of the new solutions



Non-Abelian Black Holes

Ibadov, Kleihaus, Kunz, Shnir 2005

/
k=2
k=1
1 2 3 4 5 6 7 8 9 1

n

mass of the new solutions surface of constant energy density

k=2,n=4, upper branch

I
o =2 N W A OO N ™

0
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Non-Abelian Black Holes Einstein-Yang-Mills Theory

New black hole solutions

Available online at www.sciencedirect.com
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New black hole solutions with axial symmetry
in Einstein—Yang—Mills theory

Rustam Ibadov*, Burkhard Kleihaus®, Jutta Kunz®, Marion Wirschins "

A Department of Theoretical Physics and Computer Science, Samarkand State University, Samarkand, Uzbeki:
b Institut fiir Physik, Universitiit Oldenburg, Postfach 2503, D-26111 Oldenburg, Germany

Received 8 August 2005; received in revised form 26 August 2005; accepted 30 August 2005

Available online 15 September 2005
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Abstract

We construct new black hole solutions in Einstein—Yang—Mills theory. They are static, axially sy ic and asymptotically
flat. They are characterized by their horizon radius and a pair of integers (k, n), where k is related to the polar angle and n to
the azimuthal angle. The known spherically and axially symmetric EYM black holes have k = 1. For k > 1, pairs of new black
hole solutions appear above a mmlmal value of n, that increases W|th k. Emcrgmg from global ly regular solutions, they form
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Non-Abelian Black Holes

Ibadov, Kleihaus, Kunz, Wirschins 20

o

33333333
WUT T

ONDAA LN

Xa

7} tower branch ——
upper branch ===

Jutta Kunz (Universit &t Oldenburg)

05

1.002
1
0.998

0.996

j, 0994

n=5
lower branch n=8
upper branch - n=6 n=7
o 1 2 3 4 5 6 7 8 9 10
X



Black Holes

Kleihaus, Kunz 2001
Kleihaus, Kunz, Navarro-Lérida 2002

M M = 103
J 1.9 J 103
slow fast

Jutta Kunz (Universit &t Oldenburg)




‘ Non-Abelian Black Holes

* Einstein-Yang-Mills-Higgs Black Holes



Non-Abelian Black Holes

Einstein-Yang-Mills-Higgs action

R 1 1 A 2
S = /{ e 5Tr(F,WFW) - ZTT{D,}I)D/“I)} -5 (®* —n?) }\/_—gd‘l:v
X
—_—— ——
gravity ~ Yang—Mills (YM) Higgs Higgspotential

Mexican hat potential:

spontaneous symmetry breaking:
SU(2) — U(Q1)

gauge bosons:  myx =gn,m, =0
Higgs boson: myg = V2\n

takunz Universit &t oltenburg) (BRI S SN e



Non-Abelian Black Holes

Abelian monopole: non-Abelian monopole:

Dirac 1931/1948 't Hooft 1974, Polyakov 1974
* gauge group SU(2)

1
\\‘/ ) # globally regular static solutions
;i\ \i\ * magnetic charge
» finite energy

Wu-Yang 1975
northern hemisphere

gm 1 —cosb _,
mo_og,

Ap =
r sinf

southern hemisphere

i gm 1+ cosf _
=—=———2¢
b r  sinf ¥

utakunz Universit &t oldenburg) (BRI e SN e



Houghton, Sutcliffe 1996 in flat space

P=3 P=4
tetrahedral cubic
P=5 P=7

octahedral dodecahedral



loannidou, Kleihaus, Kunz, Myklevoll 2006
in curved space (with approximations)

CRr %




Non-Abelian Black Holes

Challenge:
Are there black holes with only
discrete symmetries?

Rustam lbadov
Theodora loannidou,
Burkhard Kleihaus,
Jutta Kunz,

Kari Myklevoll

work in progress

platonic black holes?

Jutta Kunz (Universit &t Oldenburg)




Black Holes

Kleihaus, Kunz 1999
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Black Holes

Kleihaus, Kunz 1999
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MACs and Big MACs

Jutta Kunz (Universit &t Oldenburg)



Non-Abelian Black Holes

Ibadov, Kunz 2005-2007

Proposal for International
Co-operation
Between Europe and the
Orient — A Focus on Research
and Higher Education in/on
Central Asia and the
Caucasus

“Gravitating dyons
dyonic monopole-antimonopole
systems
and black holes”

Jutta Kunz (Universit &t Oldenburg)




Non-Abelian Black Holes

—Stiftung Project: black holes

Gravitierende Monopol-Antimonopol Systeme und Schwarze Locher

Prof. Dr. Rustam
Department of Theoretical Physics and Ce kand State University
Prof. Dr. Jutta Kunz-Dro
Institut fiir Physik, Carl von Ossietz) tiit Oldenburg

Jutta Kunz (Universit at Oldenburg) Black Holes with Gauge and Higgs Fields



Non-Abelian Black Holes

Kleihaus, Kunz, Neemann 2005

o=1.40

o=1.40

addition of electric charge Q: stationary not static solutions,
magnetic charge P #0: J =0



Non-Abelian Black Holes

Kleihaus, Kunz, Neemann 2005

0=0.67, 1st branch =0.40, 1st branch

addition of electric charge @: stationary rotating solutions,
magnetic charge P =0: J =Q



Non-Abelian Black Holes

Kleihaus, Kunz, Neemann 2005

«=0.67, 1st branch «=0.40, 1st branch

addition of electric charge @: stationary rotating solutions,
magnetic charge P =0: J =Q



black hole between monopole and
antimonopole new possible types configurations ?

monopole

antimonopole

ORENOENOENOE

®> ®@> O> O>



Non-Abelian Black Holes

further possible systems of black holes?

®> O> @ O~
®= ®= O= O=

M
e
U

M
e
)
)
)
®)
)
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Non-Abelian Black Holes

Dark Energy
Accelerated Expansion
Afterglow Light
Pattern Dark Ages Development of
400,000 yrs. Galaxies, Planets, etc.

about 400 million yrs.

Big Bang Expansion

13.7 billion years

Jutta Kunz (Universit &t Oldenburg)
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* platonic black holes? ® systems of black holes?

o different horizon topology?
black rings

« further surprises?
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