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The Ising model
© Model for magnets, liquid/gas or other binary mixtures, epidemics,
neural networks, ...

© Consider spin variables o; =+1 on a two dimensional lattice
Hamiltonian gives energy of configuration (J: coupling, B: magnetic field)

H:—J Uin_BZUi
(27) z

© Ising model shows continuous phase transition at critical temperature
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Universality at continuous phase transitions

@ Universality: many quantities independent on details
E.g. bulk quantities: critical exponents

@ Universality hypothesis [|]: only important are
OP dimension 7 and space dimension d

Ising (n = 1): uniaxial ferromagnets, liquid-gas transition,
binary liquid mixtures

XY (n = 2): planar ferromagnet, superconductors, liquid
crystals, superfluid “He

Heisenberg (n = 3): isotropic ferromagnets

[I] L. P. Kadanoff, Proceedings of the Varenna summer school on critical phenomena (1970)
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Monte Carlo method

® Use computer simulations to calculate expectation values

® Generate independent equilibrium configurations with
Metropolis algorithm:

© flip random spin and calculate AE
© accept spin flip with, e. g.,

Phip (AE) = min(1,e " 2¥)

@ Detailed balance guarantees that we reach steady state:

i Pi(t _BAE..
ZP Jwj—i — Pi(t)win; <= e (t) — ¢~ PAE;;
wi—j  Pj(t)
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What is magnetic friction!?

© Energy dissipation in driven system through magnetic degrees of freedom

. exchange/dipole .
motionj——» . . —* spins|—* heat bathl
interaction

© Note:
Eddy currents (Wirbelstrome) + Joule heatings i~

also denoted “magnetic friction” O{ fre edom\

© eddy currer+’ o ..

motion _gemagnetic field|— electronsj—™ phononsl
—
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Ising model with moving boundary conditions

® Time—dependent Hamiltonian e KN g — K oo
B=1/kaT, K =pJ z;: H bm%;(t) H

@ Ab(t) = vt

AN

®@ v=1 lcm/s
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Geometries
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Non—equilibrium quantities: Monte Carlo results

® Energy dissipation rate 020777 7177 7 1T 71 1
_ (AEy) i ]
Pv) = At < 0.15— 7T T
L / RCN
@ Friction force S I N
P(v) S 010 : ~
F(v) = 9 N ' |
v © ,
. L 0.05— —v=1(MP)
@ Shear stress 7 in 3dy case: b oy gHB))
— / i —
Scherspannung F |
o 1(v) = (v) ~ 10 MPa 0.00—L St I T R
L2 0 1 2 3 4 5

Temperature T

® Exact solution for small v

F(o— 0) = (Eéf)A_SEl()’iﬁ _ _ij(@ %% _ <g ﬁg g>0)

= —LJb(<O'0,00'1,1>O - <UO,OUO,1>O)

D. Kadau,A.H. & D.E.Wolf, Phys. Rev. Lett. 101, 137205 (2008)
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Influence of finite driving velocity

@ Dissipation P saturates
at high velocities v > 1

® 3dp case:

P(v> 1) ~ 100 Wem ™2

© Quantities depend on
Monte Carlo algorithm

Energy dissipation rate P/L
S
|

’__——————

— v — 0 (exact)
— Metropolis
— Heat Bath

10" 10° 10

Velocity v

3

D. Kadau,A.H. & D.E.Wolf, Phys. Rev. Lett. 101, 137205 (2008)
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The phase diagram

® Critical

Tc,eq TC(OO)
temperature 7T 30¢ '
depends on . o5 — :
veIocity v \ [ velocity driven ]

¢ opl phase transition ]
i> '
® Phase diagram > | X

. §8 15- .
with 3 phases: i3 | .
> 10: bulk surface :
© bulk order [ order order
: no !
C 5k _
© surface order | order

@ noorder === obioii e
no order 2 0 2.1 2.2 2.3 2.4 2.5 2.6 2.7

Terpgerature T

IvuliLy v

® Velocity driven
phase transition

© Example: Quench to surface order state (v=16,7=2.4.J)
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Monte Carlo simulations of surface order
768%256 spins, v =16 spins/MCS, T'=2.4J, J,=J, 4 MCS/frame, 15 fps

field cooled (FM init) T

-

zero field cooled (PM init) T
R EI R LI NI TSI CARIIA, NI M0 SR VMRS T S TR SR SR L P £ ST S0 -

A AN R ¥ _I",t-. Yy
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Righ Velocities:
Exact Solution

oooooooooooooooooooooo



High velocities: Exact solution in 3 steps

L]

) Y S | ) Y S
Tl 2 T
o o o of =

o 1
T 1 T T T T

1

L lee

0. Start with driven system

|.  Map boundary couplings K to fluctuating fields u;
with average my

2. Replace fluctuating fields u; with static field /i(mp)

3. Take equilibrium boundary magnetization mpeq(/iv)
and solve self-consistency condition

Mb,eq(/16(Mb)) = My
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(1.) The limit of high velocities v

—KZO’ZUJ Ky Z 00 j

(i7) (i7)w ()

v > 1:Uncorrelated boundaries

— —KZO'ZO'] KbZUzUz

(i7) 1€B

Condition: (i) = (o) = myp,

Boundary couplings are replaced by fluctuating fields u; with average my
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(2.) Mapping to equilibrium model

Fluctuating fields Static fields
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(2.) Tracing out some degrees of freedom

Fluctuating fields Static fields

.....................................................................................................................................................................................................................................................................................................................................

BH(myp) = —KZUNJ' - Ky, Zuiai BHeq = —KZUNJ' — hy Zdi

(i3) i€B (i5) i€B
Z = Tr,, e PHims)  Zeq=Trse BHeq
— TI'G B_BHO TI‘M H eKb/JJiO'i — TI‘J G—BHO H eth'z'
1B i€B
— HU e_'BHO eKbHO'
gs u:Zil P(k) | = (cosh hp,) V> Tr, e~ P70 H |1+ o; tanh hy)]
i€B
= (cosh Kb)Nb Tr, g PHo H 1+ o;my, tanh K|

=S ( el = cosh ho + sinh ho )
() =mp = plp) =1+ pumy)/2 | (o=+1) = cosh h [1 4 o tanh A

T
cosh K3, Mo
) 2

|

tanh hy, L] mptanh Ky, = 2Z =
cosh hy,
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(3.) The self-consistency equation

hy, :taanlcm#(mb tanh Kb)

Equilibrium surface magnetization and zero field susceptibility

Oln Z 0%1n Z
e K)h —_ = (O) K — cd
.eq (K, hv) Ohy, Xb,eq(K) Ohyy |4y —o
Mb.eq(K, arctanh(my, tanh Kyp)) = myp < Self-consistency condition
Condition for critical point 7.
P - = Xg?iq(Kc) tanh K, . =1

from expansion around mp = 0

tanh Ay, = my tanh Ky,
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(3.) The self-consistency equation

v

Equilil

mb,eq(K, a.

Condition
from expal

T/T.=0.1
10— —
08|
| =0
x| _, ndition
E‘“ 04+ 7 10F
'  os}
. 06}
| g
02 i 04t
_ 02} 1
900 02 04 06 08 10
OO‘. IIIIIIIIIIIIII Tﬁ:v o

Mean—field universality class:a =0, =1/2,y=1,0=3
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An integrable Monte Carlo algorithm

@ Critical temperature 7 15 :
depends on MC algorithm

® Example:
1d case with h=J=1

Priip(AE)

® Acceptance rate A = (pgip)

Exact solution : 27 T, =22692.. @ A.=0.24264..
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An integrable Monte Carlo algorithm

® Consider MC update Ok AE=2J0;Y ,  0;+2/0i0%
: (7)
of boundary spin g; - - - ———— )
C Q Algl AEQ

® Usual MC algorithms introduce
correlations over boundary:
Influence on o depends on o;

o, =—0; — AE) = —-4J — pgip =1
o; =+0; — AE) = 4+4J — paip(ok)

® Solution: Use algorithm which paip(AE) _ _paE

o fulfills detailed balance Paip(—AE)

© is multiplicative
P paip(AEL + AE») = pain(AE:) paip(AE>)

® Result:
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An integrable Monte Carlo algorithm

@ Critical temperature 7 1f .

depends on MC algorithm \
® Example:

1d case with h=J=1

Priip(AE)

Acceptance rate A = (pgip)

Exact solution : T =22692.. @ A, =0.24264...
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@ Solution of equilibrium model
sinh A

Ve—4K 4 sinh? h
XS (K) = e

Meq(K, h) =

@ Critical point at finite T:
ng)(Kc) tanh K}, . =)

T. = 2/log(v/2 + 1) = 2.26918...

® Order parameter m:

cosh 2K}, — coth2K

K, Ky) =
m(K, Ks) \/ cosh2K3, — 1

Application to 1d model

1.0+

0.8
0.6
0.4

0.2

0.0

0.0 02 04

06 08 10 12 1.4
T/T,

© Note: |dentical to surface magnetization of 2d Ising model

Montag, 7. September 2009



Other quantities in 1d: The transfer matrix

K+h ,—K
© TM of equilibrium 1d Ising model:  Teq = ( ee_K :K_h ) Zoq = Tr Tol
© TM of driven system: cosh Ky, e (1 +siny) e K cos
T = T, = cosh K .
(sin® = mtanh Kj,) coshf ~ea COSNEb e K cosy  ef (1 —sinqp)
: et £Ho T <T:
@ Eigensystem: T|t;) = Ailt;) — Ao = { cosh K (K +eK) T>T, ° t:) = - -

@ Physical quantities: [’i‘ =T/Xo, M = ((1) ) )]

o : |
m = (0;) = (to|M[to) > //l\\
0.0 _

6“ = —J(O'jO'j+1> = —J<t0|MTM|t0>

@ Note: “free energy”’ of driven system
is constant in ordered phase (?)

f<==p"tlogo = —(J + Jp)

Temperature T

Montag, 7. September 2009



Dynamical quantities in 1d

® Define configuration probability (¢, (¢ ){(C.), ¢=T,1
© Then,withP; =({8), P, =(39),e.g,

(1T1)(L) = (to[PyTP{ TP [to)(to|P [to)
® Monte Carlo acceptance rate:

( cosh(K + K}p) —sinh(K — Ky)

A — Z Pain (AE)(Co € G)C) = ¢ 4e b) sinh K cosh” K sinh Kj,
beatabrata e~ Eb cosh K1,(1 — tanh K)? T>T.

\

® Energy dissipation rate:

L[ e T<T
B — _J, e~ 25 () — <€> — tanh Ky, -
- | 2Jytanh Ky, T >T.
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Dynamical properties

° Deﬁl_- PR o-BE. I S S B [~ ~ »~ \ [~ \ ~ A

— P(T)
—  A(T)

~ A(T) (MC)

C£7C7Cr
T—
® Ener
b€
— - T <7,
P — _J Z c 2Kb<§>_<€> _y tanh K, .
o 2Jp tanh K, 1T > 1.
T ——
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Application to 2d model

® Surface magnetization of 2d Ising model [I]

1 —yf /” 4(1 + cos )
o b7 _xAy2z(1 + cos ) + (1 + 22)(1 — 2z cos b — 22) + r(6)

mb,eq(za yb) = Yp+ dé

z =tanh K, yp, =tanhhy,, 7r(0)= H V(1 —€2)2 —22(1 — 22) cos  + 22(1 + €2)?
e=+1

® Surface susceptibility

© \_ (L1 @2 _ _ 2 _
Xb.oq(2) = (z2 1) [(1+2w 8w?) y— e~ il v (1 + 22)2

® Critical point (J=J, = 1)

K(16w?) E(16w?) 1 z(1 — 22) |

X\ (K.) tanh Ky =1 | = T = 2.6614725655752...

® Boundary magnetization ® Bulk magnetization

mb,eQ(Z, meb)) ; my — mb(z, Zb) = ... ' mbulk —_— (1 _ Sinh_4 2K)1/8

[I] B.M.McCoy & T.T.Wu, The Two-Dimensional Ising Model, Harvard University Press (1973)
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Application to 2d model

® Sur
1.0
QO B
mb,eq‘ S
et N
— 0'5)306-_ Tbulk
S« I |- b=
SOUTS o4 T S los
; @ [ | - Jp = 0.25
X‘E),é -8 02 o Jb:OOS
S .
@) - Jb:O
M
® Cri .
0.0 1.0 1.5 2.0 2.5

Temperature T

® Boundary magnetization ® Bulk magnetization

!
Mb.eq(2,Mb2b)) =My — mp(z,2p) = ...

Mpulk — (1 - Sinh_4 2K)1/8 l

[I] B.M.McCoy & T.T.Wu, The Two-Dimensional Ising Model, Harvard University Press (1973)
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Results for other geometries (sc)

ld s—— - 2d
x'9(K,)tanh K}, . = 1 x??(K,)tanh K, . = 1
T, =2/log(vV/2 + 1) = 2.26918...  T. = 4.0587824231379800009877750406806(2)

X{,Zd)(Kc) tanh Ky, . = 1 x?d)(Kc) tanh K}, . = 1
T, = 2.6614725655752... T. = 8.2(2)

2X(1d)(Kc) tanh Ky, . = 1 2x(2d)(Kc) tanh Ky, . = 1
1 T.=5.2647504145147435505980172
Te = 1/log (5 Va+ ‘/ﬁ) vtk 0342467639210936009(3)
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Conclusions & Outlook

© New contribution to friction from spin correlations
© Driven model shows non—equilibrium phase transition
© Exactly solvable for high velocities (v — o) in many geometries

© Phase transition in mean—field class ford>1and v >0

® Cross—over from Ising to mean—field class
® Strong anisotropic phase transition in d > 2!

® Experimental realization possible?

A.H., Phys. Rev. E (submitted), arXiv:0909.0533
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