Resetting by rescaling: exact results for a diffusing particle in one-dimension
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In this paper, we study a simple model of a diffusive particle on a line, undergoing a stochastic
resetting with rate r, via rescaling its current position by a factor a, which can be either positive or
negative. For |a| < 1, the position distribution becomes stationary at long times and we compute
this limiting distribution exactly for all |a| < 1. This symmetric distribution has a Gaussian shape
near its peak at © = 0, but decays exponentially for large |z|. We also studied the mean first-passage
time (MFPT) T'(0) to a target located at a distance L from the initial position (the origin) of the
particle. As a function of the initial position z, the MFPT T'(x) satisfies a nonlocal second order
differential equation and we have solved it explicitly for 0 < a < 1. For —1 < a < 0, we also solved
it analytically but up to a constant factor x whose value can be determined independently from
numerical simulations. Our results show that, for all —1 < a < 1, the MFPT T'(0) (starting from
the origin) shows a minimum at r = r*(a). However, the optimised MFPT Top¢(a) turns out to be
a monotonically increasing function of a for —1 < a < 1. This demonstrates that, compared to the
standard resetting to the origin (a = 0), while the positive rescaling is not beneficial for the search
of a target, the negative rescaling is. Thus resetting via rescaling followed by a reflection around
the origin expedites the search of a target in one dimension.

I. INTRODUCTION

Search processes are ubiquitous in nature, e.g., animals searching for food, a helicopter searching for survivors after
a ship wreck, a protein searching for a site to bind on a DNA strand, or even finding a bug in a computer program [I, 2].
In many of these search processes, natural intuition tells us that, if one is unsuccessful in finding a target for a while,
perhaps one should stop the search and restart from the beginning. The rationale behind this intuition is that, if one
restarts the search, perhaps one will find a new pathway that leads to the target in a shorter time. This idea was
given a concrete form by studying a simple analytical toy model of a particle diffusing and subjected to a stochastic
resetting to its initial position with a constant rate r. For example, in one dimension, let us consider a particle with
position z(t) at time ¢ that starts from x(0) = 0 and the position gets updated by the rule [3| 4]

(4 df) = z(0)=0 |, with probability rdt )
| @) +V2Ddté(t) ,  with probability 1 —rdt,

where D is the diffusion constant and &(¢), for each ¢, are independent Gaussian random variables of zero mean and unit
variance. In the limit d¢ — 0, the increment £(¢) can be replaced by \/dt7(t), resulting in the stochastic differential
equation dx/dt = v/2Dn(t). Here 7(t) is the standard Gaussian white noise with zero mean and a delta-correlator
(n(t)n(t'))y = é(t —¢'). This simple toy model leads to two principle paradigms.

The first natural question is: what is the position distribution P,(z,t) at time t? When r = 0, P—o(x,t) =
e~e’/(4Dt) /V4r Dt is simply a Gaussian. One of the first effects of resetting to the origin is that it breaks the detailed
balance and drives the system to a nonequilibrium steady state (NESS) where the position distribution becomes
non-Gaussian and is given by [3] 4]

Po(x) = Jim Py(x,1) = ;\/geﬁzl . @)

This theoretical prediction has been verified experimentally, using holographic optical tweezers [5]. The emergence of
a new type of NESS induced by resetting is the first paradigm.

The second natural question is whether such a resetting really helps in reducing the search time of a target. Indeed,
if one puts a target at a fixed distance L from the origin, the mean first-passage time (MFPT) to the target (a simple
measure of the search time) can be computed exactly. For a particle starting at and resetting to the origin, this



MFPT is given by [3] 4]
1 r
() = [e\/ﬁL—l} : (3)

where the argument '0’ refers to the starting position, i.e., the origin x = 0. In the absence of resetting, the MFPT
is infinite, while it becomes finite for any nonzero resetting rate r. Moreover, as a function of r, the MFPT exhibits
a minimum at r» = r*, indicating the existence of an optimal resetting rate. Indeed, from Eq. , the dimensionless
MFPT defined as

7(0) = P11 0

can be expressed as a function of the dimensionless parameter 8 = \/r/DL as
T(0) = — (¢ —1) . (5)

As a function of §, it has a minimum at 8 = 1.59362 - - -. This clearly shows that in this simple toy model, switching
on the resetting is not only advantageous to find a target, but there even exists an optimal resetting rate that optimises
the search time. This is the second paradigm of this toy model.

These two paradigms, deduced from this simple toy model, have subsequently been found in several stochastic
processes with resetting. The conditions for the existence of a NESS as well as an optimal r* have been studied in
a variety of situations. Furthermore, some of these analytical predictions have been verified in experiments using
optical trap setups. For recent reviews of these developments, see [6H8] .

In this original toy model, the walker’s position is always reset to the origin. However, this model can be analytically
solved even when the reset position is not fixed after every reset, but rather is drawn independently from a distribution
after each reset [4]. In fact, in the experimental setups used in Refs. [9,[10], the resetting position typically corresponds
to the Boltzmann distribution of the particle confined in a potential U(x). However, the two paradigms discussed
above, namely the existence of a NESS and a finite MFPT remain true when the resetting position is drawn from a
distribution. In these models, the position after the resetting is uncorrelated with the position before reset, i.e., the
post-resetting position has no memory of the pre-resetting position. A simple model that retains some dependence
on the pre-resetting position has recently been studied under the name of “backtrack resetting” where the evolution
rule is modified to [T, 12]

ax(t) with probability rdt ,
t+dt) = 6
#(t +dt) {J;(t) +V2Ddt&(t)  with probability 1 —rdt, (©)

where 0 < a < 1 is a backtracking parameter. This model represents for example the situation where x(¢) denotes
the population of a habitat at time ¢, a fraction of which gets wiped out after a catastrophic event that occurs at
random times distributed via a Poisson distribution with rate » [II]. This model for a > 0 sometimes goes by the
name of “partial resetting” [IIHI4]. For a = 0, this model reduces to the standard model of diffusion with stochastic
resetting defined in Eq. . For a = 1, clearly the post and pre-resetting positions are the same (thus effectively
there is no resetting) and the particle simply diffuses. For a > 1 the particle eventually escapes to +co. Thus there
is no stationary state for a > 1 and the NESS exists only for 0 < a < 1. In this range of a, the stationary position
distribution has been computed in several recent papers [ITTHI5]. However, to the best of our knowledge, no result for
the MFPT exists for general a > 0. In all these studies on the “partial resetting” model above, the parameter a was
considered to be nonnegative a > 0. However, in principle, one can study resetting for a < 0 also [I5]. A negative
value of @ means a partial resetting coupled with a reflection around the origin. It is clear that for a < —1, there
is no stationary state and the stationary state exists only in the range —1 < a < 0 [I5]. However, the stationary
position distribution for —1 < a < 0 is not known explicitly. Furthermore, the MFPT has also not been studied for
—1 < a < 0. To summarize, for this partial resetting model with parameters —1 < a < +1, the position distribution
does become stationary at late times and is known explicitly only in the range 0 < a < 1. The MFPT is essentially
unknown in the full range —1 < a < +1, except for a = 0. One interesting open question is whether this additional
parameter a can reduce the MFPT compared the standard a = 0 model of stochastic resetting.

In this paper, we revisit this problem and compute analytically the stationary position distribution in the full range
—1 < a < +1. Our results for 0 < a < +1 coincide with the known results, while the result for —1 < a < 0 is new.
Furthermore, we compute exactly the MFPT in the range 0 < a < 1 and show that it increases as a increases from 0,
for any fixed r. This indicates that a positive value of the fraction a is not beneficial for the search of a target. For
—1 < a < 0, we show that the underlying nonlocal differential equation for the MFPT has a fundamentally different
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FIG. 1. Schematic trajectories of a rescaling random walk, as defined in Eq. (6] for 0 < a < 1 (left panel), —1 < a < 0 (middle
panel) and a > 1 (right panel). The orange part of the curves represents the purely diffusive part of the trajectory, while the
dashed vertical black lines correspond to long-range rescaling (resetting) moves. As shown in the text, the position distribution
of the walker becomes stationary only for —1 < a < 1, while it remains non-stationary at all times for |a| > 1.

structure compared to the case 0 < a < 1. Here we succeeded in finding an exact formula for the MFPT, but only
up to an unknown constant that can however be easily inferred from numerical simulations. With this numerically
determined constant we then have an exact formula for the MFPT. This solution shows that the MFPT actually
decreases when a decreases from 0, for fixed r. This means a negative value of the parameter —1 < a < 0, i.e.,
when the partial resetting gets coupled with a reflection, is more optimal than the simple resetting (a = 0). We also
performed numerical simulations and found a perfect agreement with our theoretical predictions.

The rest of this paper is organized as follows. In Section [T} we compute the exact stationary position distribution
in the full range —1 < a < 1. In Section [[ITA] we compute the exact MFPT in the range 0 < a < 1, while in Section
[[IITB] we study the MFPT for —1 < a < 0. In Section [[V] we provide details of numerical simulations. Finally, in
Section [V] we conclude with a summary and outlook, while some details are relegated to the Appendices.

II. NON-EQUILIBRIUM STEADY STATE

We consider the process z(t) evolving via the Langevin equation @ Let P, q(x,t) denote the probability density
that the particle arrives at = at time ¢, starting from the origin x = 0 at time ¢ = 0. One can easily deduce the
Fokker-Planck equation for P, ,(z,t), valid for arbitrary a as follows. Suppose we increment the time from ¢ to ¢+ dt.
Then the evolution of P, ,(z,t) can be expressed as

dt
P o(z,t+dt)=(1— rdt)<P,ﬂ7a(m — V2D dzeg(t),t)>5 + T‘—| P (Et) : (7)
a a
where the notation (---)¢ means an average over the instantaneous noise £(t), which is distributed via a Gaussian
with zero mean and unit variance. In Eq. , the first term denotes the diffusive move in time d¢, which occurs with
probability 1 — rdt (see Eq. @) If the particle has to reach x at time ¢ 4 d¢, it must have been at « — v2D dt £(t)
at time ¢ and one needs to average over all possible values of {(t). The second term denotes the resetting move that
brings the particle from x/a to x in time d¢. This resetting move with probability rdt¢ (see Eq. @) The factor
1/|a| is a Jacobian factor associated to the probability density P, (%,t) in z. In the limit d¢ — 0, we expand the
first term in a Taylor series in v dt. Keeping terms up to order O(dt) and taking the limit d¢ — 0 one arrives at the
Fokker-Planck equation

0P q(x,t) D 82Pr’a (z,t)
ot - 0x2

r x
—’]"P,,"a(x,t)"‘mpr’a (g,t) . (8)

This equation is valid for all a and, for a > 0, it was already derived in Refs. [ITHI3] [I5]. By integrating it over x
from —oo to +00, one clearly sees that Eq. conserves the normalization

/OO P.o(z,t)yde=1. (9)

As mentioned in the introduction, the NESS exists only in the range |a| < 1. Assuming that the NESS exists, one
can obtain it by setting the left hand side (LHS) of Eq. to zero. This gives

d?P, . (z)

0=D
dz?

T X
— P, —Pm(f) : 1. 10
PPa)+ 5P (2) L lal< (10)
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FIG. 2. Plot of the steady-state probability density Pro(z) vs x for different values of the parameter a € (—1,1) and for
fixed r = 1 and D = 1. The analytical result in Eq. is in perfect agreement with the results obtained from numerical
simulations.

Even though this is an ordinary differential equation, it is monlocal in x and hence is nontrivial to solve. This type
of nonlocal equations have appeared in other contexts before, e.g., in the modelling of cell growth [16], in the growth
of clusters in a generalized Eden model on a tree [I7] and also in the context of the discrete Ornstein-Uhlenbeck
processes [18, [19], etc. These works suggest to look for a solution of in the form

+oo ) _
2) = cpe” FTVERL (1)
n=0
where ¢, are constants. Substituting this in Eq. we obtain

—+oo
r r 1 [/
0=>" (| —ren + |) e VB (12)

n=0

Since Eq. must hold for any x the prefactor to the exponential in the series must vanish for any n yielding the

recursion relation
1 1
oo (fae =) = et (13)

Iterating the recursion in Eq. (13) we can express any ¢, in terms of ¢q as

1 Co

lal™ TTi=y (1 = lal=2%) -

Cp =

Using Eq. in Eq. we obtain

y L 1 —@r VBl | /Bl
=y e MV DI 4 e VD , 15
[ |a|” Hk 1 (1= [a|=2k) (15)

where we have separated out the n = 0 term. The only unknown constant ¢ is then determined from the normalization

condition @, giving
co +1]) . (16)
o =T (anll—m =0 )




This gives the exact stationary position distribution

)= 1,/ 7 ! Ve 1 A
Fral@) 2\/;[1+ : }< +Z|a|nnk (A—fa ¢ " ()

no1 [Ti=: (A—fa[=2F)

The stationary distribution is evidently symmetric around = 0 and is plotted in Fig. [2| for three different values of
a, showing a perfect agreement with numerical simulations. In the limit a — 0, we recover the result in Eq. , as
expected. For 0 < a < 1, this solution already appeared in Refs. [12] [I3], but for —1 < a < 0, we have not seen this
solution in the literature.

It is interesting to derive the asymptotic behaviors of P, ,(z) for small and large z. The large = behavior is simple,
since the term containing the sum becomes subleading for large x. Hence, we get

1 1 T

Pra(x)zj/r e Vol as |z = 0o . (18)

’ 2V D 1
1+ 03 e

In contrast, the small 2 behavior turns out to be much more tricky. From the plot in Fig. 2] it seems to behave as
P, o(z) ~ P, 4(0) — ba?, as © — 0, i.e., the linear term in the small z expansion vanishes. Indeed, by expanding Eq.

(11) up to linear order in x, we get
Prola) = Proal0) [ lal 30 5 e (19)
n=0

where the coefficients ¢,,’s are given in Eqgs. and . For the linear term to vanish, we must have the identity
oo o¢n/lal™ = 0. Using the explicit expressions for ¢,’s, this amounts to the identity valid for all 0 < |a| < 1

1
1 =0. 2
*Z\awnk o (20)

We have numerically checked with Mathematica that it is indeed true for several values of 0 < |a| < 1. However, we
could not prove this nontrivial identity. For |a| > 1, the left hand side of Eq. can be expressed as the inverse
of the Euler function, however we are not able to find an expression for it for 0 < |a| < 1. Proving this identity
remains an interesting number theoretical challenge. Thus, to summarize, the stationary distribution behaves as a
Gaussian distribution for small x, while having an exponential tail for large z. Similar asymptotic behaviors for
scaling functions also appeared in several models, e.g., in the time-dependent position distribution in models of
diffusing diffusivity [20H22], for particles driven by a resetting noise [23] and in certain experimental systems [24] 25].

III. MEAN FIRST PASSAGE TIME

For a diffusing particle starting at the origin in d = 1 and resetting stochastically to the origin with rate r, we have
seen in Eq. that the MFPT T'(0) is not only finite, but can also be optimised with respect to r. In this section,
we study whether the introduction of the additional parameter a, with |a| < 1, lowers the MFPT compared to the
a = 0 case.

We consider a particle in one-dimension, starting at x, and evolving via Eq. @, with a target located at © = L.
Our goal is to compute the MFPT T, , (z) to find the target at L, starting at . Eventually, for simplicity, we will
focus on the case x = 0, but for the moment we keep x arbitrary, since we will derive a backward Fokker-Planck type
differential equation for T, , (), with = as a variable. To derive this equation, it is convenient to start with S(z,t)
denoting the survival probability of the target up to time ¢, i.e., the probability that the target is not found by the
particle up to time ¢. Consequently F(z,t) = —0,5(x,t) denotes the first-passage time distribution to the target. The
MFPT is just the first moment of F(z,t), i.e

TM,L(:E)/O%o dt ( as((; t)>t/0+oo S(a, t)dt | (21)

where we performed an integration by parts and assumed that S(x,t)t — 0 as ¢ — 400 which can be checked a
posteriori. For the brevity of notations, we will omit the subscripts of the MFPT T'(x) = T} o,1.(z). We now consider
the backward evolution equation for S(z,t). We consider a trajectory of duration ¢+ d¢, starting at « and evolving via



Eq. (6). We split the interval [0, ¢ + dt] into two intervals [0,dt] and [d¢,¢ + d¢]. During the first interval, the walker

diffuses to a new position = + v2D dt£(0) with probability 1 — r dt and with the complementary probability r d¢, it
resets to a new position ax. Here £(0) denotes the initial random jump. During the second interval, the evolution
proceeds starting at the new position at the end of the first interval [0,d¢]. Consequently, we can write

Sz, t+dt) = (1 — rdt)<S(x +V2D dtf(O))>E rrdt S(ax,t) . (22)

Taking the limit d¢ — 0, one arrives at the backward equation

0S(x,t) _ 9*S(a.t)

ot 0x?

—rS(z,t) +rS(ax,t) . (23)

This equation is valid in the range x € (—o0, +00) with the absorbing boundary condition
Sx=L,t)=0 , forall t>0. (24)

This condition comes from the fact that if the particle starts exactly at * = L, it immediately finds the target
and hence the survival probability vanishes. Furthermore, as x — +o00, the survival probability must remain upper
bounded by unity. The initial condition reads

S(x,t=0)=1 forall x#L. (25)

Integrating Eq. over t from 0 to co and using the initial condition , we get, using Eq. , the backward
differential equation for T'(x)

DT"(z) —rT(z) + rT(ax) = -1, (26)
valid for z € (—o0, +00) with the absorbing boundary condition

T(L)=0. (27)

In addition, as # — 400, the MFPT T'(x) can not diverge faster than ~ 22, since diffusion is the slowest mode

of transport and the resetting can only reduce the MFPT. Once again, this ordinary second-order equation is
nonlocal in x, making it nontrivial to solve. We will see below that the solution is actually very different for 0 < a < 1
and —1 < a < 0. We discuss the two cases separately in the two subsections below.

A. Positive rescaling: 0 <a< 1

In this subsection, our goal is to calculate the MFPT T'(0) starting from the origin for the case 0 < a < 1. To
compute this, we need to solve the nonlocal backward differential equation with T'(z) denoting the MFPT starting
from the initial position # < L. Upon finding the solution for T'(x) for arbitrary = < L, we will eventually set « = 0.
Since z = 0 < L, we need to solve the differential equation only in the region z < L and henceforth we will not
consider the case x > L. Note that the nonlocal term in Eq. involves the location ax which always stays to the
left of L. Hence, the particle never jumps to the right of L and we just need to solve the differential equation for
x < L. Since there is no known general method to solve such nonlocal equations, we try below a power series solution
in x and show that it leads to an exact solution. We substitute

+oo
T(z) = Z bpa™ (28)
n=0

in Eq. and solve recursively for the b,’s. This gives

+o00
—-1= Z [Dbyy2(n+2)(n+1) —rb, + rbya™| z™ . (29)

n=0
This equation holds for any z < L. Therefore setting x = 0 sets the first even constant

—1=2Db, . (30)



Then the remaining terms of the series must all vanish which leads to the following recursion relation
bpt2D(n+2)(n+1) =r(l —a™)b, . (31)

Tterating Eq. we can express any b, for n > 1 as a function of b; and b,

2y r\lT 2 __ b T 2j+1
ban = @2n)! (5) gl;[1(1 —a”) and bapiy = @nt 1)l (5> J];[o(l —a”m). (32)

Hence the only constants which are still undetermined are b; and by. Putting Egs. , and together we

obtain
_b0+b1\/72 BT <\/g )%Hﬁ(l a2t %f <\/7 )znhl(l—a?j), (33)

=0 n=1 j=1

Note that in the n = 0 term of the sum multiplying b;, the product is interpreted as unity. Using the absorbing
boundary condition in Eq. gives the first relation

s S | (RIS M TR

7=0 n=1 Jj=1

Using Eq. we can re-write Eq. as

o 2n+1 _
2n+1 L2n+1 2J+1
-2 e (V) e DICE

71“:2:(21”)' <\/g>2n — L*") [[ (1—a% (35)

To simplify these expressions, we introduce the following compact notations

n—1 n—1
Ci=1, Cy=1, (5, = H(l — a2j) for n>2, Copy1= H(l — a2j+1) for n>1 (36)
j=1 j=0

and rescaled distances

P A o

In terms of these rescaled quantities, Eq. simplifies to

\/> O2n+1 (y2n+1 l82n+1 1 = n _ /82”) (38)
(2n + 1)! .

\3

We have already used the absorbing boundary condition at x = L. To fix the only unknown constant b1, we need to

investigate the other boundary when x — —oo. As mentioned earlier, the MFPT T'(z) should not grow faster than
2

~ x% as © — —oo. We now show that this condition uniquely fixes the unknown constant b;.
To analyse T(z) in Eq. (38) in the limit # — —oo, we first note that (y?"™! — 52"+1) ~ y?"+1 and similarly

(y?" — B?") ~ y?". Furthermore, for large |y| both sums in Eq. are dominated by large n. Hence, we can replace
Co,4+1 and Cy,, by their respective n — oo limits, i.e.,

o0 (o9}

: _ 2541 . _ 25
nlLH;o C’271-&-1 - ]1)(1 a ) ’ nll_{lgo C2n 11(1 a ) . (39)
J= J=

Therefore, to leading order for large |y|, we can take out the C-factors outside the sums and evaluate the sums
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FIG. 3. The dimensionless MPFT T(0) as a function of § = /r/DL for different values of 0 < a < 1. The analytical result in
Eq. is in excellent agreement with the results of numerical simulations for different values of 0 < a < 1. For a fixed a, the
MFPT T(0), as a function of 3, has a minimum at 8 = 8*(a).

explicitly to get

T(z) ~ —bl\/? [[a-a" sinh(y)—k% [[(1—a*)| (cosh(y) —1) . (40)
j=1

=0

Thus, to leading order for large |z|, this expression diverges as T'(z) ~ exp{|y|} = exp(\/r / D|x\) Since this is not
allowed physically, the amplitude of this term must vanish. This fixes the constant b; uniquely as

+o0 25
. (1—a*
by 2 =1 Hﬁ;( Do _Lp, (41)
r T szo(l — qZit1) T

where R, is given by the ratio

. +o0 2j
1 n o] n (1 —a”
R(a) = —2n=+ Con_ _ +JO;1( — )1 , (42)
11mn—>+oo 02n+1 j:0(1 — a2t )
Thus the final expression for the MFPT T'(x), in terms of the rescaled coordinates , reads
T 2= 2 o 1 R(a) +ZOO C(Qn—i-l (ﬂZnJrl o 2n+1) + +ZOQ CQn (Bgn o Qn) (43)
W) T — (2n+1)! 4 = (2n)! Y '
Setting z = 0 we obtain the MFPT for a random walk starting at the origin to reach a target at L
—+o0 +oo
1 an 2 C2n+1 2n+1
T(0) = - "+ R T pEnt 44
0)=7 Lz;l e’ T (a);)@nﬂ)!ﬂ ’ (44)

with R(a) defined in Eq. (42). Furthermore, one can also define a dimensionless MFPT T(O) = DT(0)/L?, that
depends only on two dimensionless parameters: a and g = Ly/r/D, which reads

(2n)! (2n + 1) (45)

+o00 +oo

C " 2n C " 2n+1
Yy =2 5" | R(a) Yol +15
n=1 n=0

For fixed a, the asymptotic behaviors of T(O) for small and large § are given by
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function of a for 0 < a < 1. Right: The optimal MFPT Top¢(a), ie., T'(0) evaluated at 8 = 8*(a), plotted as a function of
0<a< 1.

R(a)/B when <1
S oo
T0) = ;i | 1(1 —a¥)  when B>1. (46)
j=

The small 5 asymptotics is easy to obtain from Eq. where the n = 0 term contributes to the dominant order
for small 3, leading to the first line in Eq. . To derive the large S behavior in the second line of Eq. , we
note that the sums in Eq. (46) are dominated by the large values of n where both Cy,, and Cs,41 converge to the
asymptotic values [see Eq. (306))]

Con — [ —=a¥) , Connr — JJ(1-a¥*). (47)
j=1 j=0

Substituting these behaviors in Eq. and using , we get the second line of Eq. . Thus we see that, as a
function of 3 for fixed a, the MEPT T(0) diverges in both limits 3 — 0 and 8 — co. Thus, it indicates that it may
have a unique minimum at g = $*(a). Indeed, the analytical result in Eq. can easily be plotted and it shows a
unique minimum (see Fig. [3). This minimum $*(a) can easily be determined by setting the derivative of Eq.
with respect to 8 to zero and determining the root using Mathematica. This optimal value 8*(a), as a function of a,
is shown in the left panel of Fig. 4| Finally, the optimal value T (a) of the MFPT, i.e., T(0) evaluated at § = 5*(a),
is plotted as a function of a in the right panel of Fig. Clearly, one sees that T,p(a) is a monotonically increasing
function of a in the range a € [0, 1].

Small a expansion. For small a, one can make an explicit analysis. Expanding Eq. to linear order for small a,
we get

- 1

T(0) ~ 7 [eﬁ —1+aB+0(a®)] when a< 1. (48)
Note that for a = 0, we perfectly recover the known result stated in Eq. . In fact, this result in Eq. for small
a can also be derived directly from the differential equation by making an expansion for small a, as shown in
Appendix |A] Thus, for fixed 3, as a increases from 0, the MFPT also increases. Taking a derivative of Eq. with
respect to 3 and setting it to zero, we get the optimal 5*(a) to linear order in a

B*(0)
p*(0) -1
where 5*(0) = 1.59362. .. is the optimal value of 8 for a = 0. Thus as a increases from 0, the optimal 5*(a) increases
for small a, which is consistent with the result shown in the left panel of Fig. [4 Subsequently, the optimal MFPT

B*(a) = B*(0) +a e PO L 0(a?) =1.59362. .. +a0.54547 ... + O(a?) , (49)



10

I III

A
\ 4
A
v

v

] ] ]
1 1 1
L L 0 L L X

la|? |al |al

FIG. 5. For —1 < a < 0, the nonlocal differential equation needs to be solved in different segments that are interconnected.
The segment I denotes the region = € [~L/|a|, L], the segment IT denotes the region [~L/|a|?, —L/|a|] and the segment ITI
denotes the region [L, L/|al].

Topt(a), up to linear order in a, reads

[ (O)]° — 2(1 — =)
[3*(02(5*(0) - 1)

Therefore, as a increases from 0, the optimal MFPT increases linearly with a for small a, consistent with the results
reported in the right panel of Fig. [4

Thus, in conclusion, introducing a positive value of the rescaling parameter a does not improve the efficiency of
the search process, since T,p(a) increases with an increasing positive a. In the next subsection, we will see that the
situation is drastically different for —1 < @ < 0. In this case, the optimal MFPT with —1 < a < 0 is lower than its
value at a = 0.

Topi(a) = Tope(0) +a +0(a®) = 1.54413 ... 4+ a0.627500 ... + O(a?) . (50)

B. Negative rescaling: —1 <a <0

In this subsection we consider the complementary case —1 < a < 0. Once again, we need to solve the differential
equation for T'(x) and eventually set & = 0. However, contrary to the case 0 < a < 1 discussed in the previous
subsection, for —1 < a < 0, solving the nonlocal differential equation is much more complicated. To see why, we
first rewrite Eq. for -1 <a <0 as

—1=DT"(x) —rT(x) + rT(—|alx) . (51)

We still have the boundary conditions T(L) = 0 and the fact that T'(z) should not grow faster ~ |z|? as ¥ — +o0.
To solve this nonlocal equation at a given point x, the source term rT(—|a|z) comes from the point —|a|x.
Consequently, one needs to separate the full line into different segments, as shown in Fig. [5} First, we note that, if
—L/|a| <z < L (segment I in Fig. , the source point —|a|x also belongs to this segment. Thus, the segment I closes
onto itself. However, we have only one known boundary condition T(L) = 0 and have no information on the MFPT
at the other edge at x = —L/|a|. For the moment, let us denote this value by x > 0. In other words, the Eq. in
segment [ satisfies the boundary conditions

T(L)=0 and T(—L/|a|) =k, (52)

where x is unknown. To determine , we need to solve Eq. in segment 11, where —L/|a|? < z < —L/|a|. However,
for = belonging to this segment II, the source point —|a|z belongs to the segment III in Fig. |5 where © € [L, L/|al].
Thus the solution in segment II requires the solution from segment III and this mechanism continues till one arrives
at x = £o0o. Thus this breaks the whole line into different segments. In Fig. [5] for simplicity, we show only three of
them. Hence we have to iteratively solve in each segment in order to use the boundary condition as x — 4oc.
This makes the problem much more complicated to solve. However we see that the segment I is “closed” onto itself
(i.e., it does not involve other segments), and the full function T'(z) for —L/|a] < 2 < L can be fully determined,
but up to only one unknown constant k representing the MFPT at —L/|a|. Hence our strategy would be to first
analytically solve Eq. in segment I, i.e., for —L/|a| < 2 < L with k as a given parameter and then use the value
of k obtained from numerical simulations. This will fully determine T'(x) in segment I and since the origin belongs to
that segment, we can set z = 0 to find 7'(0). Below, we derive the solution T'(x) in terms of .

We note that to solve T'(z) in segment I, i.e., for —L/|a| < z < 0, with —1 < a < 0, the procedure is identical as
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FIG. 6. The dimensionless MPFT T'(0) as a function of 3 = /r/DL for different values of —1 < a < 0. The analytical result in
Eq. (with T(—L/|a|) taken as an input from numerical simulations) is in excellent agreement with numerical simulations
for T'(0). For a fixed a, the MFPT T(0), as a function of 3, has a minimum at 8 = 5*(a).

in the previous subsection, i.e., we try a series expansion as in Eq. . Following exactly the same steps that led to
the result in Eq. ( ., we obtam

2n-+1 _
r n n
/ Z 2n+1 ( /D> ( 2n+1 L2 +1 H 1+|a|2j+1

7{2(21@'(@)2 _ ) ﬁ — |af?) (53)

where we used the boundary condition T(z = L) = 0. We now use the other boundary condition T(—L/|a|]) = &

This gives
5 (/52 e

C’ T et 1= c
_Y2n41 o _ 2n+1 -

where the coefficients C,’s are the same as in Eq. (36). The unknown constant b; is then determined by solving
Eq. . To express this solution in a more compact form, it is convenient to introduce two functions

fe en($) _ io CQn xQn and fodd(x) — io Majﬂn—i—l ) (55)
= 2 ) -~ @n+ 1)]

Then solving Eq. for b; we get

7 | 76+ feven (\E ) — feven <\/%L)

i , (56)

D 7 fodd (\fL) + 7 foad (v/FL)

Substituting this expression for by in Eq. we obtain the full MFPT T'(z) in segment I (i.e., for z € [—L/|al, L])
for the case —1 < a <0 as

wwen (VBL) — foven (VB ) — 15 . .
=t () (V5]

- [f (ﬁ:::) —feven( DL)] - (57)
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FIG. 7. Left: The optimal value 8*(a), at which T'(0) achieves its minimum as a function of 3 for a fixed a, is shown for few
values of a, for —1 < a < 0. Right: The optimal MFPT T, (a), i.e., T(O) evaluated at 8 = %(a), for the same values of
—1 < a < 1, as in the left panel. Unlike for 0 < a < 1 in Fig. we do not show a continuous theoretical curve of 3*(a) vs a
because, for —1 < a < 0, for each value of a, we need to take x as an input from numerical simulations and this is done only
for few select values of a. The right panel shows that the optimal MFPT To,p(a), as a function of a, decreases compared to
a = 0. Thus a negative value of a clearly reduces the optimal MFPT.

Setting z = 0 we obtain the MFPT for a walker starting from the origin to reach a target at L

o e V) 58) () (o ()]

(58)
As before, it is convenient to define the dimensionless MFPT T'(z) = D T(x)/L?, and in particular, the unknown
boundary value

Dk

T(~L/lal) = =5 -

(59)

The dimensionless MFPT T/(0) = DT(0)/L? can then be expressed as a function of two dimensionless parameters
—1 < a<0and §=Ly/r/D and the unknown boundary value T'(—L/|a|) in Eq. , leading to

S SO/l + foaa(8) (BT (=Ll + foen(3/1e))
0)=% Foaa (B/1aD) + Jora(B)]

. (60)

Thus the only unknown factor in the exact solution in Eq. is the single number T(—L/|a|) = Dx/L?. As
explained in the beginning of this subsection, there is no simple way to determine this unknown boundary value
without solving for 7T'(z) on the full line, which is rather cumbersome unfortunately. Hence our strategy is to use the
numerical value of T(—L/|a|) obtained from simulations and then compare the analytical solution for 7(0) in Eq.
with the numerical answer for T(O), for different values of the parameters 8 and a. This is reported in Fig. |6] where
we see a perfect agreement between the analytical 7(0) (with % as a numerical input) and the value of T'(0) obtained
from simulations for different 8 and —1 < a < 0.

Having fixed this only unknown r from the simulations, we have access to the full analytical formula for T (0) as
a function of j, for different values of —1 < a < 0. As seen from Fig. @ the MFPT T'(0) exhibits a minimum at
B = B*(a). This optimal value 8*(a) is plotted as a function of —1 < a < 0 in the left panel of Fig. Finally, the
optimised MEPT T, (a) (i.e., T(0) evaluated at 3 = 8*(a)) is plotted as a function of —1 < a < 0 in the right panel
of Fig. Contrary to the case 0 < a < 1, we see that, for —1 < a < 0, the optimal MFPT decreases from its value
at a = 0 as a decreases. This indicates that, a negative —1 < a < 0 actually expedites the search process compared
to the a = 0 case, i.e., the standard resetting to the origin.

As in the case of 0 < a < 1, one can perform a small a expansion of T(O) in Eq. which, fortunately, does not
require the knowledge of the unknown . Indeed, in the a — 0 limit, the term B2T(—L/|al) < foven(8/]al) on the
right hand side of Eq. (60). This is due to the fact that feen(8/lal) ~ €%/1% as a — 0 — this follows from Eq.
since Cy,, — 1 as a — 0. In contrast, the term 32T(—L/|a|) can not grow faster than L2?/|a|? as a — 0 (this follows
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from the boundary condition at 2 — —oc discussed earlier). Consequently, neglecting 32T (—L/|a|) on the right hand
side of Eq. and taking the a — 0 limit in the functions feyven and foqq, we arrive at

~ 1

T(0) = 7 [’ —1—1alB] when |a| < 1. (61)
In fact, as in the 0 < a < 1 case, this result for small |a| can also be derived directly from the differential equation
, as shown in Appendix [Al Indeed, the result in Eq. is identical to Eq. (48) with a replaced by —|a| and
hence this small a expansion for the whole range —1 < a < 1 reads the same as (48). Consequently the analysis
presented in and also holds for small negative a as well.

IV. NUMERICAL SIMULATIONS

To verify the analytical results for the MFPT discussed above, we use numerical simulations (for a pedagogical
account see Ref. [20]). For the sake of simplicity we set the diffusion constant to D = 1. The naive way to simulate the
rescaling random walker is by just numerically iterating Eq. with an appropriate time step d¢. To begin with, we
apply a relatively large step size of dt = 1. For this purpose, we start the walk at position z(t = 0) = z¢ (in our case
either zo = 0 or g = —L/|a|). Also, we draw the first duration ¢, until rescaling from the exponential distribution
with rate r. This means [26], we draw a random number ¢ uniformly distributed in [0, 1] and set ¢, = —log(1 — q)/7.
Then we simulate our walker by always using the step size of dt, except for the case the rescaling event will happen
after the current time ¢ but before the next considered time ¢ + dt. In this case, the time step is ¢ + dt — t,.. For a
scaling event, we multiply the position z with a after said motion step was performed and draw a new duration until
rescaling.

This process is continued until the target, located at & = L, is reached. This means, for the given time resolution,
the target is crossed between two consecutive positions. Thus, it is tested whether the walker changes its relative
position with respect to x = L, i.e., (L — z(t))(L — z(t + dt)) < 0 holds, but only for the case no rescaling happens
between the times ¢ and ¢ + dt. The first-passage time (FPT) obtained this way could be averaged over independent
runs. However, this will systematically overestimate the MFPT, since for any two consecutive points of the sequence,
ie., [z(t),z(t + dt)], there is a finite chance that the walker reached the target in between, even if both points are
below or both are above L. In fact, this probability is given by (see Appendix

~al)E sl i)Y

Ppass(x(t + dt), z(t),dt, L) = min (1, exp ( (62)

This systematic error can be reduced by using smaller step sizes dt, but this quickly becomes unfeasible due to the
increase in required computational effort. Instead we can apply an approach which is based on iteratively refining parts
of the walk which might involve a first passage [27]. The main idea is to successively refine intervals [z(t), z(t + dt)]
by sampling an intermediary point x (t + %) with the correct statistics. This can be done via so-called generalized
Brownian bridges, which are, for the discrete-time case, random walks Z(t) between two specified points, initially
#(t;) = x; and finally Z(ty) = 2. Such a Brownian bridge with discrete steps can be obtained by first generating a
standard random walk Z(¢) with initial condition Z(¢;) = 0 and then setting [2§]

t—1t;
ty —1;

B(t) = i + 2(1) (@(ty) = (xp — i) (L <t <ty). (63)
Clearly, (t;) = =; and &(ty) = xy as required, and one can show that Z(¢) has the correct statistics. Here, we are
interested in a Brownian bridge for the case t; = t, ty = t + dt, x; = x(t), 5 = z(t + dt) and obtaining just the
position for time ¢ + %dt. Thus, to generate the desired bridge, we need an auxiliary two-step random walk Z(¢) with
step size %dt, which we write as

& (dt/2) = mVdt = my (64)
& (dt) = my 4+ VAt = ma, (65)

where 77 and 7, are independent centered unit-variance Gaussian random variables. By inserting Egs. and
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into Eq. one obtains

x (t + Og) =z(t) + mi — % (mo — (x(t +dt) — z())). (66)

The main idea of the algorithm is now to first sample the rescaling random walker with a rather large step size,
e.g., dt = 1, and then refine the obtained walk by applying in intervals where the probability that the target was
reached in between, given by (62), is larger than some threshold § < 1. Here we typically used a value of § = 10710,
only for few test cases smaller values down to § = 10739, In Appendix we present the approach with a higher level
of detail by stating two algorithms. The first algorithm is used to generate the initial walk and setting up a queue with
tentative time-and-space intervals which are possibly refined. The second algorithm then iteratively takes intervals
from the queue, refines them if needed, resulting in new smaller intervals, and removes from the queue intervals which
are beyond the so-far detected FPT.

V. CONCLUSION

In this paper, we have studied a simple model of a diffusive particle on a line, undergoing a stochastic resetting with
rate 7, via rescaling its current position by a factor a. For the case |a| < 1, the system approaches a nonequilibrium
stationary state at long times where the position distribution becomes stationary. We have computed this position
distribution analytically and verified it numerically for all |a] < 1. The stationary position distribution in this case is
symmetric with an exponential tail for large argument |z|, while having a Gaussian shape near its peak at z = 0. We
also studied the mean first-passage time (MFPT) T'(0) to a target located at a distance L from the initial position (the
origin) of the particle. While it is easy to write a backward differential equation for T'(z) (denoting the MFPT starting
from the initial position z), this equation is hard to solve since it is nonlocal in space. Nevertheless, for 0 < a < 1, we
managed to obtain an exact analytical expression for T'(0) and showed that, while it has a minimum at an optimal
value 7*, the corresponding optimal MFPT increases with a for a € [0, 1), indicating that a positive rescaling (a > 0)
is not beneficial for the search of the target, compared to the standard resetting to the origin (a = 0). In contrast, for
a € (—1,0], we have shown that the optimal MFPT decreases as a decreases compared to a = 0, demonstrating that
rescaling by a negative factor, i.e., a rescaling followed by a reflection around the origin, is a better search strategy
than the standard resetting to the origin.

There are several interesting directions in which one can extend this work. For instance, it would be interesting to
study the position distribution and the MEPT for this rescaling-diffusive process in two or higher dimensions. Another
interesting question is what happens to the position distribution when one switches on an external confining potential
U(z)? Furthermore, this rescaling-resetting process may also be studied for non-diffusive stochastic processes, such
as Lévy walks [I3] and for active run-and-tumble particles [31H33].
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Appendix A: Expansion for small o

We start from Eq. . For small a, we expand the nonlocal term T'(a x) up to linear order in a, giving
T(az)~T(0)+azxT'(0)+ O(a?), (A1)

where T'(0) and 77(0) are yet to be determined. Substituting this expansion in Eq. reduces the nonlocal equation
to an ordinary local second order differential equation but with inhomogeneous unknown terms that need to be
determined self-consistently. This equation reads

DT"(x)—rT(x)=—-1—7rT(0)—arT'(0)z . (A2)
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FIG. 8. A schematic trajectory of a Brownian motion propagating from z; to 2 in time 7. We calculate below the conditional
probability that the walker passes through the level L given that it has reached z2 at time T'.

This equation needs to be solved in the region z # L, with the boundary conditions T'(L) = 0 and that T'(z) does
not grow faster than ~ 22 as * — —oo. Performing the shift

_1+rT(0) +arT'(0)x
T

T (x)
gives a homogenous differential equation for W (x)

DW"(z) —rW(x)=0. (A4)

+ W(x), (A3)

The only acceptable solution that does not grow faster than ~ 2% as * — —oo is given by W(x) = AeV "D where
A is yet to be determined. Thus one has the full solution

T(z) = 1+TT(0)—;"_G’TTI(O)£+A€\/T‘/7D£- (A5)

The boundary condition T(L) = 0 fixes the constant A and we get

1 T(0 T'(0 1 T(0 T(0)L /.
_14rTO) +ar T 14577 +arTO L /ipor)

(=) r r

Taking a derivative with respect to x gives

(@) :aT’(O)—\/§1+TT(O)+QTT/(O)L6\/T/7D(“'_L). (A7)

r

Setting = 0 in Egs. (A6]) and (A7) gives two self-consistent linear equations for the two unknowns 7'(0) and 7”(0).
Solving this, trivially, we get, for the dimensionless MFPT defined as T'(0) = DT'(0)/L?

1
Fl

which clearly holds for both positive and negative a.

T(0) ~ e’ —1+apB+ O@@)] , as a—0, (A8)

Appendix B: Crossing probability

We consider a one-dimensional Brownian motion propagating from x; to x5 in time 7. The Brownian propagator,
i.e., the probability density to reach xo at time T, starting from x1, is given by

Gola, T|1,0) = \/Z;Wexp{ (-W)} (B1)
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We want to calculate the probability that the walker passes through x = L, given that it has reached z5 at time T
We assume x; < L. Clearly, if zo > L, this conditional probability is just one, since the particle has to cross the
level x = L in order to reach zo > L. Now consider the complementary case where x5 < L. To compute the passing
probability in this case, it is convenient instead to compute the conditional survival probability, i.e., the probability
S(x2,T|x1,0) that the particle does not cross (survive) the level L, given that it reached x5 < L at time 7. For
this purpose, we consider unconditioned survival probability So(x2,T|x1,0), i.e. that the walker survives and reaches
position x5 at time T. It can be computed by solving the diffusing equation for x < L with an absorbing boundary
condition at = L [29,30]. The solution can be easily obtained by the method of images [29] [30] and it reads

1
VAr DT

The conditional survival probability is then given by the ratio

Sl T, 0) = L (e-toamnt/4DT) _ -tatoraan? a0 ©2)

So(fL'Q T|$1 0) —([,— _
T = 2022 L) 1 e (Emm)(L—22)/(DT) B
S(xQ’ |£L’1,0) Go(mg,T|$1,0) € ( 3)

Hence the passing probability ppass(z2, 21, T, L) is given by the complement
Ppass(2, 21, T, L) =1 — S(x2,T|21,0) = e~ Emw)(L=2)/(DT) for g0 < [ (B4)

Hence, considering both cases xo > L and =9 < L, the passing probability can be written in a compact form

Ppass (22,21, T, L) = min (1,exp (— (L= 2)(L = ”2)>) . (B5)

DT
Setting xo = z(t +dt), 1 = z(t), T = dt and D =1 gives Eq. in the main text.

Appendix C: Detailed algorithm

The algorithms we applied work in detail as follows.

The algorithms maintain a queue of time-and-space intervals. Only those intervals are stored which with high-enough
probability contain a crossing of the target « = L. The elements of the queue are stored as [x(t), z(t+dt), t, dt, depth],
ordered by increasing times ¢. The time span of the interval for the initial queue is usually given by the global value
dt, here dt = 1. But the initial queue will also contain some intervals with smaller time spans which appear just
before the rescaling events. Furthermore, for the queue of initial intervals, the depth is always 0. During bisection,
i.e., whenever an interval is split into two sub intervals later on, the depth is increased by one.

The algorithms have two global parameters. First, 6 states the probability threshold of missing a crossing of the
target, actually at least a double crossing. We also use a parameter w which is the maximum number of splits allowed
on any of the initial intervals, i.e., the maximum depth. This is needed because for the interval which contains our
target L, will yield 1 and thus the algorithm would never finish without the criterion based on the number of
splits.

The pseudo code of the algorithms can be found below. First, the initial queue is calculated via Its
main loop, which runs until the target at z = L is found at the given time resolution dt, contains of two parts. In the
first part, steps of size dt are performed and intervals containing a passage with high enough probability are added
to the queue. This part runs until a rescaling occurs. Next, the second part of the loop advances the walk one step
until the actual rescaling time, i.e. for a smaller time than dt. Next, the rescaling is performed and the main loop
continues.

The interval in which the estimated first passage occurs, depending on the threshold probability €, is obtained by
algorithm 2| Here, iteratively intervals are taken from the queue and split. Note that whenever an interval contains a
crossing of the target x = L, all intervals with higher time in the queue can be removed. The two halves are treated.
If the first half contains x = L, this half will be put in the queue for later consideration, if the depth is not too large,
the second half can be discarded. If only the second half contains x = L, it will be put into the queue. Technically,
this happens in the last part of the loop by checking pcross, because peross = 1 holds in this case. Here, also the first
halve of the interval is added to the queue if the probability pcross > 6, because it still might contain the first passage
with high enough probability. If for none of the two halves a crossing of x = L is detected so far, each half will be
further considered only if peposs 1S large enough, respectively.

AfterJalgorithm 2]is finished, the actual FPT can now either be interpolated from the interval containing the passage
event, or one can just take the stored time value directly, since dt will usually be very very small. This is the case at



least for the parameters w = 100 and § = 107!° we usually applied.
To calculate the MFPT we can now average over an appropriate number of samples.
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Algorithm 1: Initialize queue for bisection

input : xg, 7, a, L, 0

output: queue, fpt_interval_estimate
begin

t=0;

t, = draw random number from exponential distribution with rate r;
current_x = xq;

1 = draw zero-mean unit-variance Gaussian random variable;

next_x = current_x + n\/ﬁ;
if peross(current x, next_x, dt, L) > 6 ;
then
put [current x, next_x, t, dt, 0] at the end of queue;
if [current_x, next_x] contains L then
fpt_interval_estimate = [current_x, next_x, t, dt];
return queue, fpt_interval_estimate

1 = draw zero-mean unit-variance Gaussian random variable;
next_x = current_x + nv/2rest_time;
if peross(current_x, next x, dt, L) > 6;
then
put [currentg(, next_x, t, rest_time, O] at the end of queue;
if [current_x, next_x| contains L then
fpt_interval_estimate = [current_x, next_x, t, rest_time];
return queue, fpt_interval_estimate
end
end
t += rest_time;
current_x = a * next_x;
t, = draw random number from exponential distribution with rate r;
tr +=t;
end
end

dt =1; // you can use other step sizes here

Initialize queue; // Creates a variable for a yet empty queue
Initialize fpt_interval_estimate; // stores interval of the first passage
while true do
while t 4 dt < t,; // advance walk without rescaling
do

// see [Equation 62

end
end
t += dt;
current_x = next_x;
end
rest_time = ¢, — t; // advance walk to next rescaling

// see [Equation 62
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Algorithm 2: Refine first passage time by bisections

input : L, 0, w, queue, fpt_interval_estimate

output: fpt_interval

begin

fpt_interval = fpt_interval_estimate;

while queue not empty do

[x1,z2,t, dt, depth] = queue.pop();

11 = draw zero-mean unit-variance Gaussian random variable;
12 = draw zero-mean unit-variance Gaussian random variable;

mi =M \/CR;
ma = my + n2Vdt;
mid = z1 + my — 0.5(mg — (29 — x1));
if [z, mid] contains L then
clear queue;
fpt_interval = [z1, mid, ¢, dt/2];
if depth + 1 < w then
| put |21, mid, ¢, dt/2, depth+1] in queue
end
continue;
end
if [mid, z3] contains L then
clear queue;
fpt_interval = [mid, xo, t + dt/2, dt/2];
end
f depth + 1 < w then

e

if peross(mid, xo, dt/2, L)> 6;

then

‘ put [mid, zo, t+dt/2, dt/2, depth+1] at front of queue;
end
if peross(x1, mid, dt/2, L)> 6 then

| put [z1, mid, t, dt/2, depth+1] at front of queue;
end
end
end
return fpt_interval
end

// take front element from queue

// all later intervals discarded

// jump to beginning of while loop

// all later intervals discarded
// is put in queue below

/* Note: If L€ [mid, x] then p(mid, zy, dt/2, L)=1 */

// see [Equation 62
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