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Introduction

static rotating
spherically Sc_hwarzschild (M)
symmetric Relss(n]\t}r-go]r)d)strbm -
axially Kerr (M, J)
. - Kerr—Newman
symmetric (M. O, P.J)

# Uniqueness theorem

black holes are uniquely determined by their mass
M, angular momentum .J, charges @ and P

* |srael’'s theorem
static black holes are spherically symmetric
# Staticity theorem

stationary black holes with non-rotating horizon are
static

A B
Werner Israel
*1931



‘ Non-Abelian Black Holes
* Einstein-Yang-Mills Black Holes



Einstein-Yang-Mills action

S= / Tr(F,, F*) }\/—gd4x
167TG 2

N—— ——
gravity  Yang—Mills (YM)

a
e YM gauge potential A, = AZT—
e YM field strength tensor  F,, = 0,4, — 0, A, +ie[A,, A
Einstein equations
Einstein tensor — G, = 87GT,, «— stress—energy tensor

Yang-Mills field equations

1 woy
\/T—gDu(\/—_gF )=0



Rotating Non-Abelian Black Holes

globally regular solutions: Bartnik, McKinnon 1988

metric: ds® = —A%(r)N(r)dt® + dr? + r2d0?

N(r)
. 1-—
gauge potential: Ay dat = #(r) [7,d6 — sin OTpd ]

® regularatr =0

* asymptotically flat

# node number k
k=1,..,00

#» dimensionless mass M;,
M; =0.83,.... M, =1

® no charge

Jutta Kunz (Universit &t Oldenburg)



Rotating Non-Abelian Black Holes

black hole solutions: Volkov, Gal'tsov 1989, et al.

metric:

gauge potential:

® regularatr = rg
* asymptotically flat
* node number k
k=1,..,00
# limiting solution
k — oco: RN
# no charge
® No uniqueness

Jutta Kunz (Universit &t Oldenburg)

1
2 _ _A2(/\N 2 2 4 2402
ds (r)N(r)dt= + N dr® +r°d
1—
Aydat = L= wi(r) [7,d0 — sin OTpdy]
' o for n=2,1 I I
\ m for n=1,2
0.5 - -
, -
-0.5 _g n=1 n=3 n=5
' ! 1
o 2 logylr) 4 L]




metric:

gauge field:

A2NB  —  2J/r+0(1/r?) }
5140 — (Aoo - Q/r)Tz

® black hole solutions

typel: Ao=0,J#0,Q+#0
type2: A #0,J#0,Q=0
type3d: Ao #0,J=0,Q#0

® regular solutions
AOO 75 07

Q#0

perturbative rotating solutions: Brodbeck, Heusler, Straumann, Volkov 1997

1 f .
ds®> = —A’Ndt? + Ndrz + r2dQ% — 242N 3sin? 0dtdyp

1
Aydat = 5(1 —w) [T,df — sinOrydp] + 0 Aydt

J angular momentum
Q electric YM charge

rotating, charged
uncharged, E # 0
non-rotating, non-static



Killing vectors: £ = 0, , n = 0,

metric: Lewis-Papapetrou form in isotropic coordinates

m

ds®> = — fdt* +
JaE =+

[dr2 + r2d02] + sin? 612 %dg@z
gauge potential:

Audeh = Aydp+ (ﬂdr (- Hg)de) ;—”
T

e
A, = —sinf {Hgg—’”e +(1- H4);—96]
TH=T1-€" (sin 0 cos n, sin @ sin nep, cos )

n n

T .
7 - (cos 8 cos nyp, cos O sin ny, — sin )
T .

(—sinngp, cos ng, 0)




Rotating Non-Abelian Black Holes

globally regular solutions: Kleihaus, Kunz 1997

regular
asymptotically flat o
node number k
winding number n
no charge

) n=2 k=1 »=0

e & & o 0@
ol
N

0000009
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black hole solutions: Kleihaus, Kunz 1997

# regular horizon €= 1087 107
f(rm) =0 ¢z izem0

# asymptotically flat ¢n1327107

# node number & €= 1397 107

* winding number n

* no charge

® 1O uniqueness

-
S

€e=13.97-10"*

e=1057-100* €=1297-100* €¢=13.27-10"*



black hole solutions: Kleihaus, Kunz 1997

circumferences of horizon:

27 T
l m
Le:/ — x sinf dop , L:2/ — x df
o \ﬁ TN

spherical symmetry:
L.=1L,

prolate black holes:
Lo < L, 9957

L/L,

.99

Israel's theorem
does not hold




Killing vectors: £ = 0, , n = 0,
metric: Lewis-Papapetrou form in isotropic coordinates

l
s? = —fdt? + m [dr2 + r2d02] +sin? 0r%—

7 7 {dg" - ;dtr

gauge potential:

Aydzl = pdt + A, (dap — —dt (—dr + (1 - H2)d0> 2-*"
e

Tn TTL Tn

A, = —51110[H3—+(1—H4)2—9} ¢=312—;+32i

7 - (sin € cos nyp, sin 6 sin ne, cos 6)
7 - (cos @ cos ny, cos B sin np, — sin 6)
.

- (= sinnyp, cos ny, 0)




nonperturbative rotating black holes: Kleihaus, Kunz 2001
Kleihaus, Kunz, Navarro-Lérida 2002

metric:
asymptotically flat

2J
f%l—%, m—1, -1, w— —
x x?

C ‘ ‘
go\ \\ |
= 10’\ \\ Xu=1.0 b ?

=

O —————
0.00 0.02 0.04 0.06 0.08
@y




Rotating Non-Abelian Black Holes

£ =0.0006 == 0.0009 £ =0.0011 & = 0.00004 & = 0.00005 &= 0.00009

M = 24 M = 103
J 1.9 J = 103

slow fast

Jutta Kunz (Universit &t Oldenburg)




Rotating Non-Abelian Black Holes

gauge potential:
® magnetic charge P =0

l |P|
Felga d9dg0 = ? :‘\ ' j
0.10 - .

Hy—0 Hy;— (— @ =013 =10
Hy3; -0 Hy— (— )k 0.05F NN
05} Y

® electric charge Q # 0

0.00

N2 |Q| 0.00 O.bZ O.‘G4 D.IOG 0.08
(i) dodo = =2 B

asymptotic expansion with

By — Qcosd non-integer powers
B (:El)kQSIHQ o= \/9_4Q22
L (_q)kESY _
p) p 0 =+/25-4Q

Jutta Kunz (Universit &t Oldenburg)




horizon deformation L./L,, surface gravity rg

0.00 0.02 0.04 0.06 0.08

Wy

® only black holes of type 1: A, =0, J #0,Q #0
® no regular solutions
van der Bij, Radu 2002



‘ Non-Abelian Black Holes

* Einstein-Yang-Mills-Dilaton Black Holes



Rotating Non-Abelian Black Holes

Einstein-Yang-Mills-dilaton action

1
8:/{ R —18H<I>8”<I>——e2”¢TT(FNVF“”)}\/_—gd4J;
167G 2 2

— ———
gravity dilaton Yang—Mills (YM)
o dilaton field ®

e dilaton coupling constant x

Einstein equations
Einstein tensor — G, = 81GT,, «— stress—energy tensor

matter field equations
L )
/—g s
—D
/=g s
Jutta Kunz (Universit &t Oldenburg) | Surprises with Rotating Black Holes | ¥6dz 22112006  19/51

(V—go"®) = ke Ty (F,, F™)
1

(V=g T ) = 0



Rotating Non-Abelian Black Holes

S

Kleihaus, Kunz, Navarro-Lérida 2003

%y=0.1, n=1, k=1 X=0.1, n=1, k=1
0.14
o2} by S—
0.10
0.08

o 006
0.04
0.02
0.00

0.0 .02
0.00 001 0.02 003 004 0.05 006 0.00 0.01 0.02 0.03 0.04 005 0.06
Wy Wy

dimensionless dilaton coupling constant v = k/V4rG

0

: Einstein-Yang-Mills theory
1: string theory
V/3:  Kaluza-Klein theory

= 2 =2

takunz Universit &toltenourgy ST R A



e dilaton: black holes of type 2: A, #0,J #0,Q =0

Q=0
0.05
0.04 | =2
0.03 } =3
g =15
0.02 f
0.01 f
: D
e dilaton charge ® — ——
€z

0.00
® mass formula? 0.00 003 006 009 0.12 0.15 0.18

® uniqueness?



Smarr formula holds also for EMD black holes

M=2TS+20J+%anQ+ Ymagn P

* magnetic potential Y, Dy tmag = €27 X¥ *Fou
. ~ 1
» electric charge Q: Q= I 21 (* Fyp)dOde = Q

EMD black holes satisfy another mass formula

D
— 2TS+2§2J+2¢61,HQ+;

2T B

wmag,H P — 7vzjcl.,H Q



Rotating Non-Abelian Black Holes

New Mass Formula

EYMD black holes satisfy the mass formula
, D
M = 2TS+QQJ+2”(/JC1,HQ+ ;

takunz Universit &toltenurgy ST R A



Rotating Non-Abelian Black Holes

uniqueness of static black holes? topological number N = n
Ashtekar
=1, ©4=0.00
200 o f— pull-back of F to horizon H:
k=3 -
1.50 Abelian -
. Fy = F9¢|Hd9 Adop
<
o 1.00
map S? — S2:
0.50
5 T cos O
g = = —_—
0.00 ¢ | * F| 2
0 2 4 6 8 10 T T
M +sin © (cosngo?w +sinn<p3y)
curves with the same n 1 1 . .
do not intersect N = 4—/ S€iko'do’ Ndo® =n
T JH

takunz Universit &t oldenurgy ST R A



Rotating Non-Abelian Black Holes

non-Abelian unigueness conjecture

=1, n=3

20}
18}
16 |
14}
12}/
10}
08}
06}

1.0 20 3.0 4.0 50
M

Abelian

Dy

black holes are uniquely determined by their mass M, angular momentum J,
electric charge @, dilaton charge D, topological charge N

takunz Universit &toltenurgy ST R A



Q Abelian Black Holes
*® 4D Einstein-Maxwell-Dilaton Black Holes



Einstein-Maxwell-dilaton action
S = / X —-a PO — L2 (F,, T },/_d4
4

~ —m—— ——, - —

gravity dilaton Maxwell

dimensionless dilaton coupling constant ~

=0: Einstein-Maxwell theory
1 string theory

v =+/3: Kaluza-Klein theory
>3



Surfaces of extremal solutions in Kaluza-Klein theory: Rasheed 1995

im=
1+
) vertical wall W:
0.8t stationary €2 = 0 solutions
0.61 2 2
3 3
0.471 M M
J < PQ
0.24 A
E 1aim
0 0.5 =

J increases, M = const



im2

extremal | P| = |Q)| solutions

Le Ly

vertical wall W:
stationary €2 = 0 solutions

4 IPUM=|Q)

9.0
8.0
7.0
6.0
5.0
4.0
3.0
2.0
1.0
0.0

P=1,Q=1, Q=0, KK

-

00 01 02 03 04 05 06 07 08

XA
horizon circumferences:
L. and L,
prolate deformation



[PI=IQ]

[JIm2

|PI'M

Kleihaus, Kunz, Navarro-Lérida 2004

extremal: |P| = |Q]

stationary: 2 =0

stationary: Q =0,
J = PQ

what is in the shaded
region?



EMD and EMCS Theol

M, J

non-extremal stationary Q2 = 0 black holes

P=Q=1, Q=0, y=3 P=Q=1, Q=0, =3
20 1.5
15 static e 1.0
o M
s
10 e + 05 My
----- — =
.\\ |
0.5 J\\\ 0.0 —~—~——-‘._~_‘__~_______FL x
0.0 " 05
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 04 05
Xy XH

mass and angular momentum

horizon mass and angular momentum

# as J increases, M decreases
* anegative fraction of J resides behind the horizon: ./;; < 0
» effect of the rotation: prolate deformation of the horizon

Jutta Kunz (Universit &t Oldenburg)



1.0

0.0

08}
06|
04}

0.2}

0.0 0.2 0.4 0.6 0.8 1.0

angular momentum versus charge

=3, x4=0.1, P=1

Q

® co-rotation
J>0: Q>0

* non-rotating
horizon

J>0:0=0
® counter-rotation
J>0:0<0



=3, x4=0.1, Q=1, P=1

3.0
J=0.00
J=0.36
=3, Q=1, P=1 2.0 J=1.00
4.0 : J=1.45
3.0
-
s 2.0
1.0
0.0 - i
-0.2 -0.1 0.0 0.1 0.2 0.3 -30 -20 -10 00 10 20 30

angular momentum J versus 2 embedding of the horizon shape




Q Abelian Black Holes

#» 5D Einstein-Maxwell-Chern-Simons Black Holes



EMD and EMCS Theol

In odd dimensions D = 2n + 1 the Einstein-Maxwell action may be
supplemented by a ‘AF™’ Chern-Simons term.

D = 5 Einstein-Maxwell-Chern-Simons action

1 22X
— — _ N ury mnpqrAan F’r 5
S /—167FG5{\/_9(R FunF") = e JF, }dw

Chern—Simons
Chern-Simons coupling constant A

A =0: Einstein-Maxwell theory

A =1: bosonic section of minimal D = 5 supergravity
A>1

takunz Universit &toltenurg ST R A



® rotating vacuum black holes J1 # 0, Jo = 0 black holes
Myers, Perry 1986 Ji, = J, black holes
two angular momenta Jy, Jo

rotation in two orthogonal

planes
ry=0.5

. -
® rotating EM black holes b SO
. . . e

surprise: no analytic solutions 20 ®5 41=1J5

Kunz, Navarro-Lérida, =
Petersen 2005

g#3




EMD and EMCS Theol

extremal A = 1 EMCS black holes: Breckenridge, Myers, Peet, Vafa 1996

.

mass saturates the bound: M > \/73|Q|
finite angular momenta: |J| = |J1] = | Ja|
3/2
. 1(+V3
angular momenta satisfy the bound: |J]| < 3 7|Q|
horizon angular velocites vanish: 0, =0,|J#0

angular momentum is stored in the Maxwell field
negative fraction of the angular momentum is stored behind the horizon

the effect of rotation is to deform the horizon into a squashed 3-sphere

takunz Universit atoltenturgy ST R A



[41=12l

0.40

Q=0 s

0.30

0.20

M2

0.10

0.00

45 10 05 00 05 10
312 /M

® black holes with Q =0, J #0
® black holes with Q < 0, J >0

J /M3l2

.8 A=2

Kunz, Navarro-Lérida 2006

[41=J2], =0, 1,2

[ —
A=1

Q=0

-1.5 -1.0 -0.5 0.0 0.5 1.0

non-extremal
counter-rotating



d*M

FiE for extremal black holes

J=0

11=12l, Q=-1
100
. 50t
_A
&
s 0
s
N
=
-50
-100 .
0 1 2 3 4 5
A

® instability beyond A =1
supersymmetry marks the borderline between stability and instability
® )\ =2 is special




EMD and EMCS Theol

A = 2 EMCS black holes
[941=dl, A=2, r,;=0.008, Q=-10

20 v
J ...........
10 |
> -
s oy T —
A0f N
y
A

-0.50 -0.25 0.00 0.25 0.50
Q
angular momentum and mass versus {2
* )\ = 2: set of extremal rotating J = 0 solutions appears to be present
® )\ = 2: infinite set of extremal black holes with the same charges

takunz Universit &toldenburgy ST R A



A > 2 EMCS black holes

[J41=12l, A=3, Q=-1
0.3

=01 ——
02 | 05 e

0.1

- 00

-0.1

-0.2

-0.3
0.5 0.6 0.7 0.8 0.9 1.0

M
angular momentum versus mass

® black holes are not uniquely
determined by M, J;, Q

® non-uniqueness of 5D black holes
with horizon topology of a sphere S3

# non-uniqueness of 5D black holes
and black rings (S* x S?)

Emparan, Reall 2002

~
~
N
~

5.157 S
\

Y 0918 0.942 1

(GM)3/2 V 32G M3/2




EMD and EMCS Theol

A > 2 EMCS black holes

5D, |J4|=|J,], A=3

5D, [J4[=2l

M2
M2

-15 -10 -05 00 05 1.0

15 10 05 00 05 10
V312 QM

V312 M
domain of existence (almost) extremal black holes
e static extremal black hole ® J=0,0#0 (type 3)

is no longer on boundary continuous set of black holes

utakunz Universit &toldenurgy ST R A



EMD and EMCS Theol

J41=[J2], A=3, ry=0.20, Q=-10

9
Typel ——
Type Il .
6 Type lll
Type IV a
- 3
0
-3
-0.50 -0.25 0.00 0.25 0.50
Q
[J41=Ma], 2=3, ry=0.20, Q=-10
15
Type |
Type Il .
Type Il -weeeeeees
Type IV o
= 10
5
-0.50 -0.25 0.00 0.25 0.50

Jutta Kunz (Universit &t Oldenburg)

Iy

My

[J41=1d], =3, 14=0.20, Q=-10

10
Type |
Type Il .
Type lll -
5 Type IV o
0
-5
050  -0.25 0.00 0.25 0.50
Q
[J41=1dal, 2=3, r4=0.20, Q=-10
8
Type |
Type Il -
Type Il -
4 Type IV o
0
4
-0.50 -0.25 0.00 0.25 0.50
Q




Q Abelian Black Holes

# Odd-D Einstein-Maxwell-Chern-Simons Black Holes



odd-D Einstein-Maxwell-Chern-Simons Lagrangian

1

L= —— ehit2--UD—21D—1KD [
1671'GD

Hipe2 ot FHD—QMD—lAHD }

8\
_ pv
{R FunF 5

-

~~

Chern—Simons

Chern-Simons coupling constant hy
A=0: Einstein-Maxwell theory

A # 0: X dimensionful exceptfor D =5
scaling transformation: D = 2N + 1

™ — YTH Q_)Q/’Ya f)‘V_W'YN_z:\/a Q_)’YD_?’Q)'-'



M

7D, |41=MI

Kunz, Navarro-Lérida 2006

7D, [Jj=M], 2=-0.6, r;=0.03, Q=10

1q=0.0414 -
1q=0.0562 -
|rg=0.2101 -
1q=0.3374

Q=0

Type |

Type Il -
Type lll
Type IV o

0.0 05 1.0 15
V5/81QI/M

domain of existence

~

-12 -06 00 06 1.2 1.8
Q

types of black holes



7D, |Jjl=MI, 2=-0.6, Q=10 7D, |Jj=]I, £=-0.1, r;=0.03, Q=10

3 - 2 ,
rh=0.03

Type |

s p— et
Type Il =

1 1

- 0 EI
-1 0 .
3 -1
4 5 6 7 8 9 -04 02 00 02 04 06 08 10
M Q

non-uniqueness negative horizon mass




Kunz, Navarro-Lérida 2006

9D, 4=}, 1=0.5, ©=0, Q=10

extremal .

-0.2 0.0 0.2 0.4 0.6 0.8

magnetic moment versus angular momentum

® non-static black holes with J =0, Q2 =0



Conclusions and Outlook

k Holes
Einstein-Yang-Mills Black Holes EYM-dilaton Black Holes
# rotating black holes carry hair # rotating black holes with @ = 0
no unigueness theorem dilaton charge D
# rotation induces electric charge * mass formula
no regular rotating solutions a uniqueness conjecture

[

= =0.0006 £ =0.0009 £ =0.0011 € = 0.00004 & = 0.00005 & =0.00009

Jutta Kunz (Universit &t Oldenburg)



Conclusions and Outlook

Holes

Einstein-Maxwell-Dilaton Black Holes D = 5 EM-Chern-Simons Black Holes
* QO =0, J > 0black holes in addition: A > 2

stationary with static horizon ® Q+£0,J =0 black holes

¢ R<0, > O.black holes rotating horizon, but vanishing J
counter-rot.atlng black holes # non-uniqueness of black holes
* prolate horizon with horizon topology S*

040 °0rHhim * negative horizon mass
D = 9 EM-Chern-Simons Black Holes
N o . in addition:
% o * Q=0,.J =0 black holes
B 010 stationary and non-static
e further surprises?
0.00

15 10 05 00 05 10
V312 QM



Conclusions and Outlook

higher dimensions: 4 dimensions:
# black holes

different horizon topology?
# black strings

» platonic black holes?

33NSLNANY

1\ T
T{TLLTTTLLLTETETUNA

T
DA
|||Il|“ il

i

. . ises?
rotating non-uniform black * further surprises?

strings

Jutta Kunz (Universit &t Oldenburg)
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