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� EO Algorithm 
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๏EO Results for NP-hard Problems
� Graph Partitioning
� Coloring
� Spin Glasses (MAX-CUT)

๏ Spin Glass Ground States with τ-EO
� Dilute Edwards-Anderson in d=3,...,7
� Mean-Field: Sherrington-Kirkpatrick & Bethe Lattice
� A Comprehensive View
� SK with Power-Law Bonds  P(J)~ 1/|J|1+µ
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๏Motivated by Self-Organized Criticality
� Emergent Structure

without tuning any Control Parameters
despite (or because of) Large Fluctuations
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Extremal Optimization (EO)

๏Motivated by Self-Organized Criticality
� Emergent Structure

without tuning any Control Parameters
despite (or because of) Large Fluctuations

๏How can we use it to optimize?

� Extremal Driving:
Select and eliminate the “bad”,
Replace it at random,
Eventually, only the “good” is left!
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“Fitness” λ for various Problems:
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

“Fitness” λ for various Problems:

 xi
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

๏Partitioning (eg. MIN-CUT):
 λi = - (#-cut edges of xi)

 xi

“Fitness” λ for various Problems:

 xi
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

๏Coloring (eg. Potts Anti-ferro):
λi = - (#-monochrome edges of xi)

 xi

๏Partitioning (eg. MIN-CUT):
 λi = - (#-cut edges of xi)

 xi

“Fitness” λ for various Problems:

 xi
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๏Spin Glasses (eg. MAX-CUT):
λi = xi ∑j  Ji,j xj

            Cost ∝ H = -∑i λi

๏Coloring (eg. Potts Anti-ferro):
λi = - (#-monochrome edges of xi)

 xi

๏Partitioning (eg. MIN-CUT):
 λi = - (#-cut edges of xi)

 xi

“Fitness” λ for various Problems:

 xi
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>> “Extremal Optimization” (EO):  <<
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn),
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,
(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(5) Update  xw  unconditionally,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(6) For tmax times, Repeat at (2),
(5) Update  xw  unconditionally,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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>> “Extremal Optimization” (EO):  <<

(1) Provide initial Configuration S=(x1,...,xn), 
 (2) Determine “Fitness” λi  for each Variable xi ,

(6) For tmax times, Repeat at (2),
(5) Update  xw  unconditionally,

(4) Select  xw, w=∏(1), i.e. xw has worst Fitness!

(7) Return: Best C(S) found along the way!

(3) Rank all i=∏(k) according to

λ∏(1) ≤ λ∏(2)  ≤ ... ≤ λ∏(n)
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 EO-run for Partitioning (n=500):
Typical Extremal Optimization Run:
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 EO-run for Partitioning (n=500):
Typical Extremal Optimization Run:

Range of
Cost-

Fluctuations
in ∆t

∆t
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 EO-run for Partitioning (n=500):
Typical Extremal Optimization Run:

random
start

Range of
Cost-

Fluctuations
in ∆t

∆t
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Typical Extremal Optimization Run:
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EOvsSA near Percolation for geom. Graphs:

[JPA32('99)5201]
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 Results for τ-EO:  
๏For Graph-Coloring (MAX-3-COL): 

<C
os

t>

Connectivity α
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Exploring Spin Glass Ground States with Extremal Optimization 

How bond-diluted  Lattices?

Measure “Stiffness”: σ(ΔE)~ Ly

Tg

pc

Why bond-diluted  Lattices? � Simpler Problem
� Larger Sizes L
� Better Scaling

T=0

 Lattice Spin Glasses (at T=0): 
Defect-Energy:
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 Defect-Energy of diluted Lattices: 
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 Defect-Energy of diluted Lattices: 
�   ±J-Glasses on Lattices of size L and density p. 
�   Defect-Energy σ(ΔE) with Reduction & Heuristic (τ-EO).
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 Defect-Energy of diluted Lattices: 
�   ±J-Glasses on Lattices of size L and density p. 
�   Defect-Energy σ(ΔE) with Reduction & Heuristic (τ-EO).
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 Stiffness Exponent y for Lattice Glasses:  
“Stiffness”: σ(ΔE)~ Ly
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 Stiffness Exponent y for Lattice Glasses:  

      d=3 

 y3=0.24(1) 

“Stiffness”: σ(ΔE)~ Ly
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 Stiffness Exponent y for Lattice Glasses:  

      d=3 

 y3=0.24(1) 

      d=4 

 y4=0.61(1) 

“Stiffness”: σ(ΔE)~ Ly
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 Stiffness Exponent y for Lattice Glasses:  

      d=3 

 y3=0.24(1) 

      d=4 

 y4=0.61(1) 
 y5=0.88(5) 

      d=5 

“Stiffness”: σ(ΔE)~ Ly
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 Stiffness Exponent y for Lattice Glasses:  

      d=3 

 y3=0.24(1) 

      d=4 

 y4=0.61(1) 
 y5=0.88(5) 

      d=5 

 y6=1.1(1) 

      d=6 

“Stiffness”: σ(ΔE)~ Ly
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 Stiffness Exponent y for Lattice Glasses:  

      d=3 

 y3=0.24(1) 

      d=4 

 y4=0.61(1) 
 y5=0.88(5) 

      d=5 

 y6=1.1(1) 

      d=6 

 y7=1.24(5) 

      d=7 

“Stiffness”: σ(ΔE)~ Ly
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 Stiffness Exponent y for Lattice Glasses:  

      d=3 

 y3=0.24(1) 

      d=4 

 y4=0.61(1) 
 y5=0.88(5) 

      d=5 

 y6=1.1(1) 

      d=6 

 y7=1.24(5) 

      d=7 

“Stiffness”: σ(ΔE)~ Ly

y8=1.2(1) 
    d=8 
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 Other Evidence for dl=5/2: 
� From Theory: (Franz,Parisi&Virasoro, J. Phys. I 4,1657,'94)
Effective Mean Field calculation near Tg, where Replica Symmetry Breaking (RSB) 
disappears (ie. Tg→0) for dl=5/2.
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� From Theory: (Franz,Parisi&Virasoro, J. Phys. I 4,1657,'94)
Effective Mean Field calculation near Tg, where Replica Symmetry Breaking (RSB) 
disappears (ie. Tg→0) for dl=5/2.

Tg ≈
√

2d (d→∞)

� From Numerics: 

Know:

Tg ≈
√

2d− dl (d→ dl)
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 Other Evidence for dl=5/2: 
� From Theory: (Franz,Parisi&Virasoro, J. Phys. I 4,1657,'94)
Effective Mean Field calculation near Tg, where Replica Symmetry Breaking (RSB) 
disappears (ie. Tg→0) for dl=5/2.

Data from:
� MC (Ballesteros et al) for d=3,4
� High-T Series (Klein et al) for d≥5

Tg ≈
√

2 (d− 2.491)
(
1 + 1.2/d− 2.4/d2

)

  dlower = 5/2 

Tg ≈
√

2d (d→∞)

� From Numerics: 

Know:

Tg ≈
√

2d− dl (d→ dl)
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Comprehensive View on Spin Glasses:
A Set of Models:
 d: dimension,
 p: bond density,
 z: bond degree
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ω/d = 1 - y/d  

 ω/d = 2/3  

??????????????????

๏ Corrections-to-Scaling: ω
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ω/d = 1 - y/d  

 ω/d = 2/3   ρ = ½

 ρ ≈ ¾ - ⅚ 

??????????????????

๏ Corrections-to-Scaling: ω

๏ Energy Fluctuations: ρ
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SK with Power-Law Bonds:
 Power-Law Bonds: P(J)~ 1/|J|1+µ         (|J|>1)
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