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Overview of Optimization Algorithms

• Exact Algorithms

– Simplex algorithm
linear cost function, con-
straints given as inequali-
ties

– Branch&Bound
intelligent search with
upper and lower bounds

– Branch&Cut
solves problems it-
eratively by adding
further cutting planes or
performing branching
steps

• Heuristic Algorithms

– Construction Heuristics
∗ starting from a Tabula

Rasa (e.g., Bestinser-
tion)

∗ starting from an ex-
tended system (e.g.,
Savings)

– Improvement Heuristics
∗ Simulated Annealing
∗ Genetic Algorithms
∗ Tabu Search
∗ Guided Local Search
∗ Ant Colony Optimiza-

tion



Introduction in Physical Optimization Algorithms

Classic Algorithm:

Simulated Annealing

Ingredients:

• Boltzmann Distribution (problem = classic physical system)

p(σ) =
1

Z
exp

(
−H(σ)

kBT

)

partition sum Z =
∑
σ exp(−H(σ)/(kBT ))

p(σ) = probability to be in state σ



• Detailed Balance (strong condition for equilibrium)

p(σ)W (σ → τ) = p(τ)W (τ → σ)

W (σ → τ) = transition probability from the state σ to the
state τ

W (σ → τ)

W (τ → σ)
=

p(τ)

p(σ)
= exp

(
−∆H
kBT

)

Some arbitrariness in the explicit choice of W remains.



−→ Metropolis Criterion

W (σ → τ) = min

{
1, exp

(
−∆H
kBT

)}
=





exp
(
−∆H
kBT

)
if ∆H ≥ 0

1 otherwise

or Heatbath Criterion

W (σ → τ) =
p(τ)

p(σ) + p(τ)
=

1

1 + exp

(
∆H
kBT

)



Algorithms related to Simulated Annealing

Threshold Accepting

W (σ → τ) =





1 if ∆H ≤ Th

0 otherwise

Great Deluge Algorithm

W (σ → τ) =





1 if H(τ) ≤ T

0 otherwise

Penna Criterion

W (σ → τ) = min




1,

(
1− (1− q)

∆H
kT

) 1
1− q







Working Horse

The Standard Problem of Optimization

The Traveling Salesman Problem (TSP)

Benchmark libraries

Benchmark instances like BEER127, PCB442, and ATT532
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Moves for the TSP

Lin-2-Opt Lin-3-Opt



Results
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Methods to Increase the Efficiency

• Choice of the Control Parameter

• Choice of the Cooling Schedule

• Choice of the Moves



Search Space Smoothing
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Search Space Smoothing

normalized distances d(i, j) = D(i, j)/Dmax

mean distance

d̄ =
1

N(N − 1)

N∑

i,j=1

d(i, j)

dα(i, j) =





d̄+
(
d(i, j)− d̄

)α
if d(i, j) ≥ d̄

d̄−
(
d̄− d(i, j)

)α
otherwise
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Bouncing
classic ansatz: monotonous cooling

new ansatz: iterated cooling and
reheating of the system

51400

 

51600

 

51800

 

52000

 

52200

 

52400

1 10 100 1000

en
er

gy

iteration

T=200
T=100
T=50
T=25

0.7

0.75

0.8

0.85

0.9

0.95

1

1 10 100 1000

ov
er

la
p

iteration

T=200
T=100
T=50
T=25





Ruin & Recreate

classic ansatz: small local change

new ansatz: destruction
and intelligent recreation
of a larger system part
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Approaches for Parallelization

• Splitting of the Problem into Subproblems

• Information Exchange during the Optimization Run

• Information Exchange after the Optimization Run



Searching for Backbones

Finding common structures in different solutions and eliminat-

ing them in order to save calculation time and achieve better

solutions



Outline of the Searching for Backbones Algorithm

1. Perform several independent optimization runs.

2. Compare the achieved solutions for common parts.

3. Assume these common parts to be optimally solved and
to be part of the optimum solution.

4. Perform again several independent optimization runs, but
now keeping the found backbones constant during the
optimization run.

5. If the solutions differ, return to step 2.



Quality of the Results
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Calculation Time
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Convergence behavior of the algorithm
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Order Parameters

ϕ(η) =

∑

i,j

δη(i,j),p

2N
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Applications to Other Problems
Vehicle Routing Problems

TSP −→ MTSP −→ VRP
A-n80-k10



Add a penalty function with a Lagrange multiplier λ to fulfill
the capacity constraint:

H(σ) =
L∑
l=1

Nl−1∑
i=1

D(σ(i, l), σ(i+ 1, l))

+ λ
L∑
l=1

(
Nl−1∑
i=2

m(σ(i, l)) − κ+ γ

)

Θ

(
Nl−1∑
i=2

m(σ(i, l)) − κ

)
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Spin Glasses

SK model

H = −∑

i,j

JijSiSj

with Si = ±1 and P (Jij) ∝ exp(−J2
ij/2)



Searching for Backbones

η(i, j) =

∣∣∣∣∣
p∑

ν=1

Sνi · Sνj
∣∣∣∣∣

Spins i and j can be put together to one backbone spin α
if η(i, j) = p.

Hamiltonian for backbone spins:

H = −∑

α,β

JαβSαSβ with JαβSαSβ =
∑

i∈α
j∈β

JijS
ξ
i S

ξ
j
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