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Extremal Optimization (EO)

๏Motivated by Self-Organized Criticality
 Emergent Structure

without tuning any Control Parameters
despite (or because of) Large Fluctuations

๏How can we use it to optimize?
 Extremal Driving:

Select and eliminate the “bad”,
Replace it at random,
Eventually, only the “good” is left!
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“Fitness” λ for various Problems:
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

“Fitness” λ for various Problems:

 xi
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

๏Partitioning (eg. MIN-CUT):
 λi = - (#-cut edges of xi)

 xi

“Fitness” λ for various Problems:

 xi
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

๏Coloring (eg. Potts Anti-ferro):
λi = - (#-monochrome edges of xi)

 xi

๏Partitioning (eg. MIN-CUT):
 λi = - (#-cut edges of xi)

 xi

“Fitness” λ for various Problems:

 xi
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

            Cost ∝ H = -∑i λi

๏Coloring (eg. Potts Anti-ferro):
λi = - (#-monochrome edges of xi)

 xi

๏Partitioning (eg. MIN-CUT):
 λi = - (#-cut edges of xi)

 xi

“Fitness” λ for various Problems:

 xi
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>> “Extremal Optimization” (EO):  <<

4Tuesday, June 1, 2010

http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.emory.edu/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/
http://www.physics.emory.edu/faculty/boettcher/


Stefan
Boettcher
www.physics.emory.edu/faculty/boettcher/

Universität 
Oldenburg
June 1, 2010

Extreme Fluctuations and Finite-Size Corrections in Spin Glasses

Stefan
Boettcher
www.physics.emory.edu/faculty/boettcher/

>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn),
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,
(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(5) Update  xw  unconditionally,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(6) For tmax times, Repeat at (2),
(5) Update  xw  unconditionally,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(6) For tmax times, Repeat at (2),
(5) Update  xw  unconditionally,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(7) Return: Best C(S) found along the way!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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Stretched-exponential Autocorrelations:
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C(t) ∼ exp
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Stretched-exponential Autocorrelations:
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 τ-EO for Sherrington-Kirkpatrick 
  Mean-Field (d→∞) Spin Glasses:
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  τ-EO for Bethe Lattices: 
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 EO for (k+1)-connected Bethe Lattice Glasses for (k+1)→∞:

 Entropies 
Requires ALL

  Ground States!  

  τ-EO for Bethe Lattices: 

 [PRB67(03)060403R] 
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 EO for 3-connected Bethe Lattice Glass:
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  τ-EO for Bethe Lattices: 
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 τ-EO for Sherrington-Kirkpatrick 
  Mean-Field (d→∞) Spin Glasses:

Fluctuation Exponent ρ
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 τ-EO for Bethe Lattice Spin Glasses:  

Fluctuation Exponent ρ
 ±J Bonds:
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 τ-EO for Bethe Lattice Spin Glasses:  
Gaussian Bonds:
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 Spin Glass on Dilute Hyper-Cubes (EA): 

“Stiffness”: σ(ΔE)~ Ly
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 Spin Glass on Dilute Hyper-Cubes (EA): 

“Stiffness”: σ(ΔE)~ Ly

  dlower = 5/2 
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 Spin Glass on Dilute Hyper-Cubes (EA): 

“Stiffness”: σ(ΔE)~ Ly

  dlower = 5/2 

  yRSB = d(1-ρ) 

ρ=¾ 

ρ=⅚  
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 Finite-Size Corrections in EA: 

Ground State Energy:   E(L) ~ e0 L
d +ALy       (L→∞)
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 Finite-Size Corrections in EA: 

Ground State Energy:   E(L)/Ld ~ e0 +A/Ld-y  (L→∞)
ω=1-y/d   
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