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Notation

Here we list some conventions used throughout the text.
The symbol N denotes the sets of the natural numbers starting from 1.

If (M, p) is a measure space and f : M — C is a measurable function, then we
denote

ess,ran f 1= {ZGC: ,u{mEM: ‘z—f(m)| <5} > 0 for a115>0},
ess, sup | f| := inf{aE]R: p{m e M : |f(m)| > a} :0}.

If the measure p is uniquely determined by the context, then the index p will be
sometimes omitted.

In what follows the phrase “Hilbert space” should be understood as “separable
complex Hilbert space”. Most propositions also work in the non-separable case if
reformulated in a suitable way. If the symbol “H” appears without explanations, it
denotes a certain Hilbert space. If H is a Hilbert space and x,y € H, then by (x,y)
we denote the scalar product of z and y. If there is more than one Hilbet space in
play, we use the more detailed notation (z,y)s. We assume that the scalar product
is linear with respect to the second argument and as anti-linear with respect to the
first one, i.e. that for all & € C we have (x,ay) = (@z,y) = a(z,y). This means,
for example, that the scalar product in the standard space L?(R) is defined by

(r9) = [ Faloto) do.
R
If A is a finite or countable set, we denote by ¢£?(A) the vector space of the functions

z: A — C with ,
> é@)]” < oo,

acA
and this is a Hilbert space with the scalar product

(w,y) =Y _xz(a)y(a).
acA

If H and G are Hilbert spaces, then by L(H,G) and K(H, G) we denotes the spaces of
the linear operators and the one of the compact operators from H and G, respectively.
Furtheremore, L(H) := L(H,H) and K(H) == K(H,H).

If Q C R?is an open set and k& € N, then H*(Q) denotes the kth Sobolev space,
i.e. the space of L? functions whose weak partial derivatives up to order k are also
in L?(2), see Section 1.2, and by HE(Q) we denote the completion of C*°(Q) with
respect to the norm of H*(£2). The symbol C*(£2) denotes the space of functions on {2
whose partial derivatives up to order k are continuous; i.e. the set of the continuous
functions is denoted as C°(Q2). This should not be confused with Cy(R¢) which is the
set of the continuous functions f on R? vanishing at infinity: limy| 00 f(z) = 0. The
subindex ¢omp Or . means that we only consider the functions with compact supports
in the respective space (i.e. the functions vanishing outside a compact set). E.g.
HL (RY) is the set of the functions from H'(R¢Y) having compact supports.

comp
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Recommended books

During the preparation of the notes I used a part of the text by Bernard Helffer
which is available online:

e B. Helffer: Spectral theory and applications. An elementary introductory
course. Available at http://www.math.u-psud.fr/~helffer/.

An extended version of the above text was published as a book:

e B. Helffer: Spectral theory and its applications. Cambridge Studies in Applied
Mathematics, 2012.

Other recommended books are

e G. Teschl: Mathematical methods in quantum mechanics. With applications to
Schrodinger operators. AMS, 2009. Available from http://www.mat.univie.
ac.at/~gerald/

e B. Helffer: Semi-Classical Analysis for the Schrodinger Operator and Appli-
cations. Lecture Notes in Mathematics. Springer, 1988 (mostly for more ad-
vanced material related to the asymptotic analysis).

Additional references on particular topics will be given during the course.

At many points we will be obliged to use some facts on distributions and Sobolev
spaces. I tried to include some elementary facts in these notes and I hope that it
will be sufficient. An excellent introduction to the theory of distributions (which
contains all necessary information on the Sobolev spaces) can also be found in these
lecture notes by Patrick Gérard:

https://www.imo.universite-paris-saclay.fr/~pgerard/Distributions2019_Chapi, 2, 3.pdf



1 Unbounded operators

1.1 Closed and adjoint operators

A linear operator T in H is a linear map from a subspace (the domain of ') D(T") C
H to H. The range of T is the set ranT := {T'z : x € D(T)}. We say that a linear
operator T' is bounded if the quantity

Tz
wu(T) ;== sup |7z
zeD(T) ||x||

x#0

is finite. In what follows, the word combination “an unbounded operator” should
be understood as “an operator which is not assumed to be bounded”. If D(T) = H
and T is bounded, we arrive at the notion of a continuous linear operator in H; the
space of such operators is denoted by £(H). This is a Banach space equipped with
the norm ||T]| := (7).

During the whole course, by introducing a linear operator we always assume that
its domain is dense, if the contrary is not stated explicitly.

If T is a bounded operator in H, it can be uniquely extended to a continuous linear
operator. Let us discuss a similar idea for unbounded operators.

The graph of a linear operator T" in H is the set
grT:={(z,Tz): x € D(T)} C H xH.

For two linear operators 77 and T, in ‘H we write T3 C Ty if gr Ty C grTs. le.
Ty C Ty means that D(T}) C D(T,) and that Tox = Tyz for all x € D(Ty); the
operator 75 is then called an extension of 77 and 77 is called a restriction of T5.

Definition 1.1 (Closed operator, closable operator).

e A linear operator T in H is called closed if its graph is a closed subspace in

Hx H.

e A linear operator 7" in H is called closable, if the closure grT" of the graph of
T in ‘H X H is still the graph of a certain operator T'. This operator 7" with
gr’l" = grT is called the closure of T'. O

The following proposition is obvious:

Proposition 1.2. A linear operator T in H is closed if and only if the three condi-
tions

e 1, € D(T),
e 1, converge to x 1n H,

e T'x, converge toy in H



imply the inclusion x € D(T) and the equality y = Tx.

Definition 1.3 (Graph norm). Let 7" be a linear operator in #. Define on
D(T) a new scalar product by (z,y)r = (x,y) + (I'z,Ty). The associated norm
|zll7 := /{z,z)r = \/||z]|2 + | Tz|]? is called the graph norm for T. O

The following assertion is also evident.

Proposition 1.4. Let T' be a linear operator in H.

o T is closed iff D(T) is complete in the graph norm.

e [fT is closable, then D(T) is exactly the completion of D(T') with respect to
the graph norm.

Informally, one could say that D(T') consists of those = for which there is a unique
candidate for Tz if one tries to extend T by density. I.e., a vector x € H belongs to

D(T) iff:
e there exists a sequence (z,,) C D(T) converging to z,
e their exists the limit of T'z,,,
e this limit is the same for any sequence x,, satisfying the previous two properties.

Let us consider some simple examples. More sophisticated examples involving dif-
ferential operators will be discussed later in Section 1.2.

Example 1.5 (Bounded linear operators are closed). By the closed graph
theorem, a linear operator 7' in ‘H with D(T) = H is closed if and only if it is
bounded. In this course we consider mostly unbounded closed operators.

Example 1.6 (Multiplication operator). Take H = L?(R?) and pick f €
L2 (RY). Introduce a linear operator M; in H as follows:

loc
D(M;) ={u € L*(RY) : fu € L*(RY)} and Mju = fu for u € D(My;).

It can be easily seen that D(My) equipped with the graph norm coincides with
the weighted space L?(R?, (14 |f]?)dz), which is complete. This shows that M is
closed.

On the other hand, denote by 7" the restriction of My to the functions with compact
supports. The functions with compact supports are dense in L? (Rd, (1+|f |2)d1:),
hence, the closure T of T is exactly M 7. It also follows that that 7" is not closed. [J

Example 1.7 (Non-closable operator). Take H = L?(R) and pick a g € H with
g # 0. Consider the operator L defined on D(L) = C°(R) N L*(R) by Lf = f(0)g.

Assume that there exists the closure L and let f € D(L). One can find two sequences
(fn), (g,) in D(L) such that both converge in the L? norm to f but such that f,,(0) =
0 and ¢,(0) = 1 for all n. Then Lf, = 0, Lg, = g for all n, and both sequences
Lf, and Lg, converge, but to different limits. This contradicts the closedness of L.
Hence L is not closed. [



Recall that for T € L£L(H) its adjoint T™* is defined by the relation
(x,Ty)y = (T"x,y) for all z,y € H.

The proof of the existence comes from the Riesz representation theorem: for each
r € H the map H 3 y — (z,Ty) € C is a continuous linear functional, which means
that there exists a unique vector, denoted by T*z with (x,Ty) = (T*z,y) for all
y € H. One can then show that the map x — 7™z is linear, and by estimating the
scalar product one shows that 7™ is also continuous. Let us use the same idea for
unbounded operators.

Definition 1.8 (Adjoint operator). If 7" be a linear operator in H, then its
adjoint T* is defined as follows. The domain D(T™*) consists of the vectors u € H
for which the map D(T") > v — (u,Tv) € C is bounded with respect to the H-norm.
For such u there exists, by the Riesz theorem, a unique vector denoted by T™u such
that (u, Tv) = (T*u,v) for all v € D(T). O

We note that the implicit assumption D(7") = H is important here: if it is not
satisfied, then the value T™u is not uniquely determined, one can add to T*u an

arbitrary vector from D(T)*.

Let us give a geometric interpretation of the adjoint operator. Consider a unitary
linear operator

JHXH—=-HXH, Jxvy =y, —x)

and note that J commutes with the operator of the orthogonal complement in H xH,,
ie. J(V)t=J(V1) for any V C H x H. This will be used several times during the
course.

Proposition 1.9 (Geometric interpretation of the adjoint). Let T be a linear
operator in H. The following two assertions are equivalent:

e ue D(T*) and f = T*u,

o ((u,T*u),J(v,Tv =0 for allv e D(T).

)>7-L><H

In other words,
grT* = J(gr T)*. (1.1)

As a simple application we obtain
Proposition 1.10. One has (T)* = T*, and T* is a closed operator.

Proof. Follows from (1.1): the orthogonal complement is always closed, and
J(grT)t = J(grT)*. O

Up to now we do not know if the domain of the adjoint contains non-zero vectors.
This is discussed in the following proposition.



Proposition 1.11 (Domain of the adjoint). Let T be a closable operator H,
then:

(i) D(T*) is a dense subspace of H,
(is) T = (T*)*=T.

Proof. The item (ii) easily follows from (i) and (1.1): one applies the same op-
erations again and remark that J? = —1 and that taking twice the orthogonal
complement results in taking the closure.

Now let us prove the item (i). Let a vector w € H be orthogonal to D(T™): (u,w) =0
for all w € D(T*). Then one has (J(u, T*u), (0,w))3xnu = (u,w) + (T*u,0) = 0 for
all u € D(T*), which means that (0,w) € J(gr T*)* = grT. As the operator T is
closable, the set gr T must be a graph, which means that w = 0. O

Let us look at some examples.

Example 1.12 (Adjoint for bounded operators). The general definition of the
adjoint operator is compatible with the one for continuous linear operators.

Example 1.13. As an exercise, one can show that for the multiplication operator
My from example 1.6 one has (My)* = M. O

The following definition introduces two classes of linear operator that will be studied
throughout the course.

Definition 1.14 (Symmetric, self-adjoint, essentially self-adjoint opera-
tors). We say that a linear operator T in H is symmetric (or Hermitian) if

(u,Tv) = (Tu,v) for all u,v € D(T),
or, equivalently, if T C T™*. Furthermore:
o T is called self-adjoint it T' =T,
o T is called essentially self-adjoint if T is self-adjoint. O
An important feature of symmetric operators is their closability:
Proposition 1.15. Symmetric operators are closable.

Proof. Indeed for a symmetric operator T" we have gr'T' C gr'T* and, due to the
closedness of T™, gr'T’ C grT™. O

Example 1.16 (Bounded symmetric operators are self-adjoint). Note that
for T' € L(H) the fact to be symmetric is equivalent to the fact to be self-adjoint,
but it is not the case for unbounded operators! m



Example 1.17 (Self-adjoint multiplication operators). As follows from exam-
ple 1.13, the multiplication operator My from example 1.6 is self-adjoint iff f(z) € R
for a.e. x € RY. O

A large class of self-adjoint operators comes from the following proposition.

Proposition 1.18. Let T' be an injective self-adjoint operator, then its inverse is
also self-adjoint.

Proof. We show first that D(T~!) := ranT is dense in H. Let v L ranT, then
(u,Tv) = 0 for all v € D(T). This can be rewritten as (u,Tv) = (0,v) for all
v € D(T), which shows that v € D(T*) and T*u = 0. As T* = T, we have
uw € D(T) and Tu = 0. As T in injective, one has u = 0

Now consider the operator S : H x H — H x H given by S(z,y) = (y,z). One has
then grT—!' = S(grT). We conclude the proof by noting that S commutes with J
and with the operation of the orthogonal complement in H x H. n



Exercise 1. Let H; and H, be Hilbert spaces. Let A be a linear operator in H,, B
be a linear operator in H,. Assume that there exists a unitary operator U : Hy — H;
such that D(A) = UD(B) and that U*AU f = Bf for all f € D(B); such A and B
are called unitary equivalent.

(a) Let two operators A and B be unitarily equivalent. Show that A is
closed /symmetric/self-adjoint iff B has the respective property.

(b) Let (A,) be an arbitrary sequence of complex numbers, n € N. In the Hilbert
space (?(N) consider the operator S:

D(S) = {(x,) : there exists N such that z,, = 0 for n > N}, S(z,) = (A\,zy).

Describe the closure of S.

(c) Now let H be a separable Hilbert space and T' be a linear operator in H with the
following property there exists an orthonormal basis (e,),en of H with e, € D(T)
and Te,, = \,e, for all n € N, where \,, are some complex numbers.

1. Describe the closure T of T. Hint: one may use (a) and (b).
2. Describe the adjoint 7™ of T'.

3. Let all )\, be real. Show that the operator T is self-adjoint.

Exercise 2. Let A and B be self-adjoint operators in a Hilbert space H such that
D(A) € D(B) and Au = Bu for all u € D(A). Show that D(A) = D(B). (This
property is called the mazimality of self-adjoint operators.)

Exercise 3. In this exercise, by the sum A + B of a linear operator B with a
continuous operator B; both acting in a Hilbert space H, we mean the operator .S
defined by D(S) = D(A), Su := Au + Bu. We note that defining the sum of two
operators becomes a non-trivial task if unbounded operators are involved.)

(a) Let A be a closed and B be continuous. Show that A + B is closed.

(b) Assume, in addition, that A is densely defined. Show that (A + B)* = A* + B*.



1.2 Differential operators and Sobolev spaces

The study of closability and adjointness issues for differential operators is non-
trivial and it leads to the consideration of distributions and Sobolev spaces. The
full theory of Sobolev spaces is rather involved (and usually they are discussed in a
special course on distributions; currently there is such a course proposed by Prof.
Daniel Grieser), so we just present some key points without detailed proofs. Later
we will work with many operators whose domains are not known explicitly, and it
is important to understand if they are closed/self-adjoint or not.

Let @ C R? be an open set and @ € N? a multi-index. Let f € L] (Q) and
g € L} .(Q) such that for any ¢ € C°(€) one has the equality

/QWZ(—l)“'/Qf@%, (1.2)

where C2°(€2) is the space of C*-functions on §2 vanishing outside a compact set. If
a function g with the above property exists, then it is unique, and one says that g
is the weak/distributional 0“-derivative of f in €2, which will be written as g = 0 f.
If f is of class Cl®l, then one has the equality oo f = 0%f, as the equality (1.2) is
obtained by applying a partial integration |o| times, but 9° can be applied to a
larger class of functions. The construction extends to differential expressions with
constants coefficients: if

P = Z 0%, o €C,

laf<m

and f € LL_(Q), then g = Pf if and only if g € LL () such that

loc loc

/Qgsoz > ca(—l)'“'/gfa“w

laj<m

for any ¢ € C°(Q). If f € C™, then one simply has Pf=Pf= > jal<m CaO° f
With the above conventions, let us consider the following linear operator 7" in the
Hilbert space H = L*(Q):

Tu= Pu, D(T)=CX().
Using the definition of the adjoint operator one easily shows that
T*u = Pu, D(T*)={ueL*Q): Pue L*Q)},
where P’ is the formal adjoint of P, i.e.

Pr=>" (-1

laf<m

(The formal adjoint has the property that (p, Py) = (P'p,1) for any ¢, €
C(€2).) The operator T* is automatically closed (Proposition 1.10). The differen-
tial expression P will be called formally self-adjoint if P = P', ie. ¢, = (—1)l°le,

9



for all @. The most important examples for us are
d
P=-id,, P=-A=-> 0.
j=1

For the rest of the section we assume that P is formally self-adjoint.

Then one easily sees that T' C T™, i.e. that T is symmetric and, hence, closable.
The closure of T' is usually called the minimal operator generated by the differential
expression P and is denoted P,;,. The operator T is called the mazximal operator
generated by the differential expression P and is denoted by Py ay.

It is natural to ask if one has Py, = Puax. If the equality holds, then T = T*,
hence, T is essentially self-adjoint, while T = P, is self-adjoint. If this above
equality does not hold, then T is just symmetric, but is not self-adjoint. Checking
Prin = Puax is a difficult question as, in general, it depends on the geometry of €2
or, more precisely of the regularity properties of its boundary. It is not our objective
to study the general case, but we are going to look at some specific examples.

Example 1.19. Let Q = R? and P = —i9;. We are going to show that Puin = Puax
and they are self-adjoint in L?(R%). In view of what is already said, we just need to
show that C>°(R?) is dense in D(Pyay) in the graph norm.

Remark first that the weak derivative d; still satifies the Leibniz rule. Namely, let
f € Ll (RY) with g := 0,f € LL_(R?). In addition, let x € C°(R%). For any

loc loc

¢ € C=(R?) one has yp € CZ(R?), hence,

/Rdgw:—/Rdf@l(w)Z—/Rdfalx-gp_/wfx.am

This can be rewritten as
/d(@anL foix)p = —/d X[ O, e CERY,
R R

which literally means that 51(Xf) =o1xf+ 51f X-

Now let y € C®(R?) with and 0 < xy < 1 and such that y(z) = 1 for |z| < 1, and
for n € N define x,(x) := x(x/n). Let us take u € D(Ppax), i.€.

u € L2(Rd) with 51u € LZ(Rd)a

and denote u, := y,u. One easily sees (dominated convergence) that u, — u in
L*(R%) as n becomes large. At the same time,

Bun() = ~Ox(w)ule) + Bru(r) - xa(r).

Each summand on the right-hand side is L2, hence, u, € D(Pyax). Moreover,
the first summand tends to zero in L?(R?), while the second one converges to dyu

10



(dominated convergence). As each w,, has compact support and belongs to D(Ppax),
it follows that the set

D.(Pnax) = {t € D(Ppax) : u has compact support}

is dense in D(Pp.x) in the graph norm, and it remains to check that each function
from D.(Pp.y) can be approximated in the graph norm by functions from C%°(R9).
This is a standard regularization procedure. Namely, let u € D.(Ppax). Pick p €
C>(R%) with [p=1 and for € > 0 set

1

wle) =5 | u(y)p(=—* ) d.

It is easily seen that u. € C>°(R?), and some computation shows that u, — u and
O1u. — Oy, u in L*(R?) (We will omit these technical details. An interested reader
may try to give a complete proof of these statements.) This concludes the proof. [

In order to continue we will need some basics on Sobolev spaces. For k£ € N the kth
Sobolev space H*((2) is defined as

H*(Q) = {f € L*(Q) : 9o f € L*(Q) for all |a| <k},

which becomes a Hilbert space if equipped with the norm

||f||§1k(9) = Z ||ao‘f|’%2(9)-

o<k

It can be shown that for bounded domains 2 with sufficiently regular boundaries,
the space H*(€2) can be defined as the completion of C°°(Q) with respect the the
above H*-norm. In other words, C*°(Q) is a dense suspace of H¥(Q) for any k € N.
It is a remarkable fact that in the absence of boundaries there is an alternative
description of the Sobolev spaces. Namely, the Sobolev spaces H*(R?) can be char-
acterized using the Fourier transform, which we will briefly address now. Recall that
the Fourier transform f of a function f € L'(R%) is given by

. 1

fl€) = 20 Jo (z)e " dz, x€RY,

and if fe L', then one ha sthe a.e. equality
- ! f(€)e s d R 1.3
f@)—W Rdf(f)e §, zeR (1.3)

It is known that L2N L' 5 f — f extends by density to a unitary operator F :
L*(RY) — L*(RY), and it is common to write f instead of Ff even if f ¢ L'. One
has the following easy observation:

11



Proposition 1.20. Let f € L2*(R%), then Pf € L*(RY) if and only if p(&)f €
L*(RY), where

p(&) = > cali€)™.

la|<m
Moreover, in this case one has ﬁf = g, where g is the unique L*-function with

g=p&)f.

Proof. We prefer to give the proof for the case P = —id; only (the general case is
left as an exercise: one may follow the same constructions but with a more involved
notation). Recall that for any ¢ € C°(R?) one has 01p(£) = i£P(€).

Let f € L*(RY) with g := —idyf € L*RY). According to the definition of weak
derivatives, for any ¢ € C>°(R%) one has

/Rd(—’iﬂf) - —/Rd@g,

which can be rewritten as (idy¢, f) = (¢, g) with () being the L? scalar product.

-~

Due to the unitarity of the Fourier transform this implies (i0y¢, f) = —(®,g) and
then

| aF@iea = [ Faede

As C2(R?) is dense in L*(R?), it follows that the Fourier transforms of all functions
of C=(R?) form a dense subspace in L*(R?), and then & f = § € L2(R9).

Now assume that f € L*(R?) with &f € LA(RY), then there exists a unique g €
L2(RY) with § = &, f. Then for any ¢ € C>(R?) one has

| F@afu - [ @

R4

which can be regoruped into (25;0, ]/C\> = —(p,9). Using again the unitarity of the
Fourier transform we obtain (idy¢, f) = (¢, g) and then

/ (—idipf) = —/ Py for any ¢ € C°(RY),
R4 R4

which shows that g := —z'glf. 0

Remark that Proposition 1.20 allows one to give a new characterization of the
Sobolev spaces H*(RY).

Proposition 1.21. For £ € R? denote (€) = \/1 + |£|2. There holds

HHRY) = {f € L(RY) : (6] € LR}

12



Proof. Denote A := {f € L*(R%) : (£)Ff € LA(R%)}.
Let f € H¥(R?), then by Proposition 1.20 one has £*f € L2(R%) for |a| < k. Using
(&) <1+ |&]+ -+ |&| we estimate

(@] < L+ Il + -+l 1l < D balé? T,

la|<k

where b, > 0 are some constants. By Proposition 1.20 each summand on the right-
hand side is an L*function, which shows that (¢)*f € L2(R%). This gives the
inclusion H*(RY) C A.

On the other hand, let f € A. For |a| < k one has [¢] < (¢ g)lel < (€)k | therefore,
|§°‘f| < (&)*|f] € L2(RY), implying £f € L*(R?). By Proposition 1.20 this means
that 9of € L*(RY). As this holds for arbitrary a with |a| < k, one arrives at the
inclusion A C H*(RY). O

The following important result is given without proof (it can be proved using a
combination of a cut-off and a regularization as in Example 1.19, and it will certainly
be done or was already done in one of the PDE courses):

Proposition 1.22. The set C®(R?) is dense in any H*(R?).

With the preceding notions and construction, let us now discuss a very important
example of Laplacians.

Example 1.23 (Laplacians in R?). Take H = L?(R?) and consider several oper-
ators in H associated with the differential expression

called Laplacian. Namely, define

Ty = —Au, D(Ty) = C=(RY),
Tl — Pmina T2 — -Pmax-

Recall that by the preceding definitions the following holds:
e 717 is the closure of Ty,
o 1, =17,
e Both 77 and T3 act as u +— —Zu,

o D(T) = {uc L*(RY) : —Au € L*(R%)}.

13



We are going to show that Ty = Ty. (It means that 7} = Ty, that T} is essentially
self-adjoint and that T is self-adjoint.) In addition we will relate the domain of T5
to the Sobolev spaces.
By Proposition 1.20 we have D(Ty) = {u € L*(RY) : |¢|*u € L*(R?)}, which is
equivalent to

D(Ty) = {ue L*(RY) : (1 + [¢]*)u € L*(RY)}.

By Proposition 1.21 we have D(Ty) = H*(RY).
We further remark that for u € D(T3) its graph norm is given by

*u

lullz, = llullZe ey + I Aullz2@e) = 18172 + 16T L2 g,

while its H*-norm is given by

laliF = > No°ullZaeay = D 1€ T e,

|af<2 laf<2

and using the same computation as in the proof of Proposition 1.21 one easily shows
that the graph norm of 7T} is equivalent to the H*-norm. Proposition 1.22 shows
then that C>°(R?) is dense in D(T3) in the graph norm, i.e. that (7} =)Ty = Ty. O

Definition 1.24 (Free Laplacian in R?). The operator T" in L*(R?) defined by
D(T) = H*(RY), Tu= —Au,

is called the free Laplacian in R? (here we drop the sign™ in fact, in advanced PDEs
by a derivative one usually means a weak derivative). As discussed in Example 1.23,
it is a self-adjoint operator.

The free Laplacian T" will be of importance for the rest of the course. In fact, many
operators we are going to study will be of the form T+ V', where the operator V
will be a suitable (small) perturbation.

Therefore, for @ = R? and P = —A one has P, = Py with D(P.,). Anyway,
these equalities do not hold for general domains.

For example, let use continue with P = —A, ane let Q) be a bounded open set with
a smooth boundary (so that one can apply the integration by parts). It is clear that
C?(Q2) C D(Ppax). On the other hand, for u,v € C%*()) one has

(11, Prnasxt) — (P, v) = /

Evdm—/ﬂAvd:ﬁ:/ (ﬂv—ﬂ@nv) ds,
Q Q a0

and it is clear that u and v can be chosen in such a way that the result is non-
zero. In follows, that P,y is not symmetric (so it cannot be self-adjoint). On the
other hand, P,;, is always symmetric, so Py, # Puax- In fact one needs to take
a restriction of P, in order to obtain a self-adjoint operator, and usually such a

restriction is formulated in terms of a boundary conditions. We also remark that in
general D(Pp..) # H*(Q).

14



Exercise 4. Let # = L*(0,2n). Consider the operator T' : u + —u” with the
domain

D(T) = {u € C*>(0,2n) : u extends to a 27-periodic function on R}.

Show that T' is essentially self-adjoint and describe its closure.

Hint: One can use the Fourier series.

Exercise 5. Let Q = (0, +00) xR and P = —A. Choose xy € C2°(R?) with y(z) =1
for |z| < 1 and consider the function

u: Q23— x(z)ln|z] € C.

Show that u € D(Ppay) but u ¢ H*(Q).

Hint: All weak derivatives of u can be easily computed.

d
Exercise 6. Show that H*(R?) Cc C°(RY) N L>=(RY) for k > 7

Hint: Look at the Fourier inversion formula (1.3) for f € C>°(R%) and mutliply the
subintegral function by 1 = (£)7*(&)*.
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2 Operators and forms

2.1 Operators defined by forms

A sesquilinear form t in a Hilbert space H with domain D(¢) C H is a map t :
H xH D D(t) x D(t) — C which is linear with respect to the second argument and
is antilinear with respect to the first one. By default we assume that D(t) is a dense
subset of H. (In the literature, one uses also the terms bilinear form and quadratic
form.) A sesquilinear form ¢ is called

o symmetric (or Hermitian) if t(u,v) = t(v,u) for all u,v € D(t),

e semibounded from below if t is symmetric and for some ¢ € R one has t(u, u) >
—c||lul]? for all u € D(t); in this case we write t > —c,

e closed if t > —c and the domain D(t) equipped with the scalar product
<U’7 U>t = t(U, ’U) + (C + 1)(“7 U>’H

is a Hilbert space. (It is an easy exercise to show that this property does not
depend on the particular choice of ¢).

Definition 2.1 (Operator generated by a closed form). Let ¢ be a closed
sesquilinear form in H. The operator 1" generated by or associated with the form ¢
is defined by

(ve D(T) and f =Tv) iff v € D(t) with ¢(u,v) = (u, f)y for all u € D(¢).

The following result is of crucial importance for many subsequent examples and
computations. In fact, many operators we are going to study will be defined through
their sesquilinear forms.

Theorem 2.2. In the setting of Definition 2.1, the operator T is self-adjoint in H,
and D(T) is a dense subset of D(t).

Proof. We consider the case ¢ > 1, for which (u, v); = t(u,v) and t(u,u) = ||ul|? >
|ul|3,. (The general case is an easy exercise for the reader.)

Remark first that for v € D(T) we have ||v[|3, < t(v,v) = (v, Tv)y < ||v]x |Tv| %
and then || Tv||3 > ||v||3, which shows that T is injective.

Now let us show that T' is surjective. Let f € H. For u € D(t) one has }(u, f>H| <
llullz - 1l < || fllscllwlls. Hence, D(t) 5 u — (u, f)» € C is a continuous antilinear
map, and by the Riesz theorem there is v € D(t) with (u, )3 = (u,v); = t(u,v) for
all u € D(t). By definition this means that v € D(T") with f = T'v. This shows the
surjectivity.

We further remark that for any u,v € D(T) we have, using the symmetry of ¢,

(u, Tvyy = t(u,v) = t(v,u) = (v, Tu)y = (Tu,v)y.
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Therefore, T' is symmetric, and then 7! is symmetric as well (using the same ar-
gument as in Proposition 1.18). Hence, the operator T~! is symmetric and defined
everywhere, hence, it is self-adjoint. Then T = (T~1)~! is self-adjoint by Proposi-
tion 1.18.

To prove the remaining statement let h € D(t) with (v, h); = 0 for all v € D(T),
then we need to show that h = 0. Remark that by assumption we have

0= (v,h)y =t(v,h) =t(h,v) = (h,Tv)y = (Tv, h)y.
As the vectors T'v cover the whole of H as v runs through D(T'), one has h =0. O

For what follows we will need an additional notion:

Definition 2.3 (Closable form). We say that a symmetric sesquilinear form ¢ is
closable, if there exists a closed sesquilinear form extending . The closed sesquilinear
form extending ¢ and having the smallest domain is called the closure of ¢ and
denoted t.

The following proposition is rather obvious.

Proposition 2.4 (Domain of the closure of a form). If ¢t is a closable form
with t > —c, then D(t) is exactly the completion of D(t) with respect to the scalar
product (u,v), = t(u,v) + (¢ + 1)(u,v), and t is the extension of t by continuity.

It is time to look at examples!

Example 2.5 (There exist non-closable forms). Take % = L*(R) and consider
the form t(u,v) = u(0)v(0) defined on D(t) = L*(R) N C°(R). This form is densely
defined, symmetric and positive. Let us show that it is not closable. By contra-
diction, assume that there exists the closure t of ¢, then one should then have the
following property: if (u,) is a sequence of vectors from D(t) which is Cauchy with
respect to (-, ), and u := limwu, in H, then t(u,u) = lim¢(un,,u,). But for any
u € H one can construct two sequences (u,) and (v,) in D(t) such that

e both converge to u in the L2-norm,

e u,(0) =1 and v,(0) = 0 for all n.

Then both sequences are t-Cauchy and have the same limit u in H, but the limits
of t(un, u,) and t(v,,v,) are different. This shows that ¢ cannot exist. O

Now let us give some “canonical” examples of operators defined by forms. We will
see them very often.

Example 2.6 (Free Laplacian revisited). Consider H = L*(R%) and the form

t(u,v) = | Vu-Vodr, D(t)=H"(R?),

Rd
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which is clearly closed: in fact, {,-); is the H'-scalar product, and H' spaces are
known to be complete, as we mentioned above. Let us find the associated operator
T, which is already known to be self-adjoint due to Theorem 2.2.

Let v € D(T) and f := T, then for any u € H*(R%) we have

VuVude = / uf de.

R4 R4

In particular, this equality holds for v € C>°(RY) C H'(R?), which gives

/ ufdr = W-Vvdx:/ (—Au) f dz,

Rd R¢ Rd

hence, f = —Av € L*(R?) (here, the derivatives are taken in the weak sense). It
follows that T is a restriction of the free Laplacian in R? (see Definition 1.24). The
maximality property of self-adjoint operators (Exercise 2) implies that 7" is exactly
the free Laplacian in R

Example 2.7 (Neumann boundary condition on an interval). In the Hilbert
space H = L*(0,1) consider the form

Hu, v) = /0 (@) (2)dr, D) = H'(0,1).

The form is closed (which is again just equivalent to the completeness of H'(0,1)),
so let us describe the associated operator T'.

Let v € D(T'), then there exists f € H such that

/01 W (2)dx — /Dlmf@)dx

for all u € H'(0,1). Taking here u € C2° we obtain just the definition of the weak
derivatives: f:= —(v') = —v". As f € L*(0,1), the function v must be in H?(0,1),
and Tv = —v".

Now note that for v € H?(0,1) and u € H'(0,1) there holds, using the integration
by parts,

T /O W@ (@)

z=0

/0 ' (z)v (x)dr = u(z)v'(x)

(The identity is obvious for u,v € C’OO([O, 1}), and it is then extended by density,
as C>([0,1]) is dense in all H*(0,1) as mentioned previously.) Hence, in order to
obtain the requested inequality ¢(u,v) = (u, Tv)3, the boundary term must vanish
for all uw € H'(0, 1), which is equivalent to the additional condition v'(0) = v'(1) = 0.
Therefore, the associated operator T := T acts as Tyv = —v” on the domain
D(Ty) = {v € H*(0,1) : /(0) = v/(1) = 0}. It will be referred as the (positive)
Laplacian with the Neumann boundary condition or simply the Neumann Laplacian
on (0,1). O
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Example 2.8 (Dirichlet boundary condition on an interval). Take again
H = L?*(0,1) and consider the following sesquilinear form which is a restriction of
the one from the previous example,

H(0,1)

o1, 0) = /O W@ (2)de, Dity) = H(0,1) := 00, 1)

The form is still semibounded from below and closed (as H] is complete by con-
struction), and we denote the associated self-adjoint operator by Tj. Using the same
argument as in the preceding example one shows that D(Tpy) € H?(0,1) N Hy(0,1)
and that Tov = —v”. On the other hand, one can easily show (using the density
argument) that for v € H*(0,1) N Hy(0,1) and u € H}(0,1) there holds

/01 u' (z)v' (x)de = — /Olmv”(x)dx,

i.e. the boundary term vanishes identically (due to the fact that «(0) = u(1) = 0).
Hence, D(Ty) = H?(0,1)N Hy(0,1). In fact, by additional efforts one can show that
this domain coincides with {v € H%(0,1) : v(0) = v(1) = 0}. The operator Tp := Ty
be referred to as the (positive) Laplacian with the Dirichlet boundary condition or
the Dirichlet Laplacian on (0, 1). O

Remark 2.9. In the two previous examples we see several important features:

e Closed sesquilinear forms do not have the maximality property, i.e. a closed
sesquilinear form have can a closed extension with a strictly larger domain,

e The fact that one closed form extends another closed form does not imply the
same relation for the associated operators. O

Example 2.10 (Neumann/Dirichlet Laplacians: general case). The two pre-
vious examples can be generalized to the multidimensional case. Let {2 be an open
subset of R%. In H = L?(f2) consider two sesquilinear forms:

c

to(u, 0) _/W.vvdx, Dity) = HL(Q) = ()™ @,
Q

t(u,v) = / Vu - Vvdz, D(t) = HY(Q).
Q

Both these forms are closed and semibounded from below (> 0), and one can easily
show that the respective operators A and Ay act both as u — —Au, but the de-
scription of their domains is a difficult task. The operator Ay is called the Dirichlet
Laplacian in € and A is called the Neumann Laplacian on €. By a more careful
and advanced analysis and, for example, for a bounded smooth 02, one can show
that

D(Ao) = H2(Q) N HY(Q) = {u € HX(Q) : ulog = 0},
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D(A) = {u e H*(Q): %\m =0},

where n denotes the outward pointing unit normal vector on 0f2, and the restric-
tions to the boundary should be understood in a suitably generalized sense. If the
boundary is not regular, the domains become more complicated, in particular, the
domains of A and Ay are not necessarily contained in H?*(Q2). Indeed, A = Ay if
Q=R as HY(RY) = H}(R?). Tt can also be shown that there are domains 2 with
boundaries such that H*(Q2) = Hj(Q2) and A = A,.

2.2 Semibounded operators and Friedrichs extensions

We now arrive to a rather canonical construction of self-adjoint operators, which
will us to associate self-adjoint operators with some differential expressions having
non-smooth coefficients.

Definition 2.11 (Semibounded operator). A symmetric operator T in H is
called semibounded from below if there exists a constant ¢ € R such that

(u, Tu) > —c(u,u)y for all u € D(T),
and in this will be written as T > —e¢. O

Proposition 2.12. Let T be a semibounded from below linear operator, then the
iduced sesquilinear form t in H given by

t(u,v) = (u,Tv), D(t) = D(T), (2.1)
18 semibounded from below and closable.

Proof. The semiboundedness of ¢ is obvious due to the definition.

To show the closability we remark that without loss of generality one can assume
T > 1 (the general case is reduced to this one by an easy exercise). By Proposition
2.4, the domain V of the closure of t must be the completion of D(T") with respect
to the norm p(u) = y/t(u,u). More concretely, a vector u € H belongs to V iff
there exists a sequence u,, € D(T) which is p-Cauchy and such that w, converges
to w in H. The natural candidate for the norm of w is p(u) = limp(u,), and the
closability of t is equivalent to the fact that this limit is independent of the choice
of the sequence w,. Using the standard arguments we are reduced to prove the
following:

Assertion. If (u,) C D(t) is a p-Cauchy sequence converging to 0 in H, then
lim p(u,) = 0.

To prove this assertion we observe first that p(u,,) is a non-negative Cauchy sequence,
and is convergent to some limit o > 0. We suppose that o > 0 and try to arrive at
a contradiction. Remark first that t(u,, u,) = t(u,, u,) + t(ty, Uy — u,) and that
|t(un, Uy, — un)} < p(tp)p(ty — uy) by the Cauchy-Schwartz inequality for the norm
p. As p(u, — uy,) goes to zero and p(u,) converges to a (hence, bounded) for large
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m, n, we conclude that for any e > 0 there exists N > 0 such that |t(un, um)—a2| <e
for all n,m > N. Take ¢ = o?/2 and the associated N, then for n,m > N we have
|(tn, Tt)| = [t(tn, um)| > 3 0% On the other hand, the term on the left-hand
side goes to 0 as n — oo (as u, converges to 0 by assumption). So we obtain a

contradiction, and the assertion is proved. O]

Definition 2.13 (Friedrichs extension). Let T" be a semibounded from below
linear operator in H. Define a sesquilinear form ¢ by (2.1). The self-adjoint operator
Tr generated by t is called the Friedrichs extension of T. O]

Corollary 2.14. A semibounded operator always has a self-adjoint extension.

Remark 2.15 (Form domain). If T is a self-adjoint operator semibounded from
below, then it is the Friedrichs extension of itself. The domain of the associated form
t is usually called the form domain of T and is denoted Q(T'). The form domain
plays an important role in the analysis of self-adjoint operators, in particular, in the
variational characterization of eigenvalues using the min-max principle, which will
be a central point later. O

Example 2.16 (Schrodinger operators). A basic example for the Friedrichs
extension is delivered by Schrodinger operators with semibounded potentials. Let
Ve L, (RY) and V > —C, C € R (i.e. V is real-valued and semibounded from
below). In H = L*(R?) consider the operator T acting as Tu(z) = —Au(x) +
V(z)u(x) on the domain D(T) = C>(R%). One has clearly T > —C' as for u,v €
D(T) there holds

<U,TU>:/ u(—Awv) dx+/ Vuv dr =
Rd Rd

(u, Tu) :/ \Vu|2dx+/ V0ul*dz > —C||ul)?.
Rd Rd

W-Vvda:+/ Vv dex,

R4 R4

The Friedrichs extension Ty of T" will be called the Schrodinger operator with the
potential V. The sesqulinear form ¢ associated with T is given by

t(u,v) = WVvdx—k/ Vavdz,
R4 R
and one can easily show the inclusion
D(t) C Hy(RY) :={ue H'(R?) : /|V|u € L*(R?)}.

Note that actually we have the equality D(f) = HyL(R?) (the proof needs some
advanced machinery), but the inclusion will be sufficient for our purposes.

Let us extend the above example by including a class of potentials V' which are not
semibounded from below. This will be done using the following classical inequality.

Proposition 2.17 (Hardy inequality). Let d > 3 and u € C>*°(R?), then

[ |Vu()fde > (d—42)2 /R L@l

|2
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Proof. For any v € R one has

J.

which may be rewritten in the form

/Rd VU(I’)FCZ:E‘“’YQ/ |u(:c)|2

re |7

2
zu(x) iz >0,
||

Vu(x) + 7~

Using the identities

- d—2
Viuf =aVu+uVa, div— =2,
2> zf?

and the integration by parts we obtain

/Rd (xVU(w)%ﬂvu(a’) %) dr = /RdV}u(x)}Q . ﬁdx

_ _/Rd \u(x)fdiv#dx = —(d—2) /R we)l

]2

Inserting this equality into (2.2) gives

/Rd |Vu(x)‘2dx > ((d—2) —~) / %dw,

R4

and in order to optimize the coefficient on the right-hand side we take v = (d —
2)/2. O

Note that the integral on the right-hand side of the Hardy inequality is not defined
for d < 2, because the function x — ||~ is not integrable anymore.

By combining the Hardy inequality with the constructions of Example 2.16 one
easily shows the following result:

Corollary 2.18. Let d > 3 and V € L3 (R?) be real-valued with V (x) > —(j“TQlf,

then the operator T = —A +V defined on C°(R?) is semibounded from below (in
fact, T'>0) and, hence, has a self-adjoint extension (Friedrichs extension).

Example 2.19 (Coulomb potential). We would like to show that the operator
T = —A+gq/|z| in L*(R?) is semibounded from below for any real q. The operator is
of importance in quantum physics, the potential ¢/|x| is referred to as the Coulomb
potential of charge g placed at the origin. For ¢ > 0 we are in the situation of
Example 2.16 (the potential is > 0), while for ¢ < 0 we are going to use the Hardy
inequality. For any u € C°(R?) and any p € R\ {0} we have:
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s il
v= [ plul——
R |Z| R3 plz |
2
[ 1
< = dx —d
2 ’ l +2p / | |2 v

and

(u,Tu>:/ |Vu|2dx+q/ —d:p>/ |Vul*dz — |q|/ —dm
R3
4] / |Q|p /
>
> (1 o ) Vu|?dz lul?dz,

2
and for p = /|q|/8 one has (u,Tu) > —%/ |u|*dx. Therefore, for any ¢ € R
R3

the above operator T is semibounded from below and, as a consequence, has a
self-adjoint extension (Friedrichs extension). O
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Exercise 7.

1. We would like to show the following inequality:

For all a > 0, f € H'(0,a) and ¢ € (0,a) there holds

e frpe [ (23)

We take first f € C*([0, a]).
@ 2
(a) For z € (0,a) show the inequality ‘/0 1) dt’ < || f'122(0.0-
@ 2
(b) Show that | f(0)[* < 2‘f(x)|2 + 2)/ f'(t) dt‘ for x € (0,a).
0
¢
(©) Stow that (fO)F <2 [ 11 + 17 a0
0

Now prove the inequality (2.3).

2. In the Hilbert space H = L*(0, 1) consider the following sesquilinear form:

t(u,v):/o W0 V(1) dt + au(0)o(0), D) = H'(0,1),

where o € R is a constant. Show that t is closed (in partcular, semibounded
from below) and describe the associated self-adjoint operator acting in H.

Exercise 8. This exercise shows a possible way of constructing the sum of two
unbounded operators under the assumption that one of them is “smaller” that the
other one. In a sense, we are going to extend the construction of Exercise 3.

1. Let H be a Hilbert space, t be a closed sesquilinear form in ‘H, and T" be a self-
adjoint operator in H generated by the form t. Let B be a symmetric linear
operator in #H such that D(t) C D(B) and for which there exist constants
a > 0and g > 0 with

|Bul|* < at(u,u) + Bllul|® for all u € D(t).

Consider the operator S’ defined by S’u = Tw + Bu on the domain D(S’) =
D(T). We are going to show that S’ is self-adjoint.

(a) Consider the sesquilinear form s(u,v) = t(u,v) + (u, Bv) with domain
D(s) = D(t). Show that s is closed.

(b) Let S be the operator in H generated by the form s. Show that D(S) =
D(T) and that Su = Tu + Bu for all u € D(T).

(¢) Show that S is self-adjoint.
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2. Application: Schrodinger operators with L? potentials.

(a) Show the inequality

1
117 ) < 8/R 1+ B /R 1|2 for all f € H'(R) and e >0. (2.4)

Hint: One can start with |f(z)]* = / (|f]?) for f € C(R).

(b) Let V € L3*(R) be real-valued. Show that the operator A having as
domain D(A) = H*(R) and acting by Af(z) = —f"(z) + V(x)f(z) is a
self-adjoint operator in L*(R). Hint: Use the first part of the exercise
with T :=the free Laplacian and B :=the multiplication by V.
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3 Spectrum: first observations

In this section we collect first definitions concerning the spectrum. Some of this
notion are supposed to be known the functional analysis course when applied to
bounded operators. Nevertheless, we reinterpret these notions from the point of
view of unbounded operators and see some new aspects.

3.1 Definitions and examples

Definition 3.1 (Resolvent set, spectrum, point spectrum). Let 7" be a linear
operator in a Hilbert space H. The resolvent set resT consists of the complex
numbers z for which the operator T'— z : D(T) 3 u — Tu — zu € H is bijective
and the inverse (T — z)~! is bounded. The spectrum specT of T is defined by
specT := C\res T'. The point spectrum spec, T is defined as the set of the eigenvalues
of T. O]

Note that very often the resolvent set and the spectrum of T are often denoted by
p(T) and o(T), respectively.

Proposition 3.2. IfresT # (), then T is a closed operator.

Proof. Let z € resT, then gr(T — 2)~! is closed by the closed graph theorem, but
then the graph of T'— z is also closed, as gr(T — z) and gr(T — 2)~! are isometric in

H < H. O
Proposition 3.3. For a closed operator T' one has the following equivalence:
ker(T — z) = {0},
cresT 1
zeresT iff {ran(T —z)="H.

Proof. The = direction follows from the definition.

Now let T be closed and z € C with ker(7 — z) = {0} and ran(T — z) = H. The
inverse (T — z)~! is then defined everywhere and has a closed graph (as the graph
of T'— z is closed), and is then bounded by the closed graph theorem. O

Proposition 3.4 (Properties of the resolvent). The set resT is open and the
set specT is closed. The operator function

resT > 2+ Ryp(2) = (T — 2)"' € L(H)

called the resolvent of T' is holomorphic and satisfies the identities

Rr(z1) — Rr(22) = (21 — 22)Ry(z1) Ry (22), (3.1)
Rr(z1)Rr(22) = Rr(22) Rr(z1),
%RT(Z) = Rr(2) (3:3)

for all z,z1, 20 € resT.
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Proof. Let z; € resT. We have the equality
T— 2= (T — Zo)(l — (Z — Zo)RT(Z’o)).

If |z — 20| < 1/||Rr(20)||, then the operator on the right had sinde has a bounded
inverse, which means that z € resT. Moreover, one has the series representation

Rr(z) = (1= (2 = 20)Rr(20)) " Rr(z0) = D (2= 2V Rr(20)™"",  (3.4)

J=0

which shows that R is holomorphic. The remaining properties can be proved in a
similar way. O]

We now consider a series of examples showing several situations where an explicit
computation of the spectrum is possible.

Example 3.5. Consider the multiplication operator M; from Example 1.6. Recall
that the essential range of a function f is defined by

essran f = {)\:,u{a:: |f(z) = A <e} >0 for allg>0}.

Clearly, this notion makes sense in any measure space. For a continuous function f
and the Lebesgue measure pu, the essential range coincides with the closure of the
usual range.

Proposition 3.6 (Spectrum of the multiplication operator). There holds

spec My = essran f,
spec, My = {X: p{z: f(z) = A} > 0}.

Proof. Let A\ ¢ essran f, then the operator M s_y) is bounded, and one easily
checks that this is the inverse for My — A. On the other hand, let A € essran f. For
any m € N denote B

Sm = {z 1 |f(z) = A <27™}

and choose a subset S, C §m of strictly positive but finite measure. If ¢,, is the
indicator function of \S,,, one has

1M — N* = / 1£() = A | ) [P < 2727 | ]

m

and the operator (M; — A\)~! cannot be bounded.

To prove the second assertion we remark that the condition A € spec, My is equiv-
alent to the existence of ¢ € L?(R?) such that (f(z) — A)¢(x) = 0 for a.e. z. This
means that ¢(z) = 0 for a.e. z with f(z) # A If p{z: f(x) = A} =0, then ¢ =0
a.e., and A ¢ spec, My. On the other hand, if p{z : f(x) = A} > 0, one can choose
a subset 3 C {z : f(z) = A} of a strictly positive finite measure, then the indicator
function ¢ of X is an eigenfunction of M corresponding to the eigenvalue A. O
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Example 3.7. It can be shown that the spectrum is invariant under unitary trans-
formations (see Exercise 1):

Proposition 3.8 (Spectrum and unitary equivalence). Let two operators A
an B be unitarily equivalent, then spec A = spec B and spec, A = spec, B.

Example 3.9. Let T be the free Laplacian in R? (see Definition 1.24). As seen
above, T is unitarily equivalent to the multiplication operator f(p) — p*f(p) in
L?*(R%). By Propositions 3.6 and 3.8 there holds spec T = [0, +0c) and spec, T = 0.

Example 3.10 (Discrete multiplication operator). Take H = (?(Z). Consider
an aribtrary function a : Z — C, n + a,, and the associated operator T":

D(T) = {(&) € *(Z) : (an&n) € CX(Z)}, (T€)n = ann.
Similarly to examples 1.6 and 3.6 one can show that 7" is a closed operator and that
specT :={a,: n € Z}, spec,T :={a,: n¢cZ}.

Example 3.11 (Harmonic oscillator). Let H = L*(R). Consider the operator
Ty = —d?/dz* + z* defined on C°(R). This operator is semibounded from below
and denote by T its Friedrichs extension. The operator T is called the harmonic
oscillator; it is one of the basic models appearing in quantum mechanics.

One can easily that the functions ¢, given by ¢,(r) = c,(—=d/dx + )" ¢y (x),
$1(x) = ¢ exp(—a?/2), are L?-solutions to (—d?/dx?® + 2*)¢, = (2n — 1)¢,, where
¢, are normalizing constants and n € N. It is known that the functions (¢,) (called
Hermite functions) form an orthonormal basis in L?(R). We further remark that
¢, € D(Tp) for all n. In order to see these inclusions, one takes y € C°(R) with
x(x) =1 for |x| <1, and for N € N one defines fy(x) = x(z/N)¢,(z). By an easy
computation one shows that fy and Tp fx converge in L? to ¢, and (—d?/dx®+22)¢,,
respectively, which shows the claim. Then it follows that T} is essentially self-adjoint
(see Exercise 1c), in particular, 7' = Tj,.

Furthermore, using the unitary map U : L*(R) — *(N), U f(n) = (¢n, f), one easily
checks that the operator T is unitarily equivalent to the operator of multiplication
by (2n — 1) in ?(N), cf. Example 3.10, which gives

specT =spec, T ={2n—1: n €N}

Example 3.12 (Empty spectrum). Take H = L*(0,1) and z € C and consider
the operator

Af(x) = / o

which is clearly continuous and ran A, € C°(0,1). Let us show that A, is injective.
Assume that A,f = 0., then the function g : ¢t — e *'f(t) is orthogonal to the
indicator functions of (0, z) for all x and, as a consequence, to the indicator functions
of all subintervals of (0,1). Hence g = 0 a.e., and then f = 0 a.e. It follows that
there exists the inverse B, := AZ'. Remark that for f € C°([0,1]) and h := A, f one

28



has h € C'([0,1]) with ~(0) =0 and &' = zh + f. It follows that for h € C* ([0, 1])
with A(0) = 0 one has B,h = h' — zh. Using the density argument we see the
following;:

let C' be the linear operator in L?(0, 1) given as Ch = h’ on the domain
D(C) = {h e C'([0,1]) : h(0) =0},

then the closure T' = C' is such that (I'— 2)~! = A, € £(L*(0,1)) for any z € C.
It folows that the spectrum of 7" is an empty set. With some additional work one
can show that T'f = f’ (weak derivative) on the domain D(T) = {f € H*(0,1) :

f(0) =0},
Example 3.13 (Empty resolvent set). Let us modify the previous example.
Take H = L%*(0,1) and consider the operator T acting as T'f = f’ on the domain

D(T) = H'(0,1). Now for any z € C we see that the function ¢,(z) = e** belongs
to D(T') and satisfies (T' — z)¢. = 0. Therefore, spec, T' = specT = C.

As we can see in the two last examples, for general operators one cannot say much
on the location of the spectrum. In what follows we will study mostly self-adjoint
operators, whose spectral theory is now understood much better than for the non-
self-adjoint case.

3.2 Basic facts on the spectra of self-adjoint operators

The following proposition will be of intensive use.

Proposition 3.14. Let T" be a closable operator in a Hilbert space H and z € C,
then

ker(T* — %) = ran(T — 2)™, (3.5)

ran(T — z) = ker(T* — )" (3.6)
Proof. Note that the second equality can be obtained from the first one by taking
the orthogonal complement in the both parts. Let us prove the first equality. As
D(T) is dense, the condition f € ker(T* — %) is equivalent to ((T* — 2)f, g) = 0 for
all g € D(T'), which can be also rewritten as

(T"f.9) = 2(f,g) for all g € D(T).

By the definition of 7%, one has (T*f, g) = (f,Tg) and

([,Tg) = =(f,9) = ([, (T = 2)g) = 0 for all g € D(T),
ie. f Lran(T — z2). O

Proposition 3.15 (Spectrum of a self-adjoint operator is real). Let T be a
self-adjoint operator in a Hilbert space H, then specT C R, and for any z € C\ R

there holds 1
(T =27 <55 (3.7)

Re
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Proof. Let z € C\ R and u € D(T). We have
(u, (T — z)uy = (u, Tu) — Rz(u, u) —iz(u, u).
As T is self-adjoint, the number (u, T'w) is real. Therefore,
9]l < (. (T = 23] < [|(7 = 2] - .

which shows that
(T = 2)u| > [Sz] - [Jull. (3.8)

It follows from here that ran(7 — z) is closed, that ker(7" — z) = {0} and, by
proposition 3.14, than ran(T — 2) = H. Therefore, (T — 2)™' € L(H), and the
estimate (3.7) follows from (3.8). O

The following proposition is of importance when studying bounded operators (and
it is certainly already known, but we include the proof for completeness).

Proposition 3.16 (Spectrum of a continuous operator). Let T' € L(H), then
specT is a non-empty subset of {z € C: |z| < T}

Proof. Let z € C with |z| > ||T'||. Represent T'— z = —2(1 —T/z). As ||T/z| < 1,
the inverse to T' — z is defined by the series,

o0

(T —2)'=— ZT”Z‘”_l.

n=0

and z € resT". This implies the sought inclusion.

Let us show that the spectrum is non-empty. Assume that it is not the case. Then
for any f, g € H the function C 3 z — F(z) := (f, Rr(z)g) € C is holomorphic in C
by proposition 3.4. On the other hand, it follows from the above series representation
for the resolvent that for large z the norm of Rr(z) tends to zero. It follows that
F(z) = 0 as |z] — oo and that F' is bounded. By Liouville’s theorem, F is constant,
and, moreover, F'(2) = lim.|_, o0 F'(2) = 0. Therefore, (f, Rr(z)g) =0 forall z € C
and f,g € H, which means that Rp(z) = 0. This contradicts the definition of the
resolvent and shows that the spectrum of 7" must be non-empty. O

Proposition 3.17 (Location of spectrum of bounded self-adjoint opera-
tors). Let T =T* € L(H). Denote

(T — in (u, Tu) _ _w (u, T'u)
m =m(T) u;é% (u,u) ’ M = M(T) UJS (u, u)

then specT C [m, M] and {m, M} C specT.
Proof. We proved already that specT C R. For A € (M, 400) we have
| - (1T = Null > [, (A =T)u)| > (A= M)|Julf?,
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ie. |[(T—MNu| > (A= M)7|ul|. Tt follows that ker(T' — ) = {0}, that ran(T" — \)
is closed, and due to ran(T — \)* = ker(T — \), is dense. Hence, (T — \)~' € L(H).
In the same way one shows that spec T N (—oo, m) = 0.

Let us show that M € spec T (for m the proof is similar). Using the Cauchy-Schwarz
inequality for the semi-scalar product (u,v) — (u, (M — T)v) we obtain

|(u, (M —T)0)|* < (u, (M — T)u) - (v, (M — T)v).
Taking the supremum over all u € H with ||ul| < 1 we arrive at
2
1M = Tyof|" < 1M = TI| - (v, (M = T)v).

By assumption, one can construct a sequence (u,) with ||u,|| = 1 such that
(Up, Tup) — M = M{u,u) as n — oo. By the above inequality we have then
(M — T)u, — 0, and the operator M — T cannot have bounded inverse. Thus
M € specT. O

Corollary 3.18. If T =T* € L(H) and specT = {0}, then T = 0.

Proof. By proposition 3.17 we have m(T) = M(T) = 0. This means that (z, Tx) =
0 for all z € H, and the polar identity shows that (x,Ty) =0 for all z,y € H. [

Let us combine all of the above to show the following fundamental fact.

Theorem 3.19 (Non-emptiness of spectrum). The spectrum of a self-adjoint
operator in a Hilbert space is a non-empty closed subset of the real line.

Proof. In view of the preceding discussion, it remains to show the non-emptyness
of the spectrum. Let T" be a self-adjoint operator in a Hilbert space H. By contra-
diction, assume that specT = (). Then, first of all, T-! € L(H). Let A € C\ {0},
then the operator

T 1\-1 1 1 11
Li==3(1-3) =5-%(-3)
belongs to L(H) with (T7! — A\)Ly = Idy and Ly(T~* — \) = Idy. Therefore,
A € res(T™1). As A was an arbitrary non-zero complex number, we have spec(7~!) C
{0}. As T~ is bounded, its spectrum is non-empty, hence, specT~! = {0}. On the
other hand, T—! is self-adjoint by Proposition 1.18, and 7! = 0 by Corollary 3.18,
which contradicts the definition of the inverse operator. O

We further remark that a partial analog of Proposition 3.17 can be proved for the
semibounded self-adjoint operators.

Proposition 3.20. Let T' be a self-adjoint operator semibounded from below, T >

—c, and t its sesquilinear form (i.e. T is generated by t in the sense of Defini-

tion 2.1). Then specT C [—c¢, 00), moreover,
(u, Tu)

t
inf specT = inf = inf (u,u)
weD(T) (u,u)  weD() {u,u)
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Proof. The whole proof is almost identical to the proof of Proposition 3.17, so we
leave it as an exercise. The equality

inf {u, Tu) = inf tu, u)
weD(T) (u,u)  weD() {(u,u)
follows from the density of D(T') in D(t) stated in Theorem 2.2. O

The last proposition shows that some spectral information for an operator T' can be
deduced directly through its sesquilinear form (i.e. without computing the domain
of T). This link will be even more explicit through the min-max principle, which
will be introduced later.
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Exercise 9. 1. Let two operators A and B be unitarily equivalent (see Exer-
cise 1). Show that the spec A = spec B and spec, A = spec, B.

2. Let pu € res A N res B. Show that A and B are unitarily equivalent iff their
resolvents R4 (p) and Rp(p) are unitarily equivalent.

Exercise 10. 1. Let Q C R"™ be a non-empty open set and let L : Q — M;(C)
be a continuous 2 x 2 matrix function such that L(x)* = L(x) for all z € Q.
Define an operator A in H = L*((), C?) by

Af(x) = L(z)f(z), {f € H: / | L(2) f(2)]|2edz < —I—oo}

Show that A is self-adjoint and explain how to calculate its spectrum using
the eigenvalues of L(x).

Hint: For each z € Q, let & (x) and &(x) be suitably chosen eigenvectors
of L(z) forming an orthonormal basis of C?. Consider the map

U:H—H, Uf(x)= <§ZE3’;EZ;C2>

and the operator M = UAU*.

2. In H = I?(Z) consider the operator T' given by

Fit = b v, V=il I

Calculate its spectrum.

Hint: Consider the operators

U:1%Z)— (Z,C?), Uf(n):= (féfi)l)), nez,
F:*(2,C%) — L*((0,1),C%), (Ff)(0) =) f(n)e*™.

neL

Write explicit expressions for the operators S := UTU* and S := FSF* and
use the item (1).
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3.3 Compactness and spectra

The present section contains a lot of repetititons from earlier lectures, but they are
important for what follows.

A linear operator T acting from a Hilbert space H; to a Hilbert space H, is called
compact, if the image of the unit ball in H; is relatively compact in Hs. We denote
by IC(Hi, Hz) the set of all such operators. The definition can also be reformulated
as follows: an operator T : H; — Hs is compact iff any bounded sequence (x,,) C H;
has a subsequence (z,,) such that Tz, converges in Ho.

Recall also that any compact operator is continuous. If A is a continuous operator
and B is a compact one, then the products AB and BA are compact. It is also
known that the norm limit of a sequence compact operators is compact, and that
any finite-dimensional operator (i.e. an operator having a finite-dimensional range)
is compact. It is also known that the adjoint of a compact operator is compact
(Schauder’s theorem). A classical example of a compact operator is an integral
operator,

T:IAQ) - I3(Q), Af(x) = / K(x.9)f(y) dy.

whose integral kernels K satisfies

| [ sy
QJQ

In fact, such an operator A is a Hilbert-Schmidt one, i.e. for any orthonormal basis
(e,) there holds
> [ Aen|? < oo,

which is slightly stronger that the usual compactness (i.e. there are compact oper-
ators which are not Hilbert-Schmidt ones.)

Recall the following fundamental result, which is based on Fredholm’s alternative
and is proved in the functional analysis course:

Theorem 3.21 (Spectrum of a compact operator). Let H be an infinite-
dimensional Hilbert space and T € IC(H), then

(a) 0 € specT,
(b) specT \ {0} = spec, T\ {0},
(c) we are in one and only one of the following situations:

- SpeCT \ {O} = 07
— specT' \ {0} is a finite set,

— specT' \ {0} is a sequence convergent to 0.

(d) Each X\ € specT \ {0} is isolated (i.e. has a neighborhood containing no other
values of the spectrum), and dimker(T — \) < oo.
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The result has the following important corollary:

Theorem 3.22 (Spectrum of compact self-adjoint operator). Let T =T* €
IKC(H), then can construct an orthonormal basis consisting of eigenvectors of T, and
the respective eigenvalues form a real sequence convergent to 0.

Proof. Let (\,),>1 be the distinct non-zero eigenvalues of T'. As T is self-adjoint,
these eigenvalues are real. Set A\g = 0, and for n > 0 denote E,, := ker(T'— \,). One
can easily see that E,, L F,, for n # m. Denote by F' the linear hull of U,,>¢E,,. We
are going to show that F'is dense in H.

Clearly, we have T'(F) C F. Due to the self-adjointness of T we also have T'(F'‘) C
F*. Denote by T the restriction of T' to F' L then T is compact, self-adjoint, and
its spectrum equals {0}, so 7' = 0. But this means that FX C ker T = E, C F and
shows that F'+ = {0}. Therefore F is dense in H.

Now taking an orthonormal basis in each subspace F, we obtain an orthonormal
basis in the whole space H. n

The above can be used for a discussion of a class of unbounded operators. Namely,
one says that an operator T' in H has compact resolvent if resT # () and for some
(and then for all) z € resT the resolvent (T'— z)~! is a compact operator.

Similar to the preceding constructions one can show:

Proposition 3.23 (Spectra of semibounded operators with compact re-
solvents). Let T be a semibounded from below self-adjoint operator with compact
resolvent in an infinite-dimensional Hilbert space, then:

e specT =spec, T,
e for each \ € specT there holds dimker(T — \) < oo.

o the eigenvalues of T form a sequence converging to +00.

Proof. Let T > —c, then —(c+ 1) € resT (Proposition 3.20), and (T + ¢+ 1)~!
is a bounded self-adjoint operator which is compact by assumption. Moreover, this
operator is non-negative: for any v € H denote v := (T + ¢+ 1)~' € D(T'), then

(u, (T +c+ 1)) = (T +c+ 1)v,0) > |jv]|* > 0.

By Theorem 3.22, there exists an orthonormal basis (e,) of H such that each e,
ia an eigenfunction of (T'+ ¢+ 1)"*: (T + ¢+ 1)"'e, = \nen, where ), > 0 form
a sequence converging to 0. We then have (T + ¢ + 1)e, = A\, i.e. each e, is
an eigenvector of T' with eigenvalue p,, := A;' — ¢ — 1, and the multiplicity of this
eigenvalue is the same as that of )\, as an eigenvalue of (T +c+ 1)7!, e.g. is finite.
The operator T' is then essentially self-adjoint on finite linear combinations of e,
(Exercise 1). Moreover, if one introduces the unitary transform V : H — ¢%(N) by
Vu(n) = (en,u), then one sees that 7' is unitarily equivalent to the multiplication
by (1t,,) in £2(N) (Example 3.10), hence, its spec T = {p,, n € N}. As u,, — +oo for
n — +00, one has specT' = {j,, n € N} = spec, T, as each p, is an eigenvalue. [

35



Now we would like to obtain a class of operators with compact resolvents.

Theorem 3.24. Let T be a self-adjoint operator generated by a closed sesquilinear
form t in H. Assume that the Hilbert space D(t) is compactly embedded in H, then
T has compact resolvent.

Proof. Without loss of generality we will assume that ¢(u,u) > ||jul3, for all u €
D(t), hence, ||ul|? = t(u,u), and then T > 1. Moreover, for any u € D(T) we have:

lulls| Tullze > [(u, Tw)p| = [t(u, w)| = l|ullelulle > [l

ie. |Tull3 > |lulls, hence, [T 0|, < ||v]ly for all v € H, and T7' € L(H, D(t)).

Now let j : D(t) — H be the embedding, which is compact by assumption, then
T—'=jL, where L: H > v~ T 'v € D(t). Hence T~ is compact as a composition
of a bounded operator and a compact one. O]

In order to look at concrete examples we recall the following classical criterion of
compactness in L*(R?) (sometimes referred to as the Riesz-Kolmogorov-Tamarkin
criterion)!:

Proposition 3.25. A subset A C L*(RY) is relatively compact in L*(R?) if and only
if the following three conditions are satisfied:

(a) A is bounded,

(b) there holds / lu(z)|?dx — 0 as R — oo uniformly for u € A,

|e|>R

(¢) |lun—ul| = 0 as h — 0 uniformly foru € A. Here, for h € R? and v € L*(R?),
the symbol vy, denote the function defined by vy(z) = v(x + h).

Example 3.26 (Schrodinger operators with growing potentials). Let us dis-
cuss a particular class of operators with compact resolvents.

Now let V € L2 (R?) and V > —C'". Consider the Schrodinger operator T' = —A+V
defined as the Friedrichs extension starting from C'°(R%) and discussed in Example
2.16. We know already that T is a self-adjoint and semibounded from below operator
in H = L?(R%). We would like to identify a reasonable large class of potentials V'

for which T" has compact resolvent.

Theorem 3.27. For r > 0 denote

w(r) := inf V(x). (3.9)

jo|>r

If lim, oo w(r) = 400, then the associated Schridinger operator T = —A + V' has
a compact resolvent.

! An interested reader may study H. Hanche-Olsena, H. Holden: The Kolmogorov-Riesz com-
pactness theorem. Expositiones Mathematicae, Vol. 28, Issue 4 (2010), pp. 385-394 for a proof
and various generalizations.
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Proof. Without loss of generality we assume V' > 0. Recall (Example 2.16) that
the associated sesquilinear form is

t(u,u) = /Rd (IVul* + V|ul?) dz,

and the domain V = D(t) is the closure of C°(R?) in HL(R?), equipped with the
norm |[ull?, = |lul|%: + [|[VVulz2. Let B be the unit ball in V. We are going to
show that B is relatively compact in L?*(R?) using Proposition 3.25:

e The condition (a) holds due to the obvious inequality |||/, < |Jul|y.

e The condition (b) follows from

e e o VTRl
LR' (@)fde < — /Mw uw)? < T < T

e For the condition (c) we have, for u € C>°(RY),

1 d 2
/ —u(erth)dt‘ dx
0

h) — u(z)|*da =
Rd|u(x+ ) — u(z)| dx /Rd o

_/Rd

1 9 1
/ h.vu(x+th)dt‘ dr < h2/ / Vu(w + th)[*dt dx
0 R4 JO

1
<w [ [ [VuGo o+ th)dede = 12| Vuls < 12l
0 JR?

which then extends by density to the whole of H{,.

The compactness of B implies the compactness of the embedding j : D(t) — L?(R%),
and the result follows by Theorem 3.24. O

The assumption of Theorem 3.27 is rather easy to check, e.g. the assumptions hold
for V(z) = |z|* 4+ bounded, o > 0, but the condition (3.9) in not an optimal one.
For example, it is known that the operator —A + W with W (xy, 1) = 2222 has a
compact resolvent, while the condition cleraly fails. A rather simple necessary and
sufficient condition is known in the one-dimensional case, which we mention without
proof:

Proposition 3.28 (Molchanov criterium). The operator T' = —d?/dz* +V has

a compact resolvent iff
z+6

lim V(s)ds = +0o0

T—00 T

for some 6 > 0 (and then for any § > 0).

37



Necessary and sufficient conditions are also available for the multi-dimensional case,
but their form is much more complicated.?

Example 3.29 (Dirichlet and Neumann Laplacians). Let Q C R¢ be a non-
empty open set. Recall that the associated Dirichlet and Neumann Laplacians T
and T are defined as the self-adjoint operators generated by the closed sesquilinear
forms

tp(u,u) = /Q (Vul? dx D(tp) = H'(Q),
tn(u,u) = /Q |Vu|? do D(ty) = H} ().

Proposition 3.30. Let Q be bounded, then the embedding Hg(2) — L*(2) is com-
pact, and Tp has compact resolvent by Theorem 3.24.

Proof. For a function u defined on €2, we denote w its extension by zero to the whole
of R%. For u € C°(Q) one has u € C*(R?Y) with ||ullgi) = ||l ®e. As H(Q)
was defined as the closure of C°(Q2) in H'(Q), it follows that the map ¢ : u +— @
extends to an isometric embedding of j : H}(Q) — H'(R?), while ran: is clearly
contained in B

Hy(Q) = {u e H'(R?) : u=0 outside Q}.

Using literally the same argument as in the proof of Theorem 3.27 one shows that
the embedding j : H}(Q2) — L*(R?) is compact. Now let k : L*(R%) — L?(£2) be the
operator of restriction to Q, (ku)(z) = u(x) for all x € 2, which is clearly bounded.
Then the product kj¢ is exactly the embedding of H'(2) — L?*(€2), which is then
compact (as j is compact and ¢ and k are bounded). ]

The eigenvalues 2 of Tp (ordered in the non-decresing order and counted accord-
ing to multiplicities) are called the Dirichlet eigenvalues of 2 while the respective
eigenfunctions are called the Dirichlet eigenfunctions. It is an important domain of
the modern analysis to study the relations between the geometrical and topological
properties of ) and the associated Dirichlet eigenvalues and eigenfunctions (in fact
is the main topic of the spectral geometry). One should also remark that there are
unbounded 2 such that that T” still has compact resolvent. This will be addressed
later in this course.

There is no literal extension of Proposition 3.30: there are bounded domains €2 such
that Ty is not with compact resolvent (and the embedding of H'(Q) in L*() is
not compact.) Anyway, under some additional assumptions one prove an analogous
result:

2For a discussion of such questions, an advanced reader may refer to the paper V. Kondrat’ev,
M. Shubin: Discreteness of spectrum for the Schréidinger operators on manifolds of bounded geom-
etry. The Maz’ya anniversary collection, Vol. 2 (Rostock, 1998), pp. 185-226 (Operator Theory:
Advances and Applications, vol. 110), Birkh&user, Basel, 1999.
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Definition 3.31. A domain 2 C R? is called an extension domain, if there exist a
bounded operator E : H'(Q) — H'(R?) such that Ef(z) = f(z) for all f € H*(Q)

and all x € €2. Such an operator F is usually called an extension operator.

One can show that if the boundary of €2 is not “too bad” (e.g. smooth, or, more
generally, Lipschitz), then 2 is a extension domain.

Proposition 3.32. If Q is a bounded extension domain, then H'(Q) is compactly
embedded in L*(Q), and Tx has compact resolvent.

Proof. One can reduce the problem to the HJ case. Namely, let £ : H(Q) —
H'(RY) be an extension operator and x € C®(R%) with y = 1 in © and vanish-
ing outside a ball ©. Define Ey : H'(Q) 3 u — xFu € H'(R?) and remark that
EoH' () is contained in H}(©) defined in Proposition 3.30, in particular, the em-
bedding j : H}(©) — L*(R?) is compact. Finally, let k : L?(R?) — L?(Q) be the
operator of restriction to Q, (ku)(z) = u(x) for all x € 2, which is clearly bounded.
Now wee that the embedding of H'(€) in L?(Q) is represented as the composition
kjEy, and it is a compact operator (as j is compact and k and E, are bounded). [

The eigenvalues 13 of T™ are the Neumann eigenvalues of 2, and, similarly to the
Dirichlet ones, they are a subject of intensive study. One of the hot topics in the
modern analysis is the so-called hot spots conjectures discussing the properties of
the eigenfunctions associated with the second Neumann eigenvalue pdY (the first one
is always zero).
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We will use the following regularity result (will be proved somewhere else): if I C R
is an interval and a function u is a weak solution of a linear ordinary differential
equation with constant coefficients in I, then w is a C*° function (and then it is a
solution in the usual sense). There is no easy multi-dimensional realization!

Exercise 11. Let ¢ > 0. Compute explicitly Dirichlet and Neumann eigenvalues
and eigenfunctions of the interval (0, ¢).

Exercise 12. In H = L?(0,27) consider the operator T already seen in Exercise 4:
T :uvw —u” with the domain

D(T) = {u € C>(0,27) : u extends to a 2m-periodic function on R}.

Show that the closure S := T is with compact resolvent. Compute the eigenvalues
and the eigenfunctions of S.
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4 Spectral theorem

The main points of this lecture are as follows:

e Theorem 4.13 showing that each self-adjoint operator is unitarily equivalent to
a multilplcation operator in a suitable L2-space. Moreover, a kind of normal
form for the multiplication operator is shown.

e Theorem 4.16 stating that the operators f(7') are well-defined in a unique way
for arbitrary bounded Borel functions f.

A good understanding of these results is of great importance for all subsequent
considerations. The formulations are much more important as the proof: the com-
plete proofs involve a number of technicalities of lower importance (especially in
Subsection 4.1).3

To be provided with a certain motivation, let T be either a compact self-adjoint
operator or a self-adjoint operator with a compact resolvent in a Hilbert space H.
As shown in the previous section, there exists an orthonormal basis (e,) in H and
real numbers A, such that, with

Tz = Z)\n(en,x>en for all x € D(T),

and the domain D(T') is characterized by
D(T) = {x eEH: ZA%‘(en,x)f < oo}.
For f € Cy(R) one can define an operator f(T') € L(H) by

F(T)x =Y FOn){en 2)en.

This map f — f(T) enjoys a number of properties. For example, (fg)(T) =
f(M)g(T), f(T) = f(T)*, spec f(T) = f(specT) etc. The existence of such a
construction allows one to write rather explicit expressions for solutions of some
equations. For example, one can easily show that the initial value problem

—iz'(t) =Txz(t), x(0) =y € D(T), z:R— D(T),

has a solution that can be written as z(t) = f;(T)y with f;(z) = €"*. Informally
speaking, for a large class of equations involving the operator T one may first assume
that T is a real constant and obtain a formula for the solution, and then one can
give this formula an operator-valued meaning using the above map f — f(T).

Moreover, if we introduce the map U : H — (*(N) defined by Uz =: (z,), ©, =
(€n,x), then the operator UT'U* becomes a multiplication operator (z,) — (A,z,).

3A complete proof can be found in Chapter 2 of the book E. B. Davies: Spectral theory and
differential operators. Cambridge University Press, 1995.
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At this point, all the preceding facts are proved for compact self-adjoint operators
and for self-adjoint operators with compact resolvents only. The aim of the present
section is to develop a similar theory for general self-adjoint operators.

To avoid potential misunderstanding let us recall that Cy(R) denotes the class of
the continuous functions f : R — C with lim, 4o f(z) = 0, which becomes a
Banach space if equipped with the sup-norm. This should not be confused with the
set C°(R) of the continuous functions on R.

4.1 Continuous functional calculus

We say that a function f : C — C belongs to C°°(C) if the function of two real
variables R? 5 (z,y) — f(x +iy) € C belongs to C*°(R?). In the similar way one
defines the classes C°(C), C*(C) etc. In what follows we always use the notation

2 and y = Z2— for f € C*(C) one

Rz = x, Sz =: y for z € C. Using z =

0 0 0
z%*%a*a)

Clearly, 0g/0z = 0 if g is a holomorphic function. Recall the Stokes formula written
in this notation: if f € C°°(C) and Q2 C C is a domain with a sufficiently regular

boundary, then
/ / —drdy = — f dz.

The following fact is actually known, but is presented in a slightly unusual form.

defines the derivative

Lemma 4.1 (Cauchy integral formula). Let f € C°(C), then for any w € C

we have
// 5 o drdy = f(w).

Proof. We note first that the singularity 1/z is integrable in two dimensions, and
the integral is well-defined. Let €2 be a large ball containing the support of f and the
point w. For small € > 0 denote B, := {2z € C: |z —w| < ¢}, and set Q. :=Q\ B..
Using the Stokes formula we have:

//azw—z //8zw—zdxdy
_l—r%ﬂ// 8zw—zdxdy_ll—r>%7r// 8zfz
1
250 27 j(égsf(z)w—zdz

S Rt ey R O
jo—w]

21 Jaq w—z e—0 21 w—z

)dm dy
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The first term on the right-hand side is zero, because f vanishes at the boundary of
). The second term can be calculated explicitly:

1 1 1 [ : ice'dt
lim —— dz = lim — eet .
50 2 7|{Zw|:s N dz=lmas ; Jlweet)i— (w + eeit)

21

which gives the result. [

The main idea of the subsequent presentation is to define the operators f(T"), for
a self-adjoint operator T', using an operator-valued generalization of the Cauchy
integral formula.

Introduce first some notation. For z € C we write

(z) =14 |z|%

For 8 < 0 denote by Ss the set of the smooth functions f : R — C satisfying the
estimates
f™(2)] < enfar)™

for any n > 0 and x € R, where the positive constant ¢, may depend on f. Set
A= U6<0 Sp; one can show that A is an alebra. Moreover, if f = P/Q, where P
and @ are polynomials with deg P < deg @ and Q(x) # 0 for x € R, then f € A.
For any n > 1 one can introduce the norms on A:

1l =3 / 1FO ()] {2y de.

One can easily see that the above norms on A induce continuous embeddings A —
Co(R). Moreover, one can prove that C2°(R) is dense in .4 with respect to any norm
- fln-

Now let f € C*(R). Pick n € N and a smooth function 7 : R — R such that
7(s) =1 for |s| < 1 and 7(s) = 0 for |s| > 2. For =,y € R set o(z,y) := 7(y/{x)).
Define f € C*°(C) by

o) = [ 32700 2 ot

Clearly, for x € R we have f(x) = f(x), so fis an extension of f. One can check
the following identity:

of 1] iy)" iy)"
ézﬁlgﬂﬂ(m)(i) (iy)

] <0m + iay) + %f(”ﬂ)(x)Ta. (4.1)
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Now let T be a self-adjoint operator in a Hilbert space ‘H. For f € A define an

operator f(T) in H by
// ~Ldx dy. (4.2)

This integral expression is called the Helffer-Sjostrand formula. We need to show
several points: that the integral is well-defined, that it does not depend in the choice
of o and n etc. This will be done is a series of lemmas.

Note first that, as shown in Proposition 3.15, we have the norm estimate ||(T" —
2)7Y < 1/|S%|, and one can see from (4.1) that 0f/0z(z + iy) = O(y") for any
fixed x, so the subintegral function in (4.2) is locally bounded. By additional tech-
nical efforts one can show that the integral is convergent and defines an continuous
operator with || f(7)| < ¢||f|lns1 for some ¢ > 0. Using this observation and the
density of C°(R) in A the most proofs will be provided for f € C2° and extended
to A and larger spaces using the standard density arguments.

Lemma 4.2. If F € C°(C) and F(z) = O(y?) as y — 0, then

- [[F @2 day=o

Proof. By choosing a sufficiently large N > 0 one may assyme that the support
of F is contained in 2 := {z € C : |z| < N,|y| < N}. For small ¢ > 0 define
Q.:={z€C:|z] < N,e <yl < N}. Using the Stokes formula we have

1 -1
_15%%// dxdy_m%éﬂep(z)@—z) dz.

The boundary 0€). consists of eight segments. The integral over the vertical segments
and over the horizontal segments with y = =N are equal to 0 because the function
F vanishes on these segments. It remains to estimate the integrals over the segments
with y = +e. Here we have ||(T — 2)7!|| < e7! and

e—0 27

1
|A|l < lim _j{ (]F(x +ig)| + | F(x — ie)|>5’1dx =0. O
00,

Corollary 4.3. For f € A the integral in (4.2) is independent of the choice of n > 1
and o.

Proof. For f € C2°(C) the assertion follows from the definition of f and Lemma
4.2. This is extended to A using the density arguments. O
Lemma 4.4. Let f € C>°(R) with supp f NspecT =0, then f(T) =

Proof. If f € C°(R), then obviously f € C°(C). One can find a finite family

of closed curves 7, which do not meet the spectrum of 7" and enclose a domain U
containing supp f. Using the Stokes formula we have

// T — z) dxdy—z j[f ) ldz.
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All the terms in the sum are zero, because fvanishes on Y. O]

Lemma 4.5. For f,g € A one has (fg)(T) = f(T)g(T).

Proof. By the density arguments is it sufficient to consider the case f,g € C>°(R).
Let K and L be large balls containing the supports of f and g respectively. Using
the notation w = u + v, u,v € R, one can write:

f(T ////%g—ﬁ (T — 2) (T — w) ™" d dy du dv.

KxL
Using the resolvent identity

(T —2) YT —w)™ = 1 (T —w)™* —

w—z w—z

we rewrite the preceding integral in the form

o) =5 [[ B ([ 2L dedy)dudv

1
— = Lar- dudv ) da dy.
7r2//K82( //8ww—zuv v
By Lemma 4.1 we have

// azw_zda:dy—ﬂf // aww_zalualv:—7rg(z),

and we arrive at

_ 1 f<w>3_E<T —w) 'dudv + 1 ’g(z)ﬁ(T —2) "tz dy
=0 + ) 705
//KUL 82 ~ ) dmdy

B afg (fg— fg) ~
—}/C_az (T — 2) 'dedy + — //C—az (T = 2) " dx dy
1 o(fg — fg) _
+ ; / - T(T — Z) 1d37 dy

By direct calculation one can see that (E — f9)(z) = O(y?) for small y, and Lemma
4.2 shows that the second integral is zero. O

Lemma 4.6. Let w € C\ R. Define a function r, by r,(z) = (z —w)~'. Then
ro(T) = (T —w)™
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Proof. We provide just the main line of the proof without technical details (they
can be easily recovered). Use first the independence of n and 0. We take n = 1 and
put o(z) = 7(A\y/(x)) where A > 0 is sufficiently large, to have w ¢ supp o. Without
loss of generality we assume Sw > 0. For large m > 0 consider the region

()

Qn={2€C: |z| <m, g<y<2m}.
Using the definition and the Stokes formula we have

ro(T) = lim l// %(T—Z)_ldiﬁdy: lim L Tw(2) (T —2)7" dz.

Qm 8? m—o0 2771 m

By rather technical explicit estimates (which are omitted here) one can show that

lim (?w(z) — rw(z)> (T —2)"tdz =0.

m—oo o

and we arrive at

1 1
ro(T) = =— lim
2w m—oo Jyq 2 —w

(T — 2)" ' dz.

For sufficiently large m one has the inclusion w € €2,,,. For any f, g € H the function
C >z (f,(T—2)"'g) € Cis holomorphic in Q,,, so applying the Cauchy formula,
for large m we have

1 1

i T = (T - ) ),
which shows that 7, (T) = (T — w)™". O
Lemma 4.7. For any f € A we have:

(a) f(T)=f(T),

() [[FD] < [ Fll-

Proof. The item (a) follows directly from the equalities

(T-2")' =T-27" f)=]&.

To show (b), take an arbitrary ¢ > || f||o and define g(s) := c —/c* — [f(s)[>. One
can show that ¢ € A. There holds ff — 2cg + ¢g> = 0, and using the preceding

lemmas we obtain f(T)*f(T) — cg(T) — cg(T)* + g(T)*g(T) = 0, and
FT) F(T) + (e = g(T) (¢ = g(T)) = ¢
Let ¢y € H. Using the preceding equality we have:
L@l < 7l + | - o)
= (0 F@yFD) + (0. (= g(1) (e — g(T))v)
= ||y I*.

As ¢ > || f|loo was arbitrary, this concludes the proof. O
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All the preceding lemmas put together lead us to the following fundamental result.

Theorem 4.8 (Spectral theorem, continuous functional calculus). Let T' be
a self-adjoint operator in a Hilbert space H. There exists a unique linear map

Co(R)> f = f(T) € L(H)
with the following properties:
o f— f(T) is an algebra homomorphism,
o f(T)=f(T),
o [lFMDI < 1Sl
o ifw g R and r,(s) = (s —w)™t, then r,(T) = (T —w)™ ",
e if supp f does not meet specT, then f(T) = 0.

Proof. Existence. If one replaces Cy by A, everything is already proved. But A
is dense in Cy(R) in the sup-norm, because C:°(R) C A, so we can use the density
argument.

Uniqueness. If we have two such maps, they coincide on the functions f which
are linear combinations of r,,, w € C \ R. But such functions are dense in Cj by
the Stone-Weierstrass theorem, so by the density argument both maps coincide on
Co. m

Remark 4.9. One may wonder why to introduce the class of functions A: one could
just start by C2° which is also dense in Cj. The reason in that we have no intuition
on how the operator f(7') should look like if f € C2°. On the other hand, it is
naturally expected that for r,(s) = (s — w)~! we should have r,(T) = (T —w) ™",
otherwise there are no reasons why we use the notation r,(7). So it is important
to have an explicit formula for a sufficiently large class of functions containing all
such 7.

4.2 L? spectral representation

Now we would like to extend the functional calculus to more general functions, not
necessarily continuous and not necessarily vanishing at infinity:.

Definition 4.10 (Invariant and cyclic subspaces). Let H be a Hilbert space,
L be a closed linear subspace of H, and 7" be a self-adjoint linear operator in H.
Let T be bounded. We say that L is an invariant subspace of T' (or just T-invariant)
if T'(L) C L. Wesay that L is a cyclic subspace of T with cyclic vector v if L coincides
with the closed linear hull of all vectors p(T")v, where p are polynomials.

Let T be general. We say that L is an invariant subspace of T' (or just T-invariant)
if (T —2)"%(L) C L for all z ¢ R. We say that L is a cyclic subspace of T with
cyclic vector v if L coincides with the closed linear space of all vectors (T' — z)~ v
with z ¢ R. O
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Clearly, if L is T-invariant, then L' is also T-invariant.

Proposition 4.11. Both definitions of an invariant/cyclic subspace are equivalent
for bounded self-adjoint operators.

Proof. Let T'=T" € L(H). We note first that resT is a connected set.

Let a closed subspace L be T-invariant in the sense of the definition for bounded
operators. If z € C and |z| > |||, then z ¢ specT and

™ <«
(T—-2)"= —z(l — —) = E R A
z
n=0

If z € L, then T"x € L for any n. As the series on the right hand side converges in
the operator norm sense and as L is closed, (T'— z)~'z belongs to L.
Let us denote W = {z € resT : (I' — z)"(L) C L}. As just shown, W is non-
empty. On the other hand, W is closed in resT in the relative topology: if z € L,
z, € W and z, converge to z € W, then (T — 2,) 'z € L and (T — z,) 'z converge
to (T'— z)~'z. On the other hand, W is open: if zg € W and |z — 2| is sufficiently
small, then

(T -2t = Z(z — 20)"(T — 29) "1,

n=0

see (3.4), and (T — z)"'L C L. Therefore, W = resT, which shows that L is
T-invariant in the sense of the definition for general operators.
Now let T' = T* € L(H), and assume that L is T-invariant in the sense of the
definition for general operators, i.e. (T — 2)"'(L) C L for any z ¢ R. Pick any
z ¢ R and any f € L. We can represent T f = g+ h, where g € L and h € L*
are uniquely defined vectors. As L+ is T-invariant, (T'— z)~'h C L*. On the other
hand

(T—2)'h=(T -2 Tf—-g)
= (T =2 ((T—2)f+z2f—9)
= f+(T—2)"(zf —g).

As zf —g € L, both vectors on the right-hand side are in L. Therefore, (T'—2)"h €
L, and finally (T — 2)"'h = 0 and h = 0, which shows that Tf = g € L. The
equivalence of the two definitions of an invariant subspace is proved.

On the other hand, for both definitions, L is T-cyclic with cyclic vector v iff L is the
smallest T-invariant subspace containing v. Therefore, both definitions of a cyclic
subspace also coincide for bounded self-adjoint operators. O

Theorem 4.12 (L? spectral representation, cyclic case). Let T be a self-
adjoint linear operator in H and let S := specT. Assume that H is a cyclic subspace
for T with a cyclic vector v, then there exists a bounded measure p on S with
w(S) < ||vl|? and a unitary map U : H — L*(S,du) with the following properties:
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o a vector x € H is in D(T) iff Uz € L*(S,du), where h is the function on S
given by h(s) = s,

e for any € U(D(T)) there holds UTU ¢ = ha.

In other words, T is unitarily equivalent to the operator My, of the multiplciation by

h in L*(S, dp).

Proof. Step 1. Consider the map ¢ : Co(R) — C defined by ¢(f) = <v,f(T)v>.
Let us list the properties of this map:

e ¢ is linear,

o o(f) = o(]),
e if f >0, then ¢(f) > 0. This follows from

8(f) = (v, F(TW) = (o, /FIVFTW) = |V T
o |6(0)] < IIF oo 012

By the Riesz representation theorem there exists a uniquely defined regular Borel
measure j such that

o(f) = / fdp for all f e Cy(R).
R
Moreover, for supp f NS = 0 we have f(T) = 0 and ¢(f) = 0, which means that
supp 4 C S, and we can write the above as
(v, f(T)v) = / fdp for all f e Cy(R). (4.3)
S

Step 2. Consider the map © : Co(R) — L?(S, du) defined by ©f = f. We have

(©F,0g) = /S Fodu = 6(F9)
= (v, [(T)*g(T)v) = (f(T)v,g(T)v).

Denote M := {f(T)v: f € Co(R)} C H, then the preceding equality means that
the map

U:HDM—= Co(R) C L*(S,dpu), U(f(T)v) =T,
is one-to-one and isometric. Moreover, M is dense in H, because v is a cyclic vector.
Furthermore, Cy(R) is a dense subspace of L*(S,du), as u is regular. Therefore, U
is uniquely extended to a unitary map from H to L?(S,du), and we denote this
extension by the same symbol.

Step 3. Let f, f; € Co(R) and ¢ := f;(T")v, j = 1,2. There holds
<¢1, f(T)¢2> = <f1<T)U: f(T)f2<T)U>
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= (v, (f1f f2)(T)v)
=éﬁmm
= (Uthr, MyUty),

where M; is the operator of the multiplication by f in L?*(S,du). In particular, for
any w ¢ R and r,(s) = (s —w) ™! we obtain Ur,,(T)U*¢ = r,& for all £ € L*(S, du).
The operator U maps the set ranr,(7T) = D(T) to the range of M, . In other
words, U is a bijection from D(T") to

ran M., = {¢ € L*(S,dp) : © — x¢(x) € L*(S,dp)} = D(My,).
Therefore, if € € L*(S, dp), then ¢ == r,& € D(M,),
Try(T)U*€ = (T — w)ry(T)U*E + wry (TYU*E = U*E + wry, (T)U*E
and, finally,
UTU* = UTU*r& = UTr,(T)U*E = U(U*E + wry, (T)U*E)
=& wryf =hp. O

Theorem 4.13 (L? spectral representation). Let T be a self-adjoint operator in
a Hilbert space H with specT =: S. Then there exists N C N, a finite measure j1 on
S x N and a unitary operator U : H — L*(S x N, du) with the following properties.

o Leth:Sx N — R be given by h(s,n) =s. A vector x € H belongs to D(T)
iff WUz € L*(S x N,du),

e for any 1y € U(D(T)) there holds UTU Y4 = ha.

Proof. Using the induction one can find N C N and non-empty closed mutually
orthogonal subspaces H,, C ‘H with the following properties:

e H= @nGN Hns

e cach H, is a cyclic subspace of T" with cyclic vector v, satisfying [|v,| < 27™.

The restriction 7;, of T to H,, is a self-adjoint operator in H,,, and one can apply to all
these operators Theorem 4.12, which gives associated measures p,, with p(S) <47,
and unitary maps U, : H,, — L*(S,du,). Now one can define a measure y on S x N
by 11(Q x {n}) = 11,,(Q), and a unitary map

U:H=EPH, — L*(S x N.du) = P L*(S. dp,)

neN neN

by U(t,) = (Unty,), and one can easily check that all the properties are verified. [
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Remark 4.14. e The previous theorem shows that any self-adjoint operator
is unitarily equivalent to a multiplication operator in some L? space, and
this multiplication operator is sometimes called a spectral representation of T
Clearly, such a representation is not unique, for example, the decomposition
of the Hilbert space in cyclic subspaces is not unique.

e The cardinality of the set NV is not invariant. The minimal cardinality among
all possible N is called the spectral multiplicity of T, and it generalizes the
notion of the multiplicity for eigenvalues. Calculating the spectral multiplicity
is a non-trivial problem. O

Theorem 4.13 can be used to improve the result of Theorem 4.8. In the rest of the
section we use the function & and the measure p from Theorem 4.13 without further
specifications.

Introduce the set B, consisting of the bounded Borel functions f : R — C. In

what follows, we say that f, € B, converges to f € B, and write f, EEN f if the
following two conditions hold:

e there exists ¢ > 0 such that || f, |« < ¢,
e fu(z) = f(x) for all z.

Definition 4.15 (Strong convergence). Wa say that a sequence A, € L(H)
converges strongly to A € L(H) and write A =s — lim A,, if Az = lim A,z for any
x € H. O

Theorem 4.16 (Borel functional calculus). (a) Let T be a self-adjoint oper-
ator in a Hilbert space H. There exists a map By > f — f(T) € L(H)
extending the map from Theorem 4.8 and satisfying the same properties except
that one can improve the estimate ||f(T)|| < || flleo oy || £ (D) < || floor-

(b) This extension is unique if we assume that the condition f, EEN f implies

F(T) = s — lim f,(T).

Proof. Consider the map U from Theorem 4.8. Then it is sufficient to define
f(T) := U*Myo,U, then one routinely check that all the properties hold, and (a) is
proved. To prove (b) we remark first that the map just defined satisfies the requested
condition: If z € L*(S,du) and f, By £ then fn(h)x converges to f(h)z in the
norm of L*(S x N,du) by the dominated convergence. But this means exactly that
f(T) = s—1lim f,,(T). On the other hand, Cy(R) is obviously dense in B, with
respect to the B, convergence, which proves the uniqueness of the extension.  [J
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4.3 Some direct applications of the spectral theorem

We have a series of important corollaries, whose proof is an elementary modification
of the constructions given for the multiplication operator in Example 3.6. We still

use without special notification the measure p and the function h from Theorem
4.13.

We will use without further

Corollary 4.17. e specT = ess,ranh,
o for any f € Bo, one has spec f(T') = ess, ran f o h,
e in particular, ||f(T)| = ess,sup|f o hl|.

Example 4.18. One can also define the operators ¢(7") with unbounded functions ¢
by ¢(T') = U* M, U. These operators are in general unbounded, but they are self-
adjoint for real-valued ¢; this follows from the self-adjointness of the multiplication
operators Mop,.

Example 4.19. The usual Fourier transform is a classical example of a spectral
representation. For example, Take H = L?*(R) and T = —id/dx with the natural
domain D(T) = H'(R). If F is the Fourier transform, then FTF is exactly the
operator of multiplication x +— z f(x), and specT = R.

In particular, for bounded Borel functions f : R — C one can define the operators
f(T) by f(I')h = F*M;F, where My is the operator of multiplication by f, i.e. in
general one obtains a pseudodifferential operator.

Let us look at some particular examples. Consider the shift operator A in ‘H which
is defined by Af(x) = f(z + 1). It is a bounded operator, and for any u € S(R)
we have FAF*u(p) = ePu(p). This means that A = 7, and this gives the relation
spec A ={z : |z| = 1}. On may also look at the operator B defined by

B = [ F(tydt.

Using the Fourier transform one can show that B = ¢(T'), where p(z) = 2sinx/x
with spec B = ¢(R).

Example 4.20. For practical computations one does not need to have the canonical
representation from Theorem 4.13 to construct the Borel functional calculus. It is
sufficient to represent T = U*M,;U, where U : H — L*(X,du) and My is the
multiplcation operator by some function f. Then for any Borel function ¢ one can
put o(T') = U*MyorU.

For example, for the free Laplacian T in H = L*(R?) the above is realized with
X = R?% and U being the Fourier transform, and with f(p) = p?. This means that
the operators ¢(7T) act by

o(T)f(x) = (QW—l)dﬂ /Rd o(p*) f(p)e™” da.
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For example,
1 ~
vV —A + 1f(.’£) = W /d £/ 1 —|—p2f(p)elp$ dx
R
and one can show that D(v/—A + 1) = HY(RY).

Theorem 4.21 (Distance to spectrum). Let T be a self-adjoint operator in a
Hilbert space H, and 0 # x € D(T), then for any X\ € C one has the estimate

dist(\, specT) < M

Proof. If A € specT, then the left-hand side is zero, and the inequality is valid.
Assume now that \ ¢ specT. By Corollary 4.17, one has, with p(z) = (z — \)™!,

1
dist(\, specT)’

(T = \)7|| = ess,sup|poh| =

which gives
1

lzll = WI(T" = A)7HT = A)af| < dist(\, specT)

(T = A)z|. O

Remark 4.22. The previous theorem is one of the basic tools for the constructing
approximations of the spectrum of the self-adjoint operators. It is important to
understand that the resolvent estimate obtained in Theorem 4.21 uses in an essen-
tial way the self-adjointness of the operator 7. For non-self-adjoint operators the
estimate fails even in the finite-dimensional case. For example, take H = C? and

0 1
= (00)

then specT = {0}, and for z # 0 we have

O]

For the vectors e; = (1,0) and e; = (0,1) one has (e, (T — 2)"'es) = —272, which
shows that the norm of the resolvent near z = 0 is of order 272, In the infinite
dimensional-case one can construct examples with ||(T" — 2)7!| ~ dist(z,specT)™
for any power n. O]

4.4 Spectral projections

Definition 4.23 (Spectral projection). Let T be a self-adjoint operator in a
Hilbert space H and €2 C R be a Borel subset. The spectral projection of T on € is
the operator Ep(Q2) := 1o(T'), where 1g is the characteristic function of €.

This exchange between the index and the argument is due to the fact that the
spectral projections are usually considered as functions of subsets  (with a fixed
operator 7). O
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The following proposition summarizes the most important properties of the spectral
projections.

Proposition 4.24. For any self-adjoint operator T acting a in a Hilbert space there
holds:

1. for any Borel subset Q C R the associated spectral projection Er(Q) is an
orthogonal projection commuting with T. In particular, Er(Q)D(T) C D(T).

2. Er((a,b)) =0 if and only if specT N (a,b) = 0.

3. for any X € R there holds ran Ep({\}) = ker(T — \), and f € ker(T — X) iff
f=Er({A}f.

4. specT ={NeR: ET(()\—E,)\+E)) # 0 for all € > 0}.

Proof. To prove (1) we remark that 13 = 1g and 1g = 1g, which gives
Er(Q)Er(Q) = Er(Q) and Ep(Q) = E7(Q)* and shows that Er(f2) is an orthog-
onal projection. To prove the commuting with 7" we restrict ourselves by consid-
ering T' realized as a multiplication operator from Theorem 4.8. Let = € D(T),
then hax € L?(S, x N, p) and, subsequently, h - 1g o h - € L? which means that
lgx € D(T). The commuting follows now from h-lgoh-z=1goh-h-x.

To prove (2) we note that the condition ET((CL, b)) = 0 is, by definition, equivalent
to 1(qp0h = 0 p-e.a., which in turn means that (a, b)Ness, ran h = ), and it remains
to recall that ess,ranh = specT, see Corollary 4.17.

The items (3) and (4) are left as elementary exercises. O

As an important corollary of the assertion (4) one has the following description of
the spectra of self-adjoint operators, whose proof is another simple exercise.

Corollary 4.25. Let T be self-adjoint, then X\ € specT if and only if there exists a
sequence x,, € D(T') with ||x,|| > 1 such that (T — \)z,, converge to 0.

One can see from Proposition 4.24 that the spectral projections contains a lot of
useful information about the spectrum. Therefore, it is a good idea to understand
how to calculate them at least for simple sets 2. As a simple example we consider
the computation of the spectral projector to a point (which allows one to test if the
point is an eigenvalue).

Proposition 4.26 (Spectral projection to a point). For any A € R there holds

Er({\}) = —is —lime(T — X\ —ig) "

e—0+
Proof. For € > 0 consider the function
1€
z) = ——.
fe() T —\—1ie

One has the following properties:
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o |f<1,

i fs(/\) =1,
o if z # A\, then f.(z) tends to 0 as ¢ tends to 0.

This means that f. LN 115y By Theorem 4.16, Ep({\}) = s — lim._,o4 f-(7), and
it remains to note that f.(T) = (T — A —ig)~! by Theorem 4.8. O

As a final remark we mention that the map Q +— E7(2) can be viewed an operator-
valued measure, and one can integrate reasonable scalar function (bounded Borel
ones or even unbounded) with respect to this measure using e.g. the Lebesgue
integral sums. Then one obtains the integral representations,

7= [ M), 1D) = [ F0E),

and the associated integral sums can be viewed as certain approximations of the
respective operators.

4.5 Tensor products (and operators with separated vari-
ables)

We will briefly* review the construction of tensor products of Hilbert spaces. Let H
and H' be two Hilbert spaces. Our goal is to construct their tensor product H ® H’,
which should be interpreted as the Hilbert spaces of “products” of the vectors from
H and H'. We consider first the set of all (formal) finite linear combinations of the
elements of H x H’,

A={Yai65.0): (0.0 eHxH, ajeC)
j=1

and then its subset

Ao= {37 auon (D Y sh) . oy €M oL eH, ayfec)
j=1 k=1

Jk=1

We now consider the quotient £ := A/ A, write ¢ ® ¢’ for the equivalence class of
(p,¢'), and define

<¢ ® ¢/a 77Z) ® ¢,> - <¢7 ¢>H<¢,7 ¢,>'H’7

which then extends by sesquilinearity to the whole of £. It can be shown that
this defines a scalar product on £. Be definition, the tensor product H ® H' is
the completion of £ with respect to this scalar product. By direct computations
one shows the following result, which simplifies many manipulations with tensor
products.

4Most constructions are just sketched here. We refer to G. Teschl: Mathematical methods in
quantum mechanics. With applications to Schridinger operators. AMS, 2009, §§1.4 and 4.5
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Theorem 4.27. If (¢;) and (¢}) are orthonormal bases in H and H' respectively,
then (¢; ® ¢},) is an orthonormal basis in H & H'.

Theorem 4.28. If (M, ) and (M',dy') are measure spaces, then
LA(M,p) @ LA (M, (/) = L*(M x M, x 1),

Proof. The result becomes almost obvious, if one identifies ¢ ® ¢’ with the function
(z,2") — ¢(x)p(a’). First, this shows immediately that L*(M,pu) @ L*(M', ') C
L*(M x M', i x i'). To show the equality, let (¢;) and (¢}) be orthonormal bases in
L*(M, ) and L*(M’, 1) respectively and f € L*(M x M’, o x i) be orthogonal to
all ¢; ® ¢},. We just need to show that f = 0. The orthogonality condition means
that

| [ 5@ @ ! o' r) = 0 for .
M J M’

in particular,

/ ¢;(x) fr(x)dp(z) for all j,k,  fi(x) == O (@) f (2, 2")dp(2').

M M

IT follows that for each k one has fi(xz) = 0 for p-a.e. z, and then f(z,2") = 0 for
p-a.e. r and p'-a.e. x’, hence f = 0. ]

Let A; be self-adjoint operators in Hilbert spaces H;, j = 1,...,n. With any

monomial A" - ... A" m; € N, one can associate the operator A" ® -A7"" in

H:=Hi®: - ®H, defined by
(A" @ @A) (W ® - @ Yn) = A" Y1 @+ @ AT, Uy € D(A}Y),

and then extended by linearity; here the zero powers A? equal the identity operators
in the respective spaces.

Remark 4.29. For an operator A in a Hilbert space H the domain D(A") is usually
defined in a recursive way:

D(A%) =H and D(A") = {z € D(A) : Az € D(A" ")} for n € N.

As an exercise one can show that for a self-adjoint A one has D(A™) = ran Ra(2)"
with any z € res A and that D(A™) is dense in ‘H for any n. O

Using the above construction one can associate with any real-valued polynomial P
of A1,..., A\, of degree N a linear operator P(Ay,...,A,) in ‘H defined on the set H
consisting of the linear combinations of the vectors of the form ¢ ® - - - ® 1, with
Y € D(Aé-v ).

Theorem 4.30 (Spectrum of tensor product). Denote by B the closure of the
above operator P(Ay, ..., Ay,), then B is self-adjoint , and

spec B = {P(A1,...,\,) : \j € spec A;}.
One denotes B := P(Aq, ..., An).
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Sketch of the proof. The complete proof involves a number of technicalities, but the
main idea is rather simple. By the spectral theorem, it is sufficient to consider the
case when A; is the multiplication by a certain function f; in H; = L*(M;, du;).
Then

H=L*M,du), M=M XXM, p=p®: - i,

and P(A,...,A,) acts in H as the multiplication by p, p(z1,...,2,) =
P(fi(z1),..., fa(z,)), and its domain includes at least all the linear combinations
of the functions ¢ ®- - - ®1),, where 1; are L? with compact supports. It is a routine
to show that the closure of this operator is just the usual multiplication operator by
p, which gives the sought relation. O

Example 4.31 (Laplacian in rectangle). A typical example of the above con-
struction is given by the Laplacians in rectangles. Namely, let a,b > 0 and
Q= (0,a)x(0,b) C R*, H = L*(Q), and T be the Dirichlet Laplacian in . One can
show that 7' can be obtained using the above procedure using the representation

T=Le®14+1® Ly = P(Lq, Ls),
where by L, we denote the Dirichlet Laplacian in H, := L?(0,a), i.e.
Lof = —f", D(L,) = H?*(0,a) N Hy(0,a),

and P(A1,A2) = A\ + Ao It is known (from the exercises) that the spectrum of
L, consists of the simple eigenvalues (mn/a)? n € N, with the eigenfunctions z
sin(mnx/a), and this means that the spectrum of 7" consists of the eigenvalues

™m ™

Amn(a,b) = (-)2 + (T)Z’ m,n €N,

a

and the associated eigenfunctions are the products of the respective eigenfunctions
for L, and L;,. The multiplicity of each eigenvalue A is exactly the number of pairs
(m,n) € N? for which A\ = \,,,,. Note that the closure of the set {\,,,} can be
omitted as this is a discrete set without accumulation points.

The same constructions hold for the Neumann Laplacians, one obtains the same
formula for the eigenvalues but now with m,n € NU {0}. O
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Exercise 13. Let T be a self-adjoint operator in a Hilber space H.

1.

Let A € R. Show: A € spec T if and only if there exists a sequence (x,,) C D(T)
with x,, # 0 such that
T = N

notoo |,

0.

Hint: One may construct x,, explicitly using the spectral projections on inter-
vals (A — e, A + &,,) for suitable &,,.

. For n € N, n > 2, define D,,(T') = {z € D(T) : Tz € D,,_1(T)}, where we set

Dy(T) := D(T'). Let T,, be the restriction of T' to D, (T). Show that D,(T) is
dense in ‘H for any n and that T,, =T

. Let X be an isolated eigenvalue of T'; this means that for some ¢ > 0 there

holds specT'N(A — g, A 4+ €) = {A}. Show: there exists a constant ¢ > 0 such
that [[(T — Nu|| > c||u|| for all u € D(T) Nker(T — \)*.

Exercise 14. Let T be a self-adjoint operator in a Hilbert space H. Given t € R
we define e to be fi(T) with fi(s) = e~ for all s € R.

1

2.

Prove that each operator e~ *1*

is unitary.
Prove that e 70+ = ¢=Tse—iTt for all 5.t € R.
Show that lim,_,, e *f = e ' f for any t € R and f € H.

Show that e "*D(T) c D(T).

. Let f € D(T). Define F': R — H by F(t) = e It f. Show that F' € C*(R,H)

and that it solves the differential equation iF"(t) = TF(t).

Exercise 15. Let v,w € L>(R) be real-valued. Consider the self-adjoint operators
A = —d?/dz* + v and B = —d?/dz* + w in L*(R), both defined using Friedrichs
extension.

Furthermore, consider the potential V : R? 3 (x,y) — v(z) + w(y) € R and the
operator C'= —A +V in L*(R?) defined using Friedrichs extension.

Show that C = A®1+1® B.
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5 Perturbations

5.1 Kato-Rellich theorem

We have seen since the beginning of the course that one needs to pay a great attention
to the domains when dealing with unbounded operators. The aim of the present
subsection is to describe some classes of operators in which such problems can be
avoided.

Definition 5.1 (Essentially self-adjoint operator). We say that a linear op-
erator 7' is essentially self-adjoint on a subspace D C D(T) if the closure of the
restriction of T to D is a self-adjoint operator. If the closure of T' is self-adjoint,
then we simply say that T is essentially self-adjoint. O

Proposition 5.2. An essentially self-adjoint operator has a unique self-adjoint ex-
tension.

Proof. Let T be an essentially self-adjoint operator, and let S be a self-adjoint
extension of T As S is closed, the inclusion T' C S implies 7" C 5. On the other
hand, S = S* C (T)* =T (as T is self-adjoint). This shows that S =T. O

Theorem 5.3 (Self-adjointness criterion). Let T be a closed symmetric operator
i a Hilbert space H, then the following three assertions are equivalent:

1. T 1s self-adjoint,
2. ker(T* + i) = ker(T* — i) = {0},
3. ran(T +i) =ran(T — i) = H.

Proof. The implication 1 = 2 is obvious: a self-adjoint operator cannot have non-
real eigenvalues.

To show the implication 2 = 3 recall first that ker(7T* 44) = ran(7 Fi)*. Therefore,
it is sufficient to show that the subspaces ran(7T" =+ i) are closed. For any f € D(T)
we have:

(T i) f||" = (T i) f, (T i) f) = (TF T+ f) £i((Tf, F) = (£, Tf))
= |TfI1> + || £

Let f, € ran(T + ¢) such that f, converge to some f € H. Find ¢, € D(T) with
fn = (T £1i)p,, then due to the preceding equality (¢,) and (T'¢,) are Cauchy
sequences. As T is closed, y,, converge to some ¢ € D(T') and T'p,, converge to Ty,
and then f, = (T £ i)y, converge to (T'+i)p = f and f € ran(T £ 7).

It remains to the prove the implication 3 = 1. Let ¢ € D(T*). Due to the
surjectivity of T'— i one can find ¢ € D(T) with (T —i)y = (T* —i)p. AsT C T*,
we have (T* —i)(¢» — ) = 0. On the other hand, due to ran(T + i) = H we have
ker(T™ — ¢) = 0, which means that ¢ = ¢ € D(T). O
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Note that during the proof we obtained the following simple fact:

Proposition 5.4. Let T be a symmetric operator, then ran(T + i) = ran(T =4 1).

This leads as to the following assertion:

Corollary 5.5 (Essential self-adjointness criterion). Let T be a symmetric
operator in a Hilbert space H, then the following three assertions are equivalent:

1. T 1s essentially self-adjoint,
2. ker(T* +1i) = ker(T* — i) = {0},
3. ran(T + i) and ran(T — i) are dense in H.

Remark 5.6. The above theorem can be modified in several ways. For example, it
still holds if one replaces T'+ i by T + i\ with any A € R\ {0}. For semibounded
operators we have an alternative version:

Theorem 5.7 (Self-adjointness criterion for semibounded operators). Let
T be a closed symmetric operator in a Hilbert space H and T > 0 and let a > 0,
then the following three assertions are equivalent.

1. T 1s self-adjoint,
2. ker(T* + a) = {0},
3. ran(T +a) = H.

This is left as an exercise. The analogues of Proposition 5.4 and Corollary 5.5 hold
as well. O

Now we would like to apply the above assertions to the study of some perturbations
of self-adjoint operators.

Definition 5.8 (Relative boundedness). Let A be a self-adjoint operator in a
Hilbert space H and B be a linear operator with D(A) C D(B). Assume that there
exist a,b > 0 such that

IBfI < allAfl|+0llf[I for all f e D(A),

then B is called relatively bounded with respect to A or, for short, A-bounded. The
infimum of all possible values a is called the relative bound of B with respect to A.

If the relative bound is equal to 0, then B is called infinitesimally small with respect
to A. O

Theorem 5.9 (Kato-Rellich). Let A be a self-adjoint operator in H and let B be
a symmetric operator in H which is A-bounded with a relative bound < 1, then the
operator A + B with the domain D(A + B) = D(A) is self-adjoint. Moreover, if A
is essentially self-adjoint on some D C D(A), then A+ B is essentially self-adjoint
on D too.
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Proof. By assumption, one can find a € (0,1) and b > 0 such that

|Bu|| < al||Aul|| + bljul|, for all w € D(A). (5.1)
Step 1. As seen many times, for any A > 0 one has

(A + B+iNul* = [[(A+ B)ul|* + N||ul>
Therefore, for all u € D(A) one can estimate

2||(A+ B £ iNul| > ||(A+ B)u|| + Au]| > ||Au]| — || Bul| + Allu|
= (1= a)f|Auf + (A = D)f|ul]. (5.2)

Let us pick some A > b.

Step 2. Let us show that A+ B with the domain equal to D(A) is a closed operator.
Let (u,) C D(A) and f, := (A + B)u, such that both u, and f, converge in H. By
(5.2), Au, is a Cauchy sequence. As A is closed, u,, converge to som u € D(A) and
Au,, converge to Au. By (5.1), Bu, is a Cauchy sequence and is hence convergent
to some v € H. Let us show that Bu, converge exactly to Bu (actually for closed
B this would be automatic, but we did not assume that B is closed!). Take any
h € D(A), then (v, h) = im(Bu,, h) = lim(u,, Bh) = (u, Bh) = (Bu, h). As D(A)
is dense, it follows that v = Bu. So finally (A + B)u,, converge to (A + B)u. This
shows that A + B is closed.

Step 3. Let us show that the operators A 4+ B + i\ : D(A) — H are bijective at
least for large A. As previously, we have ||(A £ i\)ul]? = ||Au|* + A?||u]|*>. Then

(A% i\u|| = (a + ’—;) (A £ iy

b

1Bull < allAull + bl < of|(A £ iX)ul| +

As a € (0,1), we can choose A sufficiently large to have a + b/|A| < 1. This means
that for such A we have HB(A + z’)\)_lH < 1. Now we can represent

A+ B+ir= <1+B(Aii)\)‘1)(Aiz')\).

As A is self-adjoint, the operators A+ : D(A) — H are bijections, and 1+ B(A+
iA) "1 is a bijection from H to itself. Therefore, A+ B=+i) are bijective, in particular,
ran(A + B £i)\) = H. By Theorem 5.3 and Remark 5.6, A+ B is self-adjoint.

The part concerning the essential self-adjointness is reduced to the proof of the
relation A + B = A + B, which is an elementary exercise. m

5.2 Essential self-adjointness of Schrodinger operators

The Kato-Rellich theorem is one of the tools used to simplify the consideration of
the Schrodinger operators.
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Theorem 5.10. Let V € LP(R?) + L°(R?) be real-valued with p = 2 if d < 3 and
p > d/2 if d > 3, then the operator T = —A + V with the domain D(T) = H?*(R?)
is a self-adjoint operator in L*(R?), and it is essentially self-adjoint on C>°(RY).

Proof. We give the proof only for the dimension d < 3. For all f € C>°(R%) and
A > 0 we have the representation

1 ipz T
@) = Gy [ e ) do

1 1, ~
= nie /de +A(p + ) f(p)dp
1

< ol ot + i)
< G|z |- (127 A7) = asllAf1 + bl )
with
1 1 by
ay = (2m)dr2 by = mya2 |l 2+ )\H

By density, for all f € H?(R?) and all A\ > 0 we have

[fllse < axl[AF]+ Al

By assumption we can represent V = V; + V5 with V; € L*(R?) and V5 € L>(R?).
Using the preceding estimate we arrive at

VA< IR+ IVaf | < IVillal Flloo + IVRILAL < @IAST+0AIFIL f € HAR),

with @y = ||[Vi]l2ax and by = ||[Vil2bx + ||Vale. As @y can be made arbitrary small
by a suitable choice of A, we see that the multiplication operator V is infinitesimally
small with respect to the free Laplacian, and the result follows from the Kato-Rellich
theorem.

The above proof does not work for d > 3 as the function p — (p? + A\)~! does not
belong to L?(R%) anymore. The respective parts of argument should be replaced by
suitable Sobolev embedding theorems. O]

Example 5.11 (Coulomb potential). Consider the three-dimensional case and
the potential V(z) = a/|z|, a € R. For any bounded open set € containing the
origin, one has 1oV € L*(R3) and (1 — 1q)V € L>®(R?), and finally V € L*(R3) +
L>(R?). This means that the operator T' = —A+a/|z] is self-adjoint on the domain
H?(R?) and is essentially self-adjoint on C%°(R?).

Let us mention some other conditions guaranteeing the essential self-adjointness of

the Schrodinger operators for other types of potentials. This allows one to include
potentials growing at infnity (which is impossible in the preceding theorem).
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Theorem 5.12. Let H = L*(R?) and let V € LS. (RY) be real-valued such that for

loc
some ¢ € R one has the inequality
(u, (A +V)u) = cf|ul|”

for all w € C®(RY). Then the operator T = —A + V is essentially self-adjoint on
C>(RY).

Proof. By adding a constant to the potential V' one can assume that 7" > 1. In
other words, using the integration by parts,

/Rd’VU(Z’)}Qdm+/RdV(x)’u(x)’2dx2/}Rd’u(m)’de (5.3)

for all u € C°(R?), and this extends by density at least to all u € H},, (R?). By
Theorem 5.7 it is sufficient to show that the range of T" is dense.

Let f € L*(R?) such that (f,(—A + V)u) = 0 for all u € C=*(R?). Note that T
preserves the real-valuedness, and we can suppose without loss of generality that f is
real-valued (otherwise one considers its real and imaginary parts). We have at least

(—=A+V)f =0in the sense of D'(RY), and Af =V f. As V is locally bounded, the
function V f is in L2 _(R?). Using the rather standard elliptic regularity argument

loc

one then obtains f € H2_(RY) (the elliptic regularity is shown in PDE courses).

Let us pick a real-valued function ¢ € C®(R?) such that p(x) = 1 for |z| < 1,
that ¢(z) = 0 for || > 2 and that 0 < ¢ < 1, and introduce functions ¢, by
on(z) = p(z/n). For any u € H (RY) we have:

/ V(gpnf)V(gonu)dx—l—/ Vo, fonud
Rd R
:/ <|Vgpn|2fu+g0anon(fVu+qu)+g0,%VfVu>dx+/ Voo fonudr
R4 Rd
—/ |Vg0n‘2fudx+/ (fVu—uVf)e,Veo,de+1, (5.4)
Rd Rd
where
I:/ Vf(2upn Ve, + ©2Vu) d:c—l—/ Vo2 fudz
R4 Rd
:/ Vf(uV(g:) + ¢2Vu) dx+/ V2 fuda
R4 R4
:/ VfV(gpiu)da:jL/ V2 fudz
Rd Rd
=— | fA(¢ ) d:c—l—/ Vo2 fud;
]Rd

Rd

in the last step we have used the integration by parts in the first summand. In other
words I = (f, T(p%u)). As ¢>u € C*(R?), one has I = 0, and then
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/ V(onf)V (pnu)dz + / Von fonuds
R4 Rd
:/ \V90n|2fUd$+/ (fVu —uV f)p, Ve, dz.
R4 Rd

This extends by density to u € H2 (R?), and for u = f one has

/\V(gpnf)yzdﬁ/ vgoiﬂdx:/ V|’ 12 de.
R4 R4 R4

Using (5.3) we arrive at

/ Vu|2f2 de > / 2 fde > / 2 e,
Rd Rd Q

where  is any ball. As n tends to infinity, the left-hand side goes to 0: one has
IVenllo = = ¢, and one can apply the dominated convergence theorem. On
the other side, the restriction of ¢, f to 2 coincides with f for sufficiently large n,
and this means that f vanishes in . As Q is arbitrary, f = 0 a.e. in R%. O

We show that the both results can be combined in order to deal with more general
potentials in one dimension:

Theorem 5.13. Let V € L% (R) with V > —c, then T = —A +V is essentially
self-adjoint with domain C>°(R) is essentially self-adjoint in L*(R).

Proof. Wihout loss of generality we will assume that V' > 1. On each interval
[n,n + 1], n € Z, one can find a continuous function w, satisfying u, > 1 and

|V — un||L2(n i1y <277, then the function U =3~ ) tnl(nnt1) satisfies

nez
U>1, UecLX(R), W:=V-Uc L*R).

We already know (Theorem 5.12) that Ty := —A + U is essentially self-adjoint on
C>(R). By Kato-Rellich theorem (Theorem 5.9) it is now sufficient to show that

W is Tp-bounded with relative bound < 1. (5.5)

In Exercise 8 we have shown Hf||200(R) < / (If' +|f?) dx for all f € H'(R). For
R
f € C°(R) we have then

IW F 72wy < IWT2my L f 17y < ||W||%2(R)/R<|f,|2 +[f1?) dz
< IW g [ (£ + U1 d

W HL
= W lFaqy(Tof, £) < SIW eI Tof 112 + ——2IIf1

where ¢ > 0 is arbitrary, and this extends to
2 2 e 2 H HL (]R 2 R
HWfHLOO(]R) < 5”WHL2(R)HTofH [ f]|* for all f € D(Tp).
For small § we arrive at the claim (5.5), which concludes the proof. ]
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In fact Theorem 5.13 holds in literally the same form in all dimensions (usually
referred to as Kato theorem), but the proof requires some advanced PDE tools.
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Exercise 16. Let T" be a symmetric operator in a Hilbert space H, T" > 0. Let
a > 0. Show that the following three assertions are equivalent:

1. T is essentially self-adjoint,
2. ker(T* + a) = {0},
3. ran(T + a) is dense in H.

Exercise 17. Let A be a self-adjoint operator in H and B be a symmetric operator
which is A-bounded with relative bound < 1.

Let D C D(A) we a subspace on which A is essentially self-adjoint. Show that
A+ B is also essentially self-adjoint on D. (This completes the proof of Kato-Rellich
theorem.)
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5.3 Discrete and essential spectra

Up to now we just distinguished between the whole spectrum and the point spec-
trum, i.e. the set of the eigenvalues. Let us introduce another classification of
spectra, which is useful when studying various perturbations.

Definition 5.14 (Discrete spectrum, essential spectrum). Let T be a self-
adjoint operator in a Hilbert space H. We define its discrete spectrum specyy. 1’

by
SP€Cyiee 1 = {)\ € specT : de > 0 with dimran ET(()\ —&, A+ 5)) < oo}
The set spec. T := specT \ specy. T is called the essential spectrum of T. ]

The following proposition gives an alternative description of the discrete spectrum.

Proposition 5.15. A real A belongs to specy. T iff it is an isolated eigenvalue of
T of finite multiplicity.

Proof. Let A € specy. T, then there exists g > 0 such that the operators ET(()\ —
g, >\+€)) do not depend on ¢ if € € (0,9). On the the other hand, this limit operator
is non-zero, as A € specT. This means Er({\}) =s — lim._o Er((A—e,A+¢)) #
0, and A € spec, T by Proposition 4.24(3). At the same time, Ep((A — g, \)) =
Er((A\,A+&)) = 0, and Proposition 4.24(2) show that A is an isolated point of the
spectrum.

Now let A be an isolated eigenvalue of finite multiplicity. Then there exists ¢y > 0
such that Er((A—go,A)) = Er((A, A+eo)) =0, and dimran Er({\}) = dim ker(T—
A) < oo. Therefore,
dim ran ET(()\ — 0, A+ 50)) = dimran ET(()\ — €o, )\))
+ dimran Ep((A, A + &) + dimran Br({A}) < co. O

Therefore, we arrive at the following direct description of the essential spectrum

Proposition 5.16. A value A\ € specT' belongs to spec,, T iff at least one of the
following three conditions holds:

e \¢&spec, T,
e )\ is an accumulation point of spec, T,
e dimker(7T — \) = oc.
Furthermore, the essential spectrum is a closed set.

Proof. The first part just describes the points of the spectrum which are not iso-
lated eigenvalues of finite multiplicity. For the second part we note that spec. 7T
is obtained from the closed set specT” by removing some isolated points. As the
removing an isolated point does not change the property to be closed, spec, 1" is

also closed. O
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Let us list some examples.

Proposition 5.17 (Essential spectrum for compact operators). Let T be a
compact self-adjoint operator in an infinite-dimensional space H, then spec. T =

{0}.

Proof. By Theorem 3.21, for any € > 0 the set specT\ (—¢,¢) consists of a finite
number of eigenvalues of finite multiplicity, hence we have: spec, T \ (—¢,¢) = 0
and dimran By (R \ (—¢,£)) < oo. On the other hand, dimH = dimran Er (R \
(—e,¢)) + dimran Er((—¢,¢)), and dimran Er((—¢,£)) must be infinite for any
e > 0, which means that 0 € spec,T'. ]

Proposition 5.18 (Essential spectrum of operators with compact resol-
vents). The essential spectrum of a self-adjoint operator is empty if and only if the
operator has a compact resolvent.

Proof is left as an exercise.

Sometimes one uses the following terminology:

Definition 5.19 (Purely discrete spectrum). We say that a self-adjoint operator
T has a purely discrete spectrum in some interval (a,b) if spec., T N (a,b) = 0. If
one has simply spec, T = ), then we say simply that the spectrum of T is purely
discrete. As follows from the previous proposition, this exactly means that 7" has a
compact resolvent. O

Example 5.20. As seen several times, the free Laplacian in L?(R?) has the spectrum
[0, 4+00). This set has no isolated points, so this operator has no discrete spectrum.

The main difference between the discrete and the essential spectra comes from their
behavior with respect to perturbations. This will be discussed in the following
sections.

5.4 Weyl criterion and relatively compact perturbations

Let T be a self-adjoint operator in a Hilbert space H.

The following proposition is an exercise.

Proposition 5.21. Let A be an isolated eigenvalue of T, then there exists ¢ > 0
such that ||(T — Nu|| > c||u|| for all u L ker(T — \).

The following theorem gives a description of the essential spectrum using approxi-
mating sequences.

Theorem 5.22 (Weyl criterion). The condition \ € spec. T is equivalent to the
existence of a sequence (uy,) C D(T) satisfying the following three properties:

L fun = 1,
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2. u, converge weakly to 0,

3. (T — Nuy, converge to 0 in the norm of H.

Such a sequence will be called a singular Weyl sequence for \. Moreover, as will be
shown in the proof, one can replace the conditions (1) and (2) just by:

1. u, form an orthonormal sequence.

Proof. Denote by W(T') the set of all real numbers A for which one can find a
singular Weyl sequence.

Show first the inclusion W(T') C spec. 7. Let A € W(T) and let (u,) be an
associated singular Weyl sequence, then we have at least A € specT. Assume by
contradiction that A\ € specgy, T and denote by II the orthogonal projection to
ker(T'— A) in H. As II is a finite-rank operator, it is compact, and the sequence
[Mu,, converge to 0. Therefore, the norms of the vectors w, := (1 — IT)u, satisfy
||wy,|| > 1/2 for large n. On the other hand, the vectors (T'—X)w,, = (1-11)(T—A)u,,
converge to 0, which contradicts to Proposition 5.21.

Conversely, let A € spec,T. If A is an isolated point of specT’, then it is an
eigenvalue of infinite multiplicity, so one can taka as (u,) any orthonormal family
in ker(7"— A). If X\ is not an isolated point of specT’, then one can find a strictly
decreasing to 0 sequence (g,,) with Er (I, \ I,41) # 0, where I, := (A — g, A + &,,).
Now we can choose u,, with ||u,| =1 and Ep(I, \ I,41)u, = u,. These vectors form
an orthonormal sequence and, in particular, converge weakly to 0. On the other
hand,

(T = Aunll = [[(T" = A Er(Ln \ Ini1)un|| < enllun]] = e,

which shows that the vectors (7" — A\)u,, converge to 0. Therefore, (u,) is a singular
Weyl sequence, and spec,,, T C W(T). O

The following theorem provides a starting point to the study of perturbations of
self-adjoint operators.

Theorem 5.23 (Stability of essential spectrum). Let A and B be self-adjoint
operators such that for some z € res A Nres B the difference of their resolvents
K(z):=(A—2)"' — (B —2)""is a compact operator, then spec., A = spec,, B.

Proof. One can easily see, using the resolvent identities (Proposition 3.4), that
K(z) is compact for all z € res ANres B.

Let A € spece A and let (u,) be an associated singular Weyl sequence. Without
loss of generality assume that ||u,| =1 for all n. We have
1 1
. N1 _ T _ )1 _ —
lim ((A z) o Z)un lim o )\(A 2) 7 (A= Nu, = 0. (5.6)

On the other hand, as K(z) is compact, the sequence K (z)u,, converges to 0 with
respect to the norm, and
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lim

1/\(B—/\)(B—z)1un:1im (B2 L i

z — —z

= lim ((A—z)’l —5 !

)un —lim K (2)u, = 0.
—z

Now denote v,, := (B—2z)"'u,. The preceding equality shows that (B—\)v,, converge
to 0, and one can easily show that v, converge weakly to 0. It follows again from
(5.6) and from the compactness of K(z) that lim||v,| = |\ — z|~!. Therefore, (v,)
is a singular Weyl sequence for B and A, and A € spec., B. So we have shown the
inclusion spec,, A C spec B. As the participation of A and B is symmetric, we
have also spec,, A D spec, B. O

Let us describe a class of perturbations which can be studied using the preceding
theorem.

Definition 5.24 (Relatively compact operators). Let A be a self-adjoint op-
erator in a Hilbert space H, and let B a closable linear operator in H with
D(A) C D(B). We say that B is compact with respect to A (or simply A-compact)
if B(A — z)™! is compact for at least one z € res A. (It follows from the resolvent
identitites that this holds then for all z € res A. O

Proposition 5.25. Let B be A-compact, then B is infinitesimally small with respect
to A.

Proof. We show first that

. _an -l —
Jim |B(A—iA\)7!| =0 (5.7)
Assume that (5.7) is false. Then one can find a constant o > 0, non-zero vectors u,
and a positive sequence A, with lim A, = +oo such that || B(A —iX)'u,|| > aflu,||
for all n. Set v, := (A—i)\,) tu,. Using ||u,||* = H(A—i)\n)vnH2 = || Av, |2+ A2 v, |2
we obtain
[Buall* > o[ Ava|* + A7 [[vn .

Without loss of generality one may assume the normalization ||Bv,| = 1, then the
sequence Av, is bounded and v,, converge to 0. Let z € res A, then (A — 2)v, is
also bounded, one can extract a weakly convergent subsequence (A — 2)v,,. Due
to the compactness, the vectors B(A — 2)~! - (A — 2)v,, = Bu,, converge to some
w € H with |Jw|| = 1. On the other hand, as shown above, v,, converge to 0, and
the closability of B shows that w = 0. This contradiction shows that (5.7) is true.

Now, for any a > 0 one can find A > 0 such that ||B(A — i\) " ul|| < allul| for all
u € H. Denoting v := (A —i)\)"tu and noting that (A —i)\)~! is a bijection between
H and D(A) we see that

[Bv]| < all (A= iAv]| < al|Av]] + aA]lv]]

for all v € D(A). As a > 0 is arbitrary, we get the result. O
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So a combination of the preceding assertions leads us to the following observation:

Theorem 5.26 (Relatively compact perturbations). Let A be a self-adjoint
operator in a Hilbert space H and let B be symmetric and A-compact, then the
operator A + B with D(A + B) = D(A) is self-adjoint, and the essential spectra of
A and A+ B coincide.

Proof. The self-adjointness of A + B follows from the Kato-Rellich theorem, and
it remains to show that the difference of the resolvents of A+ B and A is compact.
This follows directly from the obvious identity

(A=2)"'"—(A+B—-2)"'"=(A+B-2)"'B(A-2)"",
which holds at least for all z ¢ R. O

As an exercise one can show the following assertion, which can be useful in some
situations.

Proposition 5.27. Let A be self-adjoint, B be symmetric and A-bounded with a
relative bound < 1, and C' be A-compact, then C' is also (A + B)-compact.

5.5 Essential spectra for Schrodinger operators

Definition 5.28 (Kato class potential). We say that a measurable function
V : R? — R belongs to the Kato class if for any ¢ > 0 one can find real-valued
V. € LP(RY) and V... € L®(R?) such that V. + V. =V and ||V c|leo < €. Here
p=2ford<3andp>d/2ford>4. O

Theorem 5.29. IfV is a Kato class potential in R?, then V is compact with respect
to the free Laplacian T = —A in L*(R?), and the essential spectrum of —A +V is
equal to [0, 00).

Proof. We give the proof for d < 3 only. Let F denote the Fourier transform, then
for any f € L*(RY) and z € resT we have

(F(T—=2)""f)(p) = (0> — 2) ' Ff(p).

This means that (T — 2z)~'f = g. x f, where g, is the L? function with Fg.(p) =
(p* — 2)71, and x stands for the convolution product. In other words,

(T—2)7'f= 5 g:(z —y) f(y)dy.

Let € > 0 and let V. and V., . be as in Definition 5.28. The operator V(T — z)™! is
an integral one with the integral kernel K (z,y) = V.(x)g.(z — y), i.e.

VAT —2)" ' f(z) = | K(z,y)f(y)dy.

R4
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One has

/Rd 5 |K (2, y)| dady = /Rd V()| da /Rd 9. (y)| dy

= Ve|lallg:|” < oo,

which means that V.(T — 2)~! is a Hilbert-Schmidt operator and, therefore, is com-
pact, see Subsection 3.3. At the same time we have the estimate

Vaore (T = 2) 7| < el (T — 2) ]|

Therefore, the operator V(T — z)~! is compact as it can be represented as the norm
limit of the compact operators V.(T — 2)~! as ¢ tends to 0. O

Example 5.30 (Coulomb potential). The previous theorem easily applies e.g.
to the operators —A + «/|z|. It is sufficient to represent

1 . 1R(l’) i 1— 1R(.I)

BT ||

Y

where 1p is the characteristic function of the ball of radius R > 0 and centered at
the origin with a sufficiently large R. So the essential spectrum of —A + a/|z| is
always the same as for the free Laplacian, i.e. [0, +00).
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6 Variational principle for eigenvalues

6.1 Min-max principle

Throughout the subsection we denote by T a self-adjoint operator in an infinite-
dimensional Hilbert space H, and we assume that 7" is semibounded from below. If
specy T = ), we denote ¥ := 400, otherwise we put ¥ := inf spec., T

Theorem 6.1 (Min-max principle). Introduce the following numbers:

T
A, =A,(T)= inf sup M, n €N,

(‘i/iri["/ggweww;éo (@, )
then the sequence (A,) is non-decreasing, and we are in one and only one of the
following situations:

(a) For any n € N there holds A,, < ¥. Then T has infinitely many discrete
eigenvalues in (—oo, ), and A, (T) is exactly the n-th eigenvalue of T (when
counted in the non-decreasing order by taking the multiplicities into account).

There holds lim,,_,., A,,(T) = X.

(b) There exists N € N such that Ay < X and Ay > 3. Then T has exactly
N discrete eigenvalues in (—o00,X), and the number A, is exactly the nth
eigenvalue of T form =1,..., N, while \,, = % for alln > N + 1.

In particular, if A, < X for some n € N, then A,, is the nth eigenvalue of T

Proof. We prefer to give first a direct proof of the fact that A,, form a non-decreasing
sequence (in fact it follows from the subsequent constructions as well), just to show
how to deal with these quantities. For any W C D(T') with dim V' = n + 1 one can
find V C D(T) with dimV = n and V' C W, and then one clearly has

T T T
sup (. Ty) sup . Ty) nf sup (o, Tp)

peW,o20 (P, 0)  wevigro (P, 0) S eV, g0 (b))

It follows that

T T
Apyr = inf sup Lia Rk 4 > inf ‘}nIfV sup 2. Tg)
di‘fnfgvf):(ﬁlgoew,@;éo {(p, ) dinggvD:(g}rldimCV:ngoeV,cpyéo (¢, )
T
> inf sup M =A,.
VeD(T) pevigro (p: )

By assumption, the spectrum of T in (—oo, X)) is purely discrete, and the discrete
eigenvalues in (—oo, ¥) may only accumulate to ¥ (as any accumulation point in
the spectrum automatically belongs to the essential spectrum). Hence, all these
eigenvalues can be enumerated in the non-decreasing order: we denote them by E}
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and denote by v associated eigenvectors. We may assume without loss of generality
that vy, form an orthonormal family, i.e. (v;, vg) = ;4.

Consider two cases:

(Case 1) There are infinitely many eigenvalues in (—oo,X). Let n € N and V,, =
span(vy, ..., v,). Clearly, V,, C D(T) with dim V,, = n. For ¢ € V,, we have

(. Te) =D Eil{p. o) < En Y [0, v))]° = Enl, ),

j=1 j=1

and it follows that A,, < E,,.

On the other hand, let V' be any n-dimensional subspace of D(T") and P be the
orthogonal projector in H on V,,_1, i.e.

n—1
Pp =73 (v;,¢)v;.
j=1

As the range of P is (n—1)-dimensional, thereis 0 # ¢ € V with Pp =0 (asdim V' =
n > dimran P), ie. ¢ Lv;forall j =1,...,n—1. By construction, the range V;,_4
of P includes ran Ey((—o0, E,)), and Py = 0 implies ¢ L ran Er((—o0, E,)), and
this inclusion is equivalent to Er([E,, +00))¢ = ¢. This implies

> Bu( Br ([Ba,+00))¢, Br([En, +00))0) = Eullell”.

This shows that A,, > E,. Alltogether, A,, = F,, for all n € N.

(Case 2) There is N € N such that T has exactly N eigenvalues in (—oo, X). As for
the case 1 one shows that A,, = E,, for alln = 1,..., M and that A, > X for all
n > N+1. Let us show that in fact A,, = X forn > N+1. As ¥ € spec., 7, for any
e > 0 the dimension of V = ran Ep (¥ —¢,¥ 4 ¢)) is infinite. Let (u;) be an infinite
orthonormal family in V', then for U, := span(uy, ..., u,) one has dim U,, = n, and
for any ¢ € U, one has (¢, T¢) < (E+¢)(p,p), ie. Ay <X 4+e Ase > 0is
arbitrary, one has A,, < X for all n, in particular, for n > N + 1. This concludes the
proof of A, =X forn > N + 1.

We now see that the case 1 corresponds to the situation (a) of the claim, while the
case 2 corresponds to the situation (b) of the claim, and this covers all possible
situations. [

As discussed previously (Subsection 2.1), the operator T is generated by some
uniquely defined closed sesquilinear form ¢. Moreover, many important operators
(e.f. Dirichlet/Neumann Laplacian) are defined by the associated sesquilinear forms.
The min-max principle can be adapted to a direct use of forms instead of operators
as shown in the new theorem:
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Theorem 6.2. Let T' be generated by a closed sesquilinear form t and D C D(t) be
a dense subspace with respect to (-,-);. Define

A, = inf  sup
G G2, PEV, 90 (¢, )
then for any n € N one has Al, = A,,.

Proof. Without loss of generality assume 7" > 1, then (u,v); = t(u,v).

Define +
A;; = inf sup (. %)
VCD(t) eV, p£0 (@, )

dim V=n

Y

then by construction one has A” < A/ (due to the bigger choice of n-dimensional
subspaces V).

Conversely, given € > 0 let V' be an n-dimensional subspace of D(t) such that

t(p, )
(@, )

<A +e

for all 0 # ¢ € V. Denote by ¢ the restriction of ¢ on V' x V| then ¢ is a symmetric
sesqulinear form on the finite-dimensional space V' (viewed as a Hilbert space with
the induced scalar product). Hence, there exists a self-adjoint operator L in V' such
that q(u,v) = (u, Lv) for all u,v € V, and one can construct an orthonormal basis
(v1,...,v,) of V consisting of eigenfunctions of L, Lv; = A;, then

t(vj, o) = (v, Log) = Xj i, Ny = (v, Lug) = t(vy,v5) = |lvgllf < Al +e.

As D is dense in D(t), one can find u; € D with t(u; —v;, u; —vj) = |lu; —v;||7 < &
for all j = 1,...,n, then one has

[uslle < flojlle + [lu; —ville < VAL +e +¢,
and (using Cauchy-Schwarz inequality)

|t (g, ue) — AjGie| = [t(uz, un) — t(vg, o) | = [E(uz, u — o) + t(u; — vj,vp)|

< lugllellwy — vrlle + lluy — villel|orlle < Ce,

and similarly [(u;, up) — 8| = (uj,ux) — (vj,00)| < C’e, where C,C" > 0 are
independent of ¢ € (0,ep). In particular, (u;) are linearly independent for small ¢
and the subspace V' := span(uq, ..., u,) is of dimension n. Then there is B > 0

such that for any ¢ =37 | §u; € V! with £ = (&, ..., &,) € C" one has

(pop) = > &lilugyun) = €7+ Y G ((uy,un) — 55)

J,k=1 J,k=1
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and [(p, 9) — |€]?| < Be|€|[?, and similarly,
te. ) = Y Nl& P < Belgl”
j=1

It follows (assuming that ¢ < 1/B) that for all £ € C"\ {0}, e.g. for ¢ € V' \ {0},
there holds

e o) _ > NlEGP + Bel€?

(o) = L€l = Belel
(An +e)IEl* + Bele?] _ Al + (B+1)e
- lEP=Belgr T 1-Be

: A+ (B+ 1)
e N <1
Be B = 1— Be

Hence, A] = A}, for all n.
In order to show that the both numbers coincide with A,, we remark that D(T) is

dense in D(t) (Theorem 2.2), hence, A,, is just a particular case of A/, for D = D(T).
This concludes the proof. O

due to dim V' = n. By sending € to 0 one obtains A}, < A7,

We now mention explicitly some elementary consequences of the min-max principle
(more advanced corollaries will be discussed later).

Corollary 6.3. For any self-adjoint lower semibounded operator T there holds

infspec, T'= lim A, (T) =sup A, (7).

n—-+00 neN

(Follows directly by the min-max prnciple.)

Corollary 6.4. Let T and T' be lower semibounded seml-adjoint operators in H
such that A, (T) < A, (T") for alln € N. Then

1. infspec, T < infspec. 1",

2. if T" has N eigenvalues in (—oo,infspec. 1), then T has at least N eigen-
values 1n the same interval, and these eigenvalues are not greater than the
respective eigenvalues of T".

Proof. The first claim immediately follows by Corollary 6.3. For the second claim
we remark that under the assumption made one has Ay (7T") < Ay (7") < inf specy T,
hence, A;(T) < infspec, T for all j =1,..., N, and then A;(T) is the jthe eigen-
value of T for j = 1,..., N by the min-max principle. O]

The following observation is used frequently as it allows one to show that an operator
has at least one eigenvalue:

Corollary 6.5. If there ezists ¢ € Q(T) satisfying the strict inequality t(p, p) <
Y|l|?, then T has at least one eigenvalue in (—oo0, ).
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Proof. One has A; < ¥, which means that A; is an eigenvalue of T'. O

The min-max principle is a powerful tool for the analysis of the behavior of the
eigenvalues with respect to various parameters. An important point is that it can
be used to compare the spectra/eigenvalues of operators acting in different Hilbert
spaces. We give one of the simplest versions of this observation:

Proposition 6.6. Let T and T’ be lower semibounded self-adjoint operators in
Hilbert spaces H and H', generated by closed sesqulinear forms t and t'. Assume
that there exists a linear map J : D(t') — D(t) such that ||Jully = ||u|lz and
t(Ju, Ju) < t'(u,u) for allu € D(t'). Then A, (T) < A, (T") for alln € N (and then
the assertions of Corollary 6.4 hold true as well).

Proof. Under the assumptions made, the map J is injective, in particular
dim J(V) = dim V for any subspace V' C D(t'). Then one has

A(T)= inf  sup (e, ) < iuf s t(0, )
(L/I%‘D/g?n PEV, p7#0 <§0; gp)% VCJ(D(t’)) PEV, p£0 (gp, 90>"H

dim V=n
. t(Jp, J
_ ot s 09 g UR TR
VED(W) pes(v), o0 (@ @)1 VEDE) pevipzo (S, Jp)n
t/
< wmf osp @9 O
VCD(t') peV, p£0 (SOa @)H’

dim V=n

One of the direct applications is the following situation, which will be applied later
to some specific operators:

Definition 6.7. Let T and 17" be lower semibounded self-adjoint operators in a
Hilbert space H, t and t be the associated closed sesquilinear forms. We write

T<Tif QT) D Q") and t(u,u) < t'(u,u) for all u € D(t). O
As a direct corollary of the max-min principle we obtain:

Corollary 6.8. Let T and T" be self-adjoint with T < T'. Then A,(T) < A, (T")
for alln € N (and the assertions of Corollary 6.4 are valid).

Proof. We have just a particular case of Proposition 6.6 with J =identity map. [

6.2 Existence of negative eigenvalues for Schrodinger oper-
ators

In a sense, the most part of the rest of the course will be based on the min-max
principle. We describe here one of the most direct applications to Schrodinger
operators.

As seen above in Proposition 5.27, if V is a Kato class potential in R?, then the
associated Schrédinger operator T'= —A + V acting in H = L*(R?) has the same
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essential spectrum as the free Laplacian, i.e. spec,,T = [0,4+00) and X = 0. In the
present section we would like to discuss the question on the existence of negative
eigenvalues.

We have rather a simple sufficient condition for the one- and two-dimensional cases.

Theorem 6.9. Let d € {1,2} and V € L=®(R?) N L*(R?) be real-valued such that

Vo = / V(z)dz <0,
R4

then the associated Schrodinger operator T = —A + V' has at least one negative
eigenvalue.

Proof. We assumed the boundedness of the potential just to avoid additional tech-
nical issues concerning the domains: we have simply Q(T) = Q(—A) = H*(RY).
Due to [V]? < ||V ||e|V] one has V' € L*(R?), and then spec., T' = [0, +00) in virtue
of Theorem 5.29. By Corollary 6.5 the existence of at least one eigenvalue follows
from the existence of a non-zero ¢ € H*(R?) with

() == /[Rd !Vgp(:)s)|2d$ + /Rd V(:B)‘(p(:z:)fdx < 0.

The existence of such ¢ will be shown using some simple asymptotics.

Consider first the case d = 1. Take any € > 0 and consider the function ¢. given
by . (x) := e~¥71/2. Clearly, ¢. € H'(R) for any ¢ > 0, and the direct computation
shows that

/ |g0’€(x)‘2da: =% and lim V(x)‘gos(a:)fdx =V <0.
R 2 e—0+ R4

Therefore, for sufficiently small e one obtains 7(¢.) < 0.
Now let d = 2. Take € > 0 and consider . (z) defined by p.(z) = e 1*I*/2. We have

-2
V. (z) = _% eIl /2.
2 82 2 2 € 7T€2 & 2 1 €
Ve ()| do = —/ R e — r e dr
R2 4 R2 2

0

me [ mE

= — ue “du = —,
2 J, 2

and, as previously,

lim V(:I:)‘(ps(:c)fdx =15 <0,

e—0+ Rd

and for sufficiently small € we have again 7(p.) < 0. O]

We see already in the above proof that finding suitable “test functions” ¢ for prov-
ing the existence of eigenvalues may become very tricky and depending on various
parameters. One may easily check that the analog of . for d = 1 does not work for
d = 2 and vice versa. It is a remarkable fact that the analog of Theorem 6.9 does
not hold for the higher dimensions due to the Hardy inequality (Proposition 2.17):

78



Proposition 6.10. Let d > 3 and let V : R — R be bounded with a compact
support. For A € R consider the Schrodinger operators Ty := —A + AV, then there
exists Ao > 0 such that specTy = [0, +00) for all A € (—Xg, +00).

Proof. Due to the compactness of supp V' one can find Ay > 0 in such a way that

(d—2)* d
Xo|V(z)| < e for all z € R?.

Using the Hardy inequality, for any v € C2°(RY) and any A € (—\g, +00) we have

(u, Th\u) = /Rd ‘Vu(a:)ﬁdm + )\/ V(a:)‘u(x)‘de

Rd

> /Rd ‘Vu(x)}gdx - Xo /Rd V()] - ‘u(x)‘gdar

_9)2 2
> |Vu(x)‘2dx _d=2 / [u(2)] dx > 0.
R4 4 Ra

As Ty, is essentially self-adjoint on C2°(R?), see Theorem 5.10, this inequality extends
to all u € D(T)), and we obtain T > 0, and this means that spec T\ C [0, +00). On
the other hand, spec, T\ = [0,4+00) as AV is of Kato class (see Theorem 5.29). [
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Exercise 18. We will work in RY with N > 3. Let V(z) := (|z[* + 1) " with
some v € (0,1). The aim of the present exercise is to show that the operator
T(\) = —A — AV in L*(RY) has negative eigenvalues for all A > 0.

1.

Show that the operator T'(\) is essentially self-adjoint on C2°(RY) and semi-
bounded from below, describe its domain and form domain.

. Describe the essential spectrum of T'.

. Let s > 1. Show that the function f,, fi(z) = (Jz|> + s2)~", belongs to the

form domain of T'(\).

. Denote W := (—=Af;)/ fs. Show that the operator Ty := —A—Wj is essentially

self-adjoint on C>°(RY) and that f is its eigenfunction.

Show that for any A > 0 there exists s > 1 such that Ws(z) < AV (z) for all z.

. Use the preceding inequality to show that 7'(A) has at least one negative

eigenvalue.

What can be said about the negative eigenvalues of T'(\) if v > 17

Exercise 19.

1.

2.

Let T be a lower semibounded self-adjoint operator in a Hilbert space H.
Assume that the essential spectrum of 7" is non-empty and denote

Y :=infspec, 1.

Furthermore, assume that there exist N linearly independent vectors
fi,..., fn in D(T) such that all the eigenvalues of the N x N matrix

(5 =215

k=1
are strictly negative. Show that 7" has at least IV eigenvalues in (—oo, X).
Consider the following self-adjoint operator 7' in H = L*(R):

d* d?

T=2 40%
dx4+ da?

+1, D(T)= H*R).

(a) Compute the spectrum of 7. Hint: Use the Fourier transform.
(b) Let V € L>®(R)N L'(R) be real-valued. Show that the operator
S:=T+V, D(S)=H'R),

is self-adjoint and compute its essential spectrum.
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(¢) Let F be the Fourier transform in L2(R) and V := FV. Give an explicit
expression for the operator S := FSF* and describe its domain.

(d) Let ¢ € C*(R) with ¢ > 0 and |¢| ;1) = 1. For e > 0 and ¢ € R
consider the following functions ¢, ,

fuetr) = 2o ().

-~

Show that these functions belong to D(S) and that

el—l>%1+ <<pq7g, Sgom> =V(qg—r) forqr==l.

(e) Assume that V(0) < 0 and |‘7(2)‘ < |‘7(O)‘ Show that the operator S
has at least two negative eigenvalues.
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7 Laplacian eigenvalues for bounded domains

7.1 Dirichlet and Neumann eigenvalues

In this section we discuss some application of the general spectral theory to the
eigenvalues of the Dirichlet and Neumann Laplacians in bounded domains. A central
role will be played by the min-max principle.

Let us recall the setting. Let Q C R be a bounded open set with a regular boundary
(for example, lipschitzian); all the domains appearing in this section will be supposed
to have a regular boundary without further specifications. Then the embedding of
H'(Q) into H := L*(Q) is a compact operator. By definition, the Dirichlet Laplacian
Tp = —Ap and the Neumann Laplacian Ty = —Ay are the self-adjoint operators
in H associated with the sesqulinear forms ¢ and ¢y respectively,

tp(u,v) =t (u,u) = /QVu(x) -Vo(z)dr, D(tp)=Q(Tp) = Hy(%),

b, 0) = £ (u, 1) = / Vulz) - Vo(z)dz, Dity) = Q(Ty) = H'(Q).
Q
In some cases, if the domain (2 is important, we write 7’5 N instead of simply T /.

We know that both Tp and Tn have compact resolvents and that their spectra
are purely discrete (see Section 3.3). Denote by )\f/N = )\f/N(Q), j € N, the
eigenvalues of T,y repeated according to their multiplicities and enumerated in the
non-decreasing order. The eigenvalues are clearly non-negative, and they are usually
referred to as the Dirichlet/Neumann eigenvalues of the domain €2 (the presence of
the Laplacian is assumed implicitly). Let us discuss some basic properties of these
eigenvalues.

We first remark that by the min-max principle one has

/\D/N(Q) = An(Tg/N) for any n € N (7.1)

J

(as no essential spectrum is present), which gives the principal method for the study
of the eigenvalues.

At this point we need the so-called trace theorem for the Sobolev spaces, which is
proved in suitable PDE courses:

Theorem 7.1 (Trace theorem). Let Q@ C R” be a bounded domain with a lips-
chitzian boundary OS2, then there exists a unique bounded map (called trace map)

Yo 1 HY(Q) — L*(09)
satisfying (Yof)(s) = f(s) for all f € C>®(Q) and s € ). Moreover,
HA(Q) = {F € HY() : 20f = 0}
in particular, it follows that H}(Q) is strictly smaller that H*(Y) in this case.
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Proposition 7.2.  (a) A = 0. If Q is connected, then ker Ty is spanned by the
constant function u(z) = 1.

(b) AP > 0.

Proof. (a) Note that u = 1 is clearly an eigenfunction of Ty with the eigenvalue 0.
As all the eigenvalues are non-negative, AV = 0. Now let u € ker T, then

0= (u,Tyu) =ty(u,u) = /Q ‘Vu(m)|2dx,

which shows that Vu = 0. Therefore, v is constant on each maximal connected
component of €.

(b) We have at least AP > 0. Assume that AP = 0 and let v be an associated
eigenfunction. We have as above Vv = 0, so v must be constant on each maximal
connected component of 2. But the restriction of v to the boundary of {2 must
vanish, which gives v = 0. [

A direct application of Corollary 6.8 based on the comparison Ty < T gives

Proposition 7.3. For any j € N one has A\Y(Q) < A\P(Q).

Another important aspect is the dependence of the eigenvalues on the domain.

Proposition 7.4 (Monotonicity with respect to domain, Dirichlet case). If
Q C Q, then A\2(Q) > \P(Q) for all n € N.

Proof. Let J : H}(Q) — H}(Q) be the extension by zero. In fact, if u € C°(),

then clearly Ju € H}(2) with HJUHH(}(Q) = ||u|| 1 (), which then extends by density
to the whole of Hj (). We further have Jo;u = 9;Ju, which shows that

£ (Ju, Ju) = 3 (u, u), [Jull 2@y = [lullr2@)  for all u € HL(Q) = D(t).

Now we are in the situation of Proposition 6.6, and one has A, (T5) > A, (T g’) for
all n € N. We conclude the proof by using (7.1). O

Note that there is no easy generalization of this result to the Neumann case. The
reason can be understood at a certain abstract level. As can be seen from the proof,
for Q C Q there exists an obvious embedding 7 : H}(Q) — HJ () (extension by
zero) such that ||7ul|| = ||ul| for all w € H}(Q2). If one replaces the spaces H} by
H*', then the existence of a bounded embedding and the estimates for its norm in
terms of the two domains become non-trivial. Nevertheless, we mention at least one
important case where a kind of the monotonicity can be proved.

Proposition 7.5 (Neumann eigenvalues of composed domains). Let Q C R?
be a bounded domain with a reqular boundary, and let 2y and g be non-intersecting
open subsets of  with reqular boundaries such that Q = Q; U Qy, then AN (,UQ,) <
)\jv(Q) for any j € N.
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Proof. Under the assumptions made, the spaces L?(Q2) and L?*(€; U Qy) coincide,
and any function f € H'(Q) belongs to H'(Q; U Q) with

I fllar ) = 1 f1lar @iuas)-

Hence one can consider the identity map J : D(t%) = HY(Q) — H{(Q, U Q) =
D(#4%) and use the proposition 6.6. O

Remark 7.6. Under the assumptions of proposition 7.5 for any n € N we have
AP(Q) < AP(Q, UQy), which follows from the inclusion €, U Qy C 2. Therefore, for
any n € N one has the chain

MV UQ) < AV(Q) < AP(Q) < AP0, UQy),

and this is the key argument of the so-called Dirichlet-Neumann bracketing which is
used e.g. for estimating the asymptotic behavior of the eigenvalues (see below). [

We complete this first discussion by proving the continuity of the Dirichlet eigen-
values with respect to domain.

Proposition 7.7 (Continuity with respect to domain, Dirichlet). If Q; C
Qji1 for all j €N, and Q =2, Q;, then AP(Q) = limj_y00 AP(2;) for any n € N.

Proof. Let us pick n € N, and let fi,... f, be the mutually orthogonal normalized
eigenfunctions associated with the eigenvalues A\P(Q),..., A\2(Q). If U denotes the
subspace spanned by fi,..., f., then for any f € U one has the estimate ||V f|* <
A7 (@17

Now take an arbitrary € > 0. Using the density of C2°(€) in H}(€2) one can approx-
imate every f; by u; € C(Q) in such a way that wy, ..., u, will be linearly inde-
pendent and that [[Vul|7,q) < (A7(Q) +¢)[[ull72q for all u from the n-dimensional
subspace V' spanned by uq,...,u,. Let K C Q be a compact subset containing the
supports of all u; and, as a consequence, the supports of all functions from V. One
can find M € N such that K C €, for all m > M, and then for all m > M we have
V C H}(Q,,) =: D(t). As V is n-dimensional, there holds

2 2
< s Ve g, Wlee o)
wervioy lullize,y  weviior [ullzz(q)

hence, A\2(92,,) < AP(Q) + ¢ for all m > M. On the other hand, A\?(Q) < \2(Q,,)
by monotonicity with respect to the domain (as €, C Q for all n). O

7.2 Weyl asymptotics

In this subsection we will discuss some aspects of the asymptotic behavior of the
Laplacian eigenvalues. We introduce the Dirichlet/Neumann counting functions
ND/N()\, Q) by

Np/n (A, ) = the number of j € N for which )\D/N(Q) € (—o0, A

J
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Clearly, Np/n (A, ) is finite for any A, and it has a jump at each eigenvalue; the
jump is equal to the multiplicity. We emphasize the following obvious properties:

Np(\, Q) < Ny(A, Q) (7.2)
ND/N<)\a Ql U QQ) = ND/N()\7 Ql) + ND/N()\a Qg) for Ql N QQ = @ (73)
Np(A, Q) < Np(Q) for Q € Q. (7.4)

We are going to discuss the following rather general result on the behavior of the
counting functions Np as A — +o0:

Theorem 7.8 (Weyl asymptotics). We have

. ND()UQ)_ Wq
I TR T gy )

where wq denotes the volume of the unit ball in R,

To keep simple notation we proceed with the proof for the case d = 2 only. Due to
wy = m we are reduced to prove
Np(\, Q) area(Q)

I _ . 75
Abse A Ar (7.5)

The proof consists of several steps.

Lemma 7.9. The Weyl asymptotics is valid for rectangles, for both Ny and Np.

Proof. Let Q = (0,a) x (0,b), a,b > 0. As shown in Example 4.31, the Neumann
eigenvalues of {2 are the numbers

o = (2 + (5

a

with m,n € Ny := {0} UN, and the Dirichlet spectrum consists of the eigenvalues
A(m,n) with m,n € N. Denote

2 2

D)) := {(x,y) er?: = 4 Y

A
(12 §§P7x207y20}7

then Np(X, Q) = #D(A) N (N x N) and Ny(X, Q) = #D(X\) N (Ny x Ny), where #
denotes the cardinality.

First, counting the points (n,0) and (0,n) with n € Ny inside D()\) we obtain the
majoration

Ne() = Mo < 0 R ia aso

m
At the same time, D(\) contains the union of the unit squares [m—1,m] x [n—1, n]
with (m,n) € D(A)N (N x N). As there are exactly Np(X, ) such squares, we have

B Aab

_E.

Np(\, Q) <area D())
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We also observe that D()) is contained in the union of the unit squares [m, m+ 1] x
[n,n+ 1] with (m,n) € D(A) N (Ng x Np). As the number of such cubes is exactly
Ny (A, ), this gives

Aab
Ny(\, Q) > area D(\) = 2
A
Putting all together we arrive at
Aab Aab b
A0 < Ny(\, Q) < Np(), Q)+—\/_+2< e VA +2,
47 47 T
and it remains to recall that area(€)) = ab. O

Definition 7.10 (Domains composed from rectangles). We say that a domain
) with a regular boundary is composed from rectangles if there exists a finite family

of non-intersecting open rectangles 2, j =1,..., k, with Q = Ule Q. ]
Lemma 7.11. The Weyl asymptotics holds for domains composed from rectangles.

Proof. Let €2 be a domain composed from rectangles, ant let €2;, 7 = 1,...,k, be
the rectangles as in Definition 7.10. Using Remark 7.6 and the equality (7.3) we
obtain the chain

Np(A @) + -+ Nv(A Q%) _ Np(A @ U---UQy) _ Np(A Q)
) - X\ =7
NV NeA QU U@ Nw(A Q1) +---+ No(A, )
=T x - ) - p) ’

and the result is obtained by applying Lemma 7.9 to the quotients Np,n (A, €2;)/A
and by noting that area(Q2) = area(2;) + - - - + area(). O

Proof of Theorem 7.8. Let ) be a domain with a regular boundary. It is a stan-
dard result of the analysis that for any € > 0 one can find two domains 2. and 2.
such that:

e both 2, and (NZ€ are composed from rectangles,
e O.CQCQ.,
o arca(Q.\ Q) <¢

Using (7.2) and the monotonicity of the Dirichlet eigenvalues with respect to domain
we have:

Np(A, Q) _ Np(AQ) _ Np(A Q) _ Ny(A Q)
A - A - A - A '
By Lemma 7.11, we can find A\. > 0 such that

area(Q).) — e < Np(\, Q) < area(€).) + £
4T - A - 4dm

for A > A..
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At the same time, area({).) > area(2) — ¢ and area(S).) < area({2) +¢, so for A > A,

we have
area(Q2) — 2¢ < Np(A, Q) < area(§2) + 2¢

4T - A - 4T ’
which gives the sought result. O]

We note that the Weyl asymptotics also holds for the Neumann Laplacian if the
domain is sufficiently smooth, which can be proved using suitable extension theo-
rem for Sobolev spaces. The Weyl asymptotics is one of the basic results on the
relations between the Dirichlet/Neumann eigenvalues and the geometric properties
of the domain. It states, in particular, that the spectrum of a bounded domain
contains the information on the dimension and the volume of the domain. There
are various refinements involving lower order terms with respect to A, and the re-
spective coefficients contain some information on the topology of the domain, on its
boundary etc.
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Exercise 20.

1. Let Ay denote the smallest Dirichlet eigenvalue of the unit ball in R¢. Give
the expression for the smallest Dirichlet eigenvalue A(r, d) of the ball of radius
r >0 in R%

2. Let Q C R? be a non-empty open set. Denote
R = R(Q) =sup{r >0: Q contains a ball of radius r}.

Let T be the Dirichlet Laplacian in 2. Show the inequality infspecT <
AR, d).

Now we assume that R(Q2) = oco. (Such domains 2 are sometimes called
quasiconical.)

3. Construct a sequence (p,) C C°(R?) with the following properties: ¢, (z) = 1
for |z] < n —1, p,(x) = 0 for |z] > n, and there exists ¢ > 0 such that

loulloe + 32 190ulloc + 32,4 109pulloc < c for all m.

4. Pick any k € R% For n € N choose a, € Q such that the ball of radius n
centered at a,, is contained in 2. Consider the functions u,(z) = e¢**p, (z—a,).
Show that ¢, € D(T) and that lim,_,« || (T — k*)us||/|lua| = 0.

5. Show that specT" = [0, +00).
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8 Schrodinger operators: more on eigenvalues
and eigenfunctions

In the present section we are going to discuss in greater details some asymptotics
related to the spectral analysis of Schrodinger operators H = —A+V in L*(R?) with
real-valued potentials V' : R? — R. Such operators are of importance in quantum
mechanics: H can be viewed as a Hamiltonian of a particle whose interaction with
the environment is described by the potential V. The spectrum of H corresponds
then to possible values of the energy of the particle.

The analysis will be mostly carried out using the min-max principle.

8.1 Finiteness/infiniteness of the discrete spectrum

In Subsection 5.5 we have shown that if V' is in the Kato class, then the essential
spectrum of H is [0, +00). Hence, for such potentials, the negative spectrum is purely
discrete, and we have shown some sufficient conditions for the discrete spectrum to
be non-empty or empty (Subsection 6.2). On the other hand, we do not know
yet under which conditions the discrete spectrum is finite or infinite. This will be
addressed in the present subsection.

For a semibounded from below self-adjoint operator A and A < inf spec., A we will
denote

N(A,\) = #{ eigenvalues of A in (—oco,\)} = dimran E4((—o0, ))).

(We use the convention inf() = +00.) The most basic condition establishing the
finiteness of the discrete spectrum in any dimension is as follows:

Theorem 8.1. Let V € L. (RY) be semibounded from below and let vy € R be such
that the set S = {x : V(x) < vy} is bounded. Then the spectrum of H = —A+V
in (—oo,vg) is purely discrete and finite (i.e. H has at most finitely many negative

eigenvalues).

Proof. Under the assumptions made the operator H is essentially self-adjoint on
C>*(RY), see Theorem 5.12. It follows that H can be viewed as the self-adjoint
operator generated by the following closed sesquilinear form h:

h(u,v) = /Rd(ﬁ- Vo +Vuw)dz, D(h)={ue H [R?: /Rd Vlu|* dz < oo}

In fact, if one denotes T' the self-adjoint operator generated by h, then one clearly
has Ty C T, where Ty acts on the domain D(Tp) = C>°(R?) with Tou = —Au + Vu.
But this operator T is essentially self-adjoint and its closure is H (Theorem 5.12),
so the maximality of self-adjoint operators implies T' = H.

Let B be an open ball containing the set S. The idea is to decouple two sides of
OB and to compare H with two operators acting in B and R?\ B. We consider the
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following closed sesquilinear form h extending h:

h(u,v) = / (Vu - Vo + Vaw) dr,
RA\OB
D(h) = {ue H'(R*\ dB): /Rd Vl§u|*dx < oo},

and let H be the sglf—adjoint operator generated by E, then H < H (see lgeﬁ—

nition 6.7) and A,(H) < A,(H) for any n € N. It follows that infspec, H =
lim,, 00 Ay (H) < lim,, oo A, (H) = inf spec., H, and that

N(H,\) < N(H,\) for A < inf spec,,, H. (8.1)

We now remark that the operator H is the direct sum of two operators, Hy & Ho,
where H; acts in L?(B) and is generated by the closed sesqulinear form hy,

hi(u,v) = / (Vu-Vu+Vuw)ds, D(hi)={ue H(B): / Vlul|* dz < oo},
B B
while Hy acts in L*(R? \ B) and is generated by the closed sesquilinear form hs,
ho(u,v) = / (Vu - Vo + Vaw) d,
R\

D(hy) = {ue H'(B\ B): / Vil dz < oo},

R2\B
Due to the compact embedding of H*(B) into L?*(B), the operator H; is with com-
pact resolvent and spec., H; = ) On the other hand, in R? \ B one has V > wy,
therefore, Hy > vy and spec,, Hy C spec Hy C [vg,00). Hence, spec, H =
Spece Hi U specy, Hy C [vg, +00), and inf spec,,, H > infspec,, H > vy. In addi-
tionn, N(H,vo) = N(Hy,vo) + N(Hy,v). The operator Hj is semibounded from
below with compact resolvent, hence, it has finitely many eigenvalues in (—o0, vy),
ie. N(Hi,vg) < oo. On the other hand, N(Hz,v9) = 0 as Hy > vy. Therefore,

N(H,v) < oo, and then N(H,vg) < oo by (8.1). O

Corollary 8.2. Let V € L*®(RY) be real valued with compact support and H =
—A +V in L*(R?), then specy, H = [0,00), and H has at most finitely many
negative eigenvalues.

Proof. The potential V' is in Kato class, hence, spec,, H = [0, +00) (see Subsec-
tion 5.5). The remaining assertion follows from Theorem 8.1 for vy = 0. [
We remark that the condition V' € L® can be relaxed in several ways (we use it
as a condition guaranteeing the essential self-adjointness), but the proof becomes
rather technical at several points. Some weaker assumptions on the behavior of the
potential at infinity is also possible. For example, in dimensions > 3 one can use the
Hardy inequality (Proposition 2.17) in order to show the finiteness of the negative
spectrum without the compact support condition.
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Theorem 8.3. Let d > 3 and V € LZ(R?) be real-valued and semibounded from

loc
below. Assume that there exist R > 0 and 0 < b < 1 such that
b(d — 2)?
V(z) > _(4|—5L“|2) for all z with |r| > R,

then the Schrodinger operator H = —A + 'V in L*(R?) has at most finitely many
negative eigenvalues.

Proof. We first remark that for any v > 0 one has the inclusion
b(d — 2)?
{o:V(@) < —vhC{o: ol < R} U {o:fo] > Rand o] < %}
v

hence, {z : V(x) < —v} is bounded, and spec,, H C [-v,4+00) by Theorem 8.1. As
v > 0 was arbitrary, there holds spec, H C [0, +00).

Now let ¢ € C®(R?). Due to the Hardy inequality there holds

[ (1er = 2R o) e > 0

Af?

Now consider
b(d — 2)2

Afz?
then one can find ¢ > 0 such that W > —cl;<g, and

W:we V(r)+

(. o) = [ (96l + VigP) da

d—2)°
:/Rd ((1—5)|V90|2+W|ga|2)dx+b/Rd (V]2 - <4|$|2> o) do

> / (=)l + Wil do

> / (1 =0)IVel* = clp<rlol?) da.
Rd

If h is the closed sesquilinear form for H and h, is the closed sesquilinear form for

Hy == —(1 = b)A — clj;<p, then by density we obtain h(yp, ) > hy(p, ) for all
@ € D(h). Therefore, one has the inequality H > H,. It follows that N(H,0) <
N(H,,0), while N(H,,0) < oo by Corollary 8.2. O

The above results can be very informally summarized as follows: if the negative part
of V is “sufficiently localized”, then the negative spectrum of H is finite. Let us
now turn to the typical case in which the discrete spectrum is infinite:

Theorem 8.4. Let V be a bounded real-valued Kato class potential in R and H =
—A+V in L*(RY). Assume that there exist R >0, ¢ > 0 and p € (0,2) such that

V(z) < _c

=P for all x with |x| > R.
x

Then the essential spectrum of H is [0,400), and H has infinitely many negative
ergenvalues.
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Proof. The equality for the essental spectrum follows from the discussion of Sub-
section 5.5. To show the infiniteness of the discrete spectrum one needs to show
that A, (H) < 0 for any n € N.

Let ¢ € C°(RY) with suppy C {2 : R < |z| < 2R} and ||¢|p2ge) = 1. For t > 1
consider ¢y (x) = t=%2p(x/t), then ||¢|2re) = 1 with supp¢; C {z : tR < |z| <
2tR},

1 T

2
25 _ -2 ,_ 2
g (V| “de = /Rd t2+d‘(Vg0)<?>‘ de=at™, a:= » |V|“dz,

/Rd V|giPdr = / t_dV(z)‘gO(%) ‘2dzv

tR<|z|<2tR
1 T\ |2
<o [ L)
= / 2 17\
tR<|z|<2tR
2
= —bct™?, b= / |80‘(1|2| dx > 0.
T
R<|z|<2R

As p < 2, one can choose s > 1 sufficiently large to have

(o1, Hpp) = / (Ve 4V |gi?)da = at > —bet ™ = t*(a—bet* ) < 0 for all t > s.
Rd

Now for n € N put ¥, := @ong, then 1, form an orthonormal family and have
mutually disjoint supports, in particular,

<77Z}ma H¢n> =0 for m 3& n, >\n = <¢n7H¢n> < 0.

Now take any N € N and consider F' := span{ty,...,%¥y}, then dim F' = N. For

N
VEF, Y=Y &by, &= (&,...,&n) €CV\{0},

n=1
one has N )
H
(W, Ho) = Z”?Vl Al < max{\,..., v} <O0.
Therefore,
H
ANn(H) < sup W, Hy) < max{A,...,An} <0.
weF, 20 (U, V)
As N € N was arbitrary, the assertion follows by the min-max principle. O

8.2 Weyl-type asymptotics

Under suitable assumption on the potential V' one can establish some information
on the behavior of N(H, \) as A tends to inf spec,, H, which is quite similat to the
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Weyl asymptotics for the Laplacians in bounded domains (and some components of
that proof will be used).

Consider first the case inf spec H = +o00.

Theorem 8.5. Let d > 2 and V € C*(R?) such that for some ci,cy,c3 > 0 and
S > 1 there holds, for all x € R,

a(jz)’ = 1) <V(z) < eo(jzf’ + 1), (8.2)
[VV ()] < el +1),

For A € R denote

Wy

g\ V) = oL /m)g (A =V (2))"* da,

where wy is the volume of the unit ball in RY. Then for H = —A +V in L*(RY)
there holds
N(H,X) =g\, V) +o0(g(A\,V)) as X — +oo0.

Proof. Recall that H is generated by the closed sesquilinear form
h(u,v) = / (Vu- Vo + Vi) de, D(h)={ue H'(R?): / Viu?de < o},
Q R
and due to V(z) — oo for || — 400 the spectrum is purely discrete, and N(H, \)
is well-defined for all A € R. For n = (ny,...,ny) € Z* denote

Q,:=(ny,n+1)x - x(ng,ng+1), V.~

n

= min V(z), V. :=maxV(x)
€N, ey,

and introduce V4 : R? :— R by
Vi(x) = VE for x € Q,, in particular, V_ <V < V.

Set B
Q:=|J Q. (then Q=R"
neza

and consider the self-adjoint operators H. in L?*(R%) given by their sesquilinear
forms h,

ha(u,v) = /Q (Vu- Vo + Viu) dz,
D(h-)={ue H'(Q): /Rd V_|u* dz < oo},
D(hy) ={ue€ Hj(Q) : /Rd Vi|u|* dz < oo}

We have then H_ < H < H, (see Definition 6.7), hence,
N(Hy,A) < N(H,\) < N(H_,\) for any A € R. (8.4)
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We then remark that H. are direct sums of operators HE acting in L*(,),
Hy =Ty + V.,

where T is the Neumann (-) / Dirichlet (+) Laplacian in €2,,, hence,

N(H:N) =Y NHE N =) NTEHA-VH= > NTEHA-VY).

nezd nezd n:ViE <

We give the rest of the proof for d = 2 only (other dimensions need a simple
readjustment of the remainders). As shown during the proof of Proposition 7.9
(the last equation in the proof), for some constant ¢ > 0 there holds

1
N(TE,E) — 4—E+‘ < co(VE; +1),
T
where we denote
E,=Ffor E>0and F; =0 for £ <0.

Hence,
NTEA-VH) - O VL] <oV VD +1). (85

SO summing over n we arrive at

’N(Hi,,\)—i/ (A= Vi(2)) d:v’ <ec (VA= Va(z)+ 1) do
AT Sy (2)<x Vi (2)<A

Hence, using (8.4) and denoting

1
A=V dx,
ar /Vi(a:)<)\ ( i(x)) !

,0()\, Vi) = / ( A— Vi(il') + 1) dl‘,
Vi(z)<A

g\ V) =

we arrive at
g()‘v V+> - Cp(>\7 V+) < N(Ha )\) < g<)‘7 V—) + Cp()‘7 V_) for aly A€ R? (86)

and we recall that
g\ V) < g\ V) < g\ Vo). (8.7)

Now let us obtain some asymptotic estimates for all terms in (8.6).
For = € Q,, one has |z — n| < /2, therefore,

7] < |n|+ V2, |n| < |7+ V2.
For x,y, z € £, there holds, with the help of (8.3),

V(y) = V(2)| < ly — 2| sup [VV ()| < V2 sup [VV(y)],

yEn yEn
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sup |VV (y)| < sup c3(Jy|” ' + 1)

yEQy IS 978

< es((Inl + V27 +1)
<e3((Jz] +2v2)" 1 + 1),

and it follows that Vi (z) — V_(z) < v2c3((|z| + 2v2)?~! 4+ 1) for all 2 € R%. To
have a simpler writing, we choose ¢, > 0 sufficiently large to obtain

Vi(z) = V_(2) < cy(Jz|’~t + 1) for all z € RY,
and then, with some c5,cg > 0,
cs(|z)” —1) < V_(z) < Vi(z) < co(]z|” +1) for all z € R%.
Using {z: Vi (z) < A\} C{z: V_(z) < A} and |z — y;| < |z — y| we estimate

g V) =g\ V) = L A=Vo(@), — (A= Vil)), ) da
4 V_(z)<A
1

< — Vi(x) —V_(x))dx
o NG )
Cy 1
< — 2P~ + 1) do
4m V_(z)< ( )
Cy _1
< — 2?7t + 1) do
4 05(\x|571) <A ( )
ey
= ﬁ 27r/0 ’ r(rP=t 4 1) dr
Cy 1 A+es\BFD/B 1 s N+ c5\2/8
_ — 2 —_
vl () ) )
and for A — +o0co one has
g Vo) = g\, Vi) = O(AT7P), (88)
Using
1

1
(A=co(|z|’+1)) dx < g(A, V) < o / (A—ci(|z|’—1)) da
T Jey(lz|f—1)<A

4 co(|z|B+1)<A

and similar computations in polar coordinates one concludes that there exist b4 > 0
such that

b_ANTFHE < g\ V) < b NP for X — 400

By combining the last inequality with (8.7) and (8.8) we conclude that

g\ Vi) =g\ V) 4+ 0(g(\, V) for large A.
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In view of (8.6) it remains to show that p(\, Vi) = o(g(A,V)) for large A. One
easily estimates, using the polar coordinates,

p(\, V4 < / VA —cs(jz]f — 1) da

cs(jz]f—1)<A

(Mcs)l/ﬁ
= 27r/ °
0

and using the substitution r = (’\j—f)l/ B dt one easily shows that

r(\/)\ —cs(r?—1)+ 1) dr,

p(A Vi) = ONPH2/0) = o(g(A, V),
which completes the proof. O

By some small modifications one can extend the proof to the case d = 1 as well (the
term on the right-hand side of (8.5) will be different: check it!), and the result holds
in exactly the same formulation. The regularity assumptions on V' that we used are
not canonical, and can be weakened in many directions.

An almost identical analysis is possible for inf spec,, H < 0o as well (which is a very
good exercise for motivated readers):

Theorem 8.6. Let V € CY(R?) such that for some ¢y, co,c3 > 0 and p € (0,2) there
holds, for all x € RY,

c1 Ca C3
— < V(@)<———o—, |VV < e, 8.9
i VO Gy Vel rpe 69
For A > 0 denote
_ Wq oy d/2

then for H = —A +V there holds

N(H,=X) =g\, V) +0(g(N) as A — 0*.
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Exercise 21. Let V : R?2 — R be real-valued, continuous, with compact support.
Consider the family of operators T\, = —A + AV in L*(R?), A > 0, and denote by
N(A) the number of strictly negative eigenvalues of T, which is finite due to the
previous consideration. We are going to study the behavior of this counting function
as A — 400 and obtain a certain analog of the Weyl asymptotics.

Without loss of generality we assume that the support of V' is included into the open
square B := (0,a) x (0,a) with some a > 0 (this can be achieved by a suitable shift
of the coordinates). Futhermore, for any function f : R*> — R we define a function

£ by J-(z) = max (0. /@),
Let n € N. For m = (my,mz) € (1,...,n) x (1,...,n) consider the open squares

—1 —1
B,(m) = <m1 a,@a> X <m2 a,ﬁa>
n n n n

and set B, :=J,, B,(m). Introduce new potentials U, and U, as follows:

U~ (z) = Upm = infeep,(m) V(z), x € By(m),
- 0, otherwise,

U (z) = Upt o = SUDep, m) V(2), T € Bn.(m),
0, otherwise,

and denote by HF the operators in L?*(R?) given respectively by the sesquilinear
forms

= (u,u) = Vu(z)Pds 4+ A\ Uni u(x)|Pde,
= [ vu@par [ )
D(t) = HY(B, U (R2\B)), D(t;) = H'(B,U (R*\ B)).

1. Let € > 0. Show that one can find ny = ny(e) € N such that for all n > ng

e /R (U (@) / V (2)da

]RQ

<e.

2. Show that H can be represented as direct sums of some operators L, acting
in L*(B,(m)) and L* in L*(R?\ B) whose spectra can be computed explicitly.

3. Denote by NE()) the number of strictly negative eigenvalues of HE. Show
that these numbers are finite and that N7 (A) < N(A) < N, (A).

4. Use the Weyl asymptotics for Ly, to show that

Ni(A) 1 "
lim —22 = .
)\alJroo A 47 /]R? (Un )7(1’)6&’

lim Ny _ 1 / V_(z)dz.

5. Show the estimate

A=too A - E
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8.3 Decay of eigenfunctions

In the present subsection we would like to discuss the decay of the eigenfunctions
of Schrodinger operators corresponding to discrete eigenvalues. By definition, the
eigenfunctions belong to L?, but in many cases a better decay can be seen. For
example, the eigenfunction f(z) = e **/2 of —d?/dz® + z* in L*(R) shows a very
rapid decay at infinity. In the present course we only prove (under some additional
assumptions on V') that the eigenfunctions of —A +V decay exponentially: a better
estimate in terms of V is possible, but the argument becomes more involved. Results
of this type are often referred to as Agmon estimates.

During the whole subsection we assume that the potential V' is L (R?) and semi-

bounded from below (hence, real-valued) and consider H = —A + V in L?(R?).
We will start with an integral identity:

Lemma 8.7. Let ® € C1(R?) N L>®(R?) be real-valued with V® € L>®°(RY). Let u
be an eigenfunction of H with eigenvalue E, then

/ (‘V(eéu)‘g + V|eq>u|2) dr = / e*®(E + V) |ul’dz.
R4 d

R

Proof. For v € C2°(R?Y) one has
/ |V(eq’v)‘2 dzx = / [ve® VP + 6¢Vv|2 dx
R4 R4
= / v V| do + / e*?|Vu|? dx + / e**Va - (oVv +vVv) dz. (8.10)
R4 R4 R4
The last summand can be transformed using the integration by parts as follows:

/ e**Vo - (vVv + vVov) dz = 1 V(e**)(tVv + vVv) do
Rd 2 R4

= —l/ e??V - (EVU -+ UW) dx,
2 Rd

while V- (7Vv +0Vv) = 2|Vo]* + <5Av +Ev) = 2|Vov|? + 2R(v Av). Therefore,
/ e**Vo - (VVv 4 vVv) do = —/ 62¢(|VU’2 + %(FAU)) dz,
R4 R4
and the substitution into (8.10) gives
|V (e®0)|* da :/ 2 (= R(WAV) + [VO?|v]?)dx,

R4 R4

and then
2
/ (’V(e‘pv)f + V]eévP) dx = / *®(— RWAv) + [VO*|v]* + 0Vv)da
R4 Rd
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- / & (R(w Ho) + [V L|u?) de.
]Rd

This extends to all v € D(H) by density (as & and V® are assumed bounded). In
particular, for v := u one has, due to Hu = Fu and FE € R,

/ (yV(e%)|2+V|e%|2)2dx :/ e**(E + V) |ul*dz. O
R4 Rd

Theorem 8.8 (Agmon estimate). Let u be an eigenfunction of H with eigenvalue
E satisfying the strict inequality

E < liminf V(z),

|z| =400

then there exists A > 0 such that

/ A (|l + Juf?) d < .
R4

We remark that the constant A and the value of the integral can be controlled: the
interested reader will be able to recover all necessary estimates from the proof.

Proof. Pick R > 0 and vy > F such that V(z) > vy for all |z| > R, then the set
{z:V(z) <wv} C{z:|z| < R}
is bounded. Recall that this implies spec. H C [vg, +00) by Theorem 8.1. Denote
B:={z:|z| <R}, B°:={x:|z|> R}.

Consider ¢ : z — +/|z|?> + 1: this is a C* function with |[V¢| < 1. Let us pick a
non-decreasing C* function # : R — R with the following properties:

O(t)=tfort <0, O(t)=1fort>2 6'(t) <1 forallt,
and for L > 0 consider ¢(z) = L + 6(¢(z) — L), then ¢ € C* with

0<y<L+1, |Vy|=|l0¢)Ve| <|Ve| <1,
¥(z) = é() for ¢(x) < L.

For a > 0, to be chosen later, consider the function ® : x + aip(x). Then Lemma 8.7
is applicable, and

/ e*®(E + V) |ul*dx = / (‘V(ecbu)‘2 + V|eq’u|2) d.
Rd Rd

One estimates V > inf V in B, V > vy in B¢, then
/ e*®(E + |VO|?)|ul*dx +/ e*®(E + |[VO*) |u*dx
B Bec
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> ‘V(e‘bu)‘de—l—ian/ |eq’u|2d1’—|—vo/ le®u|? d,
Rd B

c

and
{V(eq)u)fda:—f—/ 62¢(UO—E—|V(I>|2)|U|2da:§/e2¢(E—ian—|—|V¢)|2)|u|2dx.
Rd Be B

One has vg— E > 0 and |V®| < a, and now we assume that a is choosen sufficiently
small to have
vg—E—|VO*>d:=vy— E—a*>0,

then
‘V(e@u)Fdx—i—é/ e |uf? de < (E—ian+a2)/ e |uf?dx
Ré Be B

and

2
/Rd (}V(e‘bu)} + 62q>\u]2> dx
= ‘V(eq’u)Ide—i-/ 62¢|u|2dx+/62¢|u|2dac
Rd Be B
1 : 2 20| 12
< <1+—>(E—1an+a Y+ 1| [ e®lufde. (8.11)
0 B

For x € B one has ®(x) < ay)(vV R? + 1). One can assume that L > v R? 4 1, then

Y(VR?+1)=+vVR?+ 1, and ®(z) < avR?+ 1 for all € B. Then it follows from
(8.11) that

v(elu 2+62¢>u2 dr < C, 8.12
[ (19 + e (8.12)
C = [(14-%)(E—inf‘/—l—a2)+1}62am/ Jul?.
B

We have

V()| = [Vut+uVPe*® = (|Vul’ + 2R@Vu - V) + [uVP[*)e™
> (|Vul? = 2[aVu - VP|)e*®

and (using [2zy| < § |2[* + 2Jy[*)
1 1
2[uVu - VO| < §|vu|2 + 2[uVe|* < 5|vu|2 + 2a?|ul.
Therefore,

1
‘V(ecbu)‘2 > <§|Vu]2 - 2a2lu\2>ezq’, ie. |Vu?e*® < 2‘V(e<1>u)‘2 + 4a*e*® |ul.
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It follows from (8.12) that

/ e (|Vul* + |uf?) da < 2/ ‘V(eq)u)‘z dz + (4a” + 1)/ > |ul? dx
Rd R4 Rd
< (4a* + 3)C =: B,

i.e. (using the explicit expression of @),
/ exp [2a<L +6(g(z) — L))} (IVul® + [ul?) dz < B.
Rd

The constant B is independent of L, and L + Q(gb(w) — L) converges monotonically

(as 0 < 1) to ¢(z) = Va2 + 1 for any = as L — +oo. Hence, by the monotone
convergence theorem,

/ NV (1Tul 1 |uf?) do < B.
Rd

Using e?l?l < ¢20v#*+1 gne obtains the claim with A = 2a. m

One of the classical applications of the Agmon estimates is the comparison between
eigenvalue problems in the whole space (or in unbounded domains) and in bounded
domains. Such results are of importance when computing eigenvalues numerically:
all numerical computations can only be performed for bounded domains.

From now on we will use the following notation: for j € N,

E;(A) =the jth eigenvalue of a lower semibounded operator A

(counted in the non-decreasing order and according to the multiplicities).

Theorem 8.9. Let vy < liminfj,, o V(x): then the spectrum of H in (—o0, ]
consists of N < oo eigenvalues (Theorem 8.1). Assume that the potential V' has at
most polynomial growth at infinity: there exist ¢ > 0 and m > 0 such that

V(x) < c(jz| +1)™ for all x € RY.

For R > 0, consider Hr = —A+V in L?(Bgr) with the Dirichlet boundary conditions,
where Br = {z : |x| < R}. Then there exists a > 0 such that for anyn € {1,..., N}
there holds

E.(H) = E,(Hg) + O(e %) as R — +o0.

Remark that similar results can be obtained without the polynomial growth assump-
tion, but a more advanced version of Agmon estimate is needed then (which takes
into account the growth of V' at infinity).

Proof. Let h and hg be the sesquilinear forms for H and Hg. Consider the map

J: D(hg) = Hy(Bg) — D(h), Ju := the extension of u by zero,
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then we are in the situation of Proposition 6.6, and A,,(H) < A, (Hg) for any n € N
and any R > 0. We have A,,(H) = E,(H) forn=1,...,N and A, (Hg) = E,(Hg)

for all n (as Hg has compact resolvent), hence,

E.(H)<E,(Hg)foralln=1,...,N and R > 0. (8.13)

Now we prove the lower bound for E,,(H). Let u; be eigenfunctions of H for the
eigenvalues E;(H), j =1,...,n, building an orthonormal family, i.e.

<uj7uk>L2(Rd) = 5j,lc, h(uj,uk) = Ej<H)5j,k-

Due to Agmon estimate (Theorem 8.1) one can find A > 0 and B > 0 such that
/Rd e (Juy|?* + [Vuy|*)de < Bforall j =1,...,N. (8.14)
Let x : R — R be a C* function with

1
0<x<1, X(t)=1fort<§, x(t) =0 for t >

=1 w

Consider the functions

||

xr(@) =x(F) and v;:=xguy;, j=1,...,N,

and the subspace
Up = span(vy, ..., v,).

As xg(z) = 0 for |z| > 2 R, one has the inclusion U, C Hj(Bgr) = D(hg). We
are going to show that dim U, = n and that for any non-zero v € U, there holds
hr(v,0)/ (v, 0) 12(Br) < En(H)+O0(e=*!), then the result will follow but the min-max
principle.

For the quantities
Qg = / (1 — xR ug do
Rd
one has, with the help of (8.14),
N R T
Rd |z|>£&

|z|> 5

1
and |a; ] < §<|Oéj7j| + |agk]) < Be AR/2. Therefore,

(Wi, O p2(Br) = (U7, W) p2zey — Qg = G + O(e™2). (8.15)

In particular, the functions vy, ..., v, are linearly independent for large R (as their
Gramian matrix is non-degenerate), and dim U,, = n.
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Now consider

V_'Uj . VUk d$ == / (XRVUj + UjVXR) . (XRVUk + UkVXR) d$

Br R4

R4 R4
+/ |V xR u do
Rd

Introducing
Bk = /d(l — X%V, - Vuy, dx
R

we obtain, again with the help of (8.14),

1Bl = / (1= %)V P dr < / Va2 da
Rd |x\>§

< e‘AR/Q/ eA‘x||Vuj]2 dr < Be AR/2,
|z|> &

1
and [B;] < §(|5j,j| + |Bexl) < Be /2 and then

/ XRVu; - Vuy, dx :/ Vu; - Vuy, dz — B,
R4 Rd

= | Vu; - Vu,dx + O(e /).
Rd

We then estimate

_ BN anpe
< 7

Finally,

/
‘ / IR (TxrV s - VXr) dx( < Il / T V| da
Rd R Jizsr)2

/ 12 2
SINE K5,
|z|>R/2

2

/ 2 2
< 11X Ml e—AR/Q/ eA\x||uj’ +2\Vuk| du

(8.16)

(8.17)

(8.18)

(8.19)



Using the three estimates (8.17), (8.18), (8.19) in the equality (8.16) one arrives at

Vo, - Vo de = / Vu; - Vg dz + O(e”*/?). (8.20)

Br Re

Furthermore, using the polynomial estimate for V' at infinity, for

Vik = / (1— X2R)Vu_juk dz
Rd

one has

m ;% + |ug?

V5] < C/ (]x\ + 1)mu_juk dr < c/ (]x\ + 1) A NI ] N Y
|z|>R/2 |z|>R/2 2

If R is sufficiently large, for all z with |z| > R/2 there holds

(Jz] + 1) < edlel/2 < =AR/4c Al

therefore,

|2 2
| < ce” AR/ / eA‘x|—|uj| il dx < Bee AR/A
|z|>R/2 2

/ Vijop dz = / Vijug dv — ;. = / Vajuy, dz + O (e A7),
Br R4 Rd
By combining with (8.20) one obtains

hR<Uj, ’Uk) = /B (V_UJ : VUk + V@’Uk)dx
R

= /Rd (V_u] -Vug + Vu_juk)dx + O(eiARM) (8.21)
= h(uj, up) + O(e B/
= E;(H)6 + O(e 4R/,

Now let £ = (&1,...,&,) € C", then for v := vy + -+ + &,v, € U, one has in view
of (8.15) and (8.21):

(0, V) 2By = (1+ O(G_AR/2)) HES

hir(v,v) =Y E(H)IEP +O0(e g2, < (Ba(H) + O™ ) [€ ]2,
j=1

where the O-terms are independent of &, and
h
v@¢Unp, v#£0 <U7U>L2(BR)
BN €210 et ol o)) 5
cecrg20  (L+O(em4R2)) €2,

Hence, E,(H) < E,(H) 4+ O(e~4%/4) and together with (8.13) this gives the claim
with a := A/4. O

= E,(H) + O(e 4%/4).
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Exercise 22 (Agmon estimate on the half-line).

Let V € C°([0,00)) with V' > 0 and H = —d?/dz* + V in L*(0, c0) with Neumann
boundary condition at 0, e.g. H is generated by the sesquilinear form h:

h(u,v) = /000 (W' + Vuw) dz, D(h) = {u € H'(0,00) : /000 Viul* < oo}.

Let u be an eigenfunction of H with eigenvalue F satisfying

E <liminf V(x).

T—+00

Show the following result: there exist R > 0 and a > 0 such that
/ e (|u/|* + |V = E| |u]?) dz < oo,
0

where ¢ is given by

0, r < R,

oz) = /}:\/V(y)—Edy, x> R.

Hint: Mimic the proof of Theorem 8.8 with ® = a¢, ¢ := L + (¢ — L), with the
above function ¢.
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8.4 Strong coupling asymptotics

In this subsection we consider the parameter-dependent Schrodinger operator
H, = —-A+ )\‘/, A > 0,

and we will be interested in the behavior of its eigenvalues E;(H)) as A — +o0.
The parameter A is usually referred to as coupling constant, and large values of A
corresponds to the strong coupling.

Theorem 8.10 (Strong coupling asymptotics at first order). Let V € L{° (RY)
be real-valued with

Vo :=ess inf V(z)=sup{a€R: |[{z:V(z) <a}| =0} > —o0.

zC€R4

Then for any fived n € N there holds
A, (Hy) = Vor+0o(N) as A — +oo.

Proof. One has V' > Vj a.e., and for any u € D(H)) and any A > 0 one has
(u, Hyu) — / (IVul? + AV]uf?) do > AVoul?,
Rd

therefore, spec H C [Vp, +00), and A,,(Hy) > AV, (which does not use the fact that
A is large). It remains to show that limsup,_, . An(Hy)/A < Vp.

Pick any n € N. Let My be the operator of multiplication by V in L*(R%) and my,
be its sesqulinear form,

my (u,u) = /Rd Vavdz, D(my)={u¢c L*(R?) : my(u,u) < oo},

then C>°(RY) is dense in D(my ). Furthermore, one has V; = inf spec,, My (in fact,
it is an easy exercise to show that the spectrum of My is purely essential), and the
min-max principle states that A, (My) = Vy. Let € > 0, then due to the definition
of A, (My) one can find a n-dimensional subspace U C C®(R?) with

oy (u, 1) /V|u|2dx
Vit 7 — JRe <Vo+eforallue U, u+#0.

(u, u) (u, u)

As U is finite-dimensional, there exists C' > 0 such that

/ﬂ(—u”)dw
JRE < Cforallue U, u#0.

It follows that

H
A(Hy) < sup {u, Hyu)
u€eU, u#0 <’LL,U>
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/ a(—u")dr+ X [ V]|ul|*dx
R

= sup R < C+AVp+e).
ueU, u#0 <U,, U)
Sending A — 400 we obtain limsup,_,, o An(Hy)/A < Vo+¢e. As e > 0 is arbitrary,
limsupy_, oo An(Hy)/A < Vi This finishes the proof. O
Corollary 8.11. In the situation of Theorem 8.10 assume additionally that
Vo < liminf V(x), (8.22)
|z| =400

then for any N € N there is Ay > 0 such that Hy has at least N eigenvalues below
the essential spectrum for all A > Ay, and for anyn =1,..., N there holds
lim E,(H)) =VyA+o(\) for A = +oo.

A—400

Proof. The assumption (8.22) implies that one can find v > V) and R > 0 such
that V(z) > v for all |x| > R. By Theorem 8.1 it follows that spec. Hyx C [Av, +00)
for any A > 0. Let N € N, then the asymptotics Ay(Hy) = VoA + o(\) for large
A implies that there exists Ay > 0 such that Ay(H)) < Av < infspec,, H) for all
A > Ay, then automatically A, (H,) < infspecy, Hy foralln =1,... nand A > Ay.
Then it follows by the min-max principle that A, (H,) is the nth eigenvalue of H),
ie. B, (Hy) =A,(H)y) foralln=1,...,nand A > A\y. O

We are now interested in more precise asymptotic expansions for the eigenvalues
E,(H)) for large A. This problem has no general solution: in fact, the asymptotics
depends on the way how V attains its minimum: it can be reached e.g. at a
single point, or on a submanifold, or on an open set, and the respective eigenvalue
asymptotics are different. We only consider the case when the minimum is attained
at a single point, which can be viewed as the generic case (all other cases are much
more involved: the respective results could be very good topics for a thesis).

We first introduce a class of potentials in which the eigenvalues of H) are just power
functions of A. These potentials will be then used to study more general potentials.

Definition 8.12. Let £ > 0. A function V : R? — R is called k-homogeneous if
for every ¢ > 0 there holds V (tx) = t*V(z) for a.e. z € R%. In addition, if there
exists ¢ > 0 such that V(z) > c|z| for all z € RY, then we say that V is positive
definite.

Typical examples of positive definite k-homogeneous potentials are |z|* or, more
generally, (:U . (Ax))k/ 2, where A is a positive definite matrix, or suitable linear
combinations of such terms. The potential z] + z73 is clearly 4-homogeneous in R?
and it positive definite due to ] + x5 > $(27 + 23)? = 1 |z|*. The potential 23 — 23
is an example of a 2-homogeneous potential which is not positive definite.

Proposition 8.13. Letk > 0 and V € L2 (RY) be a positive definite k-homogeneous

loc

potential. Then Hy = —A + AV, X\ > 0, is essentially self-adjoint on C°(R?), with
compact resolvent, and for any n € N and any A\ > 0 there holds

E,n(Hy) = Ae2 B, (Hy).
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Proof. The positive definiteness implies that V' > 0: then H, is essentially self-
adjoint on C°(R?) (Theorem 5.12), and that lim,—+o V(z) = 400: then H) has
compact resolvent.

Consider the unitary transform U in L?(R%) given by (Uu)(z) = A%/2u(\*x), where
s € R is to be determined later. For any u € C>°(R%) one has

(HyUu)(z) = A&/? [Azs(—Au)(Asx) + AV(x)uwx)}
— 252 [AQS(—Au)(ASx) + Al*’fSV(Asx)u(Asx)] .
Now choose s to have 2s =1 — ks, i.e. s =1/(k + 2), then
(H\Uu)(x) = APAT2((— Au)(Vz) + V(N2)u(Xz)) = A2 (U Hyu) ().

As all Hy, are essentially self-adjoint on C>°(R9), it follows that H, and AT H 1 are
unitarily equivalent and, as a result, have the same eigenvalues. O

The following theorem is one of the central results of the asymptotic spectral theory
(and it is one of the central results of the present lecture course):

Theorem 8.14 (Detailed strong coupling asymptotics). Let V € L2 (RY)
real-valued and such that:

e There exists €9 > 0 such that for any € € (0,9) there holds

inf V(z) = inf V(x),

e<|x| e<|z|<eo
o There exist 0 < k < m and a positive definite k-homogeneous potential U with
V(z) =V (0)+U(z)+ O(Jz|™) as |z] — 0.
Then for any fired n € N there holds
Ep(—=A +AV) = AV(0) + A5 B, (—=A + U) + O(A\Zm) as A — +oo.

Informally, the assumptions of the theorem mean that 0 is the only global minimum
of V, and it is non-degenerate in a suitable sense. The results say (again, very
informally) that in the strong coupling regime the potential V' can be replaced by
its homogeneous part. The proof of Theorem 8.14 will be split into several steps.

The following definition was already used implicitly many times:

Definition 8.15. Let 2 C R? be an open set and V € L (Q) semibounded from

loc

below. The operator T = —A + V in L*(Q)) with Dirichlet boundary condi-
tions is defined as the unique self-adjoint operator in L?*(£2) generated by the closed
sesquilinear form

t(u,v) = /Q (Vu-Vo+Vuw)ds, D(t)= {u c Hi(Q) : /QV]u|2 dr < oo}.
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Lemma 8.16 (Decoupling with a parameter). Let V € L (R?) be semibounded
from below. For R > 0 denote

Brp:={zeR’:|z| <R}, Bj:={xeR’:|z|> R},
and consider the following three self-adjoint operators:
o H=—-A+V in L*(R?),
o Hr = A+ V in L?(Byg) with Dirichlet boundary conditions,
o Hf =—A+V in L*(B$) with Dirichlet boundary conditions.

Then for all R > 0 and all n € N there holds

C
Ay (Haor @ Hy) — o2

with some constant C' > 0 independent of V, R and n.

< An(H) < An(H2R>7 (8'23>

Proof. The inequality on the right-hand side of (8.23) is clear (and it already
appeared at several places): one considers the map J : Q(Hag) — Q(H) defined as
the extension by zero and uses Proposition 6.6. Now let us concentrate on the lower
bound for A,,(H). Let 91,95 € C*°(R) with

0<w; <1, Y4+s=1, Y(t)=1fort <1, o(t)=0fort>2.
Such functions can be constructed as follows: let ¢ : R — R be a C*° function with
0<y <1, Y{t)=1fort <1, P(t)=0fort>2.

then one can take

For R > 0 consider the functions

For any u € C2°(RY) one has the following equalities:
2 2 2 2
/ <}V(X1u)| + |V(xew)| ) dr = / (\uV)@ + x1Vul® + [uVx2 + x2Vul ) dx

Ré Rd
= /d [l IV 2+ 9 62) + (03 +X3) IVul+ @Vt uVu) 00 Vx + X2 Vxe) | de.

R
One has x} 4+ x3 =1 and x1Vx1 + x2Vx2 = s V(x} + x3) = V1 = 0, therefore,

/ (190w + |9 (o)) de = / (IVul + WlaP) de,
Rd Rd
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where W := |Vx1|*> 4+ |Vx2/|?. Due to

Wleo < =5, Ci=[(4)* + (5)*] .

one has
C
L (V0 + [Voanf) dr < [ 1902 do+ ol

and using again x? + x2 = 1,

/ (}V(X1U)|2+V]X1u|2> dx+/ <|V(X2U)|2+V|X2uy2> dr
R4 Rd
C
< /Rd (|Vu|2 —+ V|u‘2) dx + ﬁ Hu||%2(Rd), (824)

which extends by density to all u € Q(H). By construction, y,u C H}(Bygr) and
Xou € HJ(BS), therefore, yiu € Q(Hag) and xou € Q(HS). If hop, h%, h are the
closed sesqulinear forms for Hyp, Hf,, H, then the inequality (8.24) rewrite as

har(x1u, X1u) + K (xXau, x2u) < h(u,u) + — [|ul|®.

R?
Now consider the closed sesquilinear form ¢’ in L?*(Byg) @ L?*(B%) given by
t/((ub u2)a (vla UQ)) = hZR(ula Ul) + h%(“% U2)7 D(t/) = D(hQR) D D(h%)a

the closed sesquilinear form ¢ in L*(R?) given by

t(u,v) = h(u,v) + %(u, V) r2ray,  D(t) = D(h),

and the linear map J : D(t) 3 u — (x1u, xou) € D(t'). Then the inequality (8.24)
can be rewritten as t'(Ju, Ju) < t(u,u), and due to x? + x3 = 1 one also has

HJUH%%BM)@H(B;) :/ \Xlu\zder/ |X2U’2d$
Bar B

c
R

= [ (bl + ) do = [ Juf? do = e

Rd

Therefore, if 7" and T are the self-adjoint operators generated by ¢ and ¢, one has
A (T") < A, (T) for all n by Proposition 6.6. Now it is sufficient to note that

C

/ ¢ C
T'=HupoHy, T=H+5 A1) =M(H)+ o5

R?’

Now let us turn to the proof of the main result:
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Proof of Theorem 8.14. First make some general remarks. Without loss of general-
ity we may assume V(0) = 0. As V € L (R?), it is bounded on a small ball around

loc
the origin, and then also U is bounded in a small ball around the origin: there exist

a>0and b > 0 with |U(z)| <b for |z| < a. Then, using the k-homogenity, for all
x # 0 one has |U(z)| < ‘(%)kU(aé—')‘ < Ljz|¥, ie. U is polynomially bounded
(which is important, as below we are going to use Theorem 8.9).

Use Lemma 8.16 with V' replaced by AV and R := A~* (s > 0 will be chosen later):

Ap(Hopn—s @ H5—,) — CA* < Ap(=A+AV) < A, (Hyy-s), n€EN, (8.25)
Hyy—s := —A + AV in L?(Byy-s) with Dirichlet boundary condition,
HS_, := —A+ \V in L*(BS_.) with Dirichlet boundary condition.

Pick any n € N and study A, (Hsx-s). Due to the assumptions on V' there exist
As > 0 and A > 0 such that

MV (z) — U(z)| < MAlz|™ < ANT™ for all |z] < 2A7° and A > A,

Consider the operator L, := —A+ AU in Byy-s with Dirichlet boundary conditions,
then ||Hoz—s — Ly|| < AN™™* and by the min-max principle one has

|An(Har-s) — An(Ly)] < AN for A > A,

The operator L) is generated by the sesqulinear form
3 (u, ) :/ (IVul®> + AUul|?) dz, D(€)) = Hy(Bax-s).
|z|<2A—s

We apply a scaling argument similar to the one used in Proposition 8.13. Namely,
for t € R consider the unitary transform

© : L} (Boyi—s) = L*(Bor-:), (0u)(x) = \*?u(\z), = € By,

then © : H(Bayi-s) — Hj(Bay-s) is bijective, and for any u € H}(Bayi-s) one has

0\(Ou, Ou) = )\dt/

lx| <2~

(A2f|(vu>(x*x)\2 + Al_ktU()\tx)|u()\tx)|2> dz.

Choosing t = 24%1@ one obtains 2t = 1 — kt and

0\(Ou, Ou) = )\Qik)\dt/ (‘(Vu)()fx)!2 + U()\tm)}u()\txﬂz dx
|z|<2A—s
= \ZHE (|Vul® + Ulul?) dz.

1 —S
|| <2A2FF

The integral on the right-hand side is the sesquilinear form for the self-adjoint oper-
ator K := —A+ U in B2A 1 __, with Dirichlet boundary conditions, and it follows

k—S

that for any n € N there holds

An(Ly) = ATE A, (Ky).
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Now assume that QJ%,C — 5> 0, then by Theorem 8.9 one has, with some a > 0,

A(K)) = Ay(—A + U) 4 O exp(—arzw %))

1

55 then for A = 400 one has

By summarizing, if s <

An(Hor-) = An(Ly) + O(N7™) = ATE A, (K ) + O(A™)

2 2 L (8.26)
= AN, (A + U) + O(AN7™) 4+ O (A7 exp(—ar7F %)).

In order to use the two-side estimate (8.25) we need some information on A, (H5_,)

as well. Due to the assumptions on the potential V| one can find b > 0 such that

inf V(x) > b\ )" = bA7" as A — +o0.

|z|>A—s
It follows that for large A one has

Ay(HS-) >\ inf V(z) = bAtrs

lz|>A—s

Due to s < 2%,6 one has 1 —ks > 1— 2%: = ﬁ, and then, in view of (8.26), for large
Aone has A (HS_,) > An(Hay-s), therefore, A, (Hon-« @ HS_,) = A, (Hap-<). Substi-
tuting this equality into the two-side estimate (8.25) one arrives at the asymptotics

A (—A + AV) = Ay (Hay-s) + O(X*%). Now use (8.26) again:

A(=A+AV) = AZEA (A +U) + O(A"™) + O(X*) + O(AFF exp(—arzF~*)),
for any s < 2%]6 We now remark that the last summand is small with respect to
the first two O-terms. In order to optimize the remainder we solve 1 —ms = 2s, i.e.

take s = Q—I—Lm’ which gives the sought asymptotics

An(=A + V) = AZF A, (—A + U) + O(A7m). 0

It remains to recall that for large A one has E,(—A + AV) = A,(—=A + \V) (see
Corollary 8.11) and E,(—A +U) = A,(—A + U) (see Proposition 8.13).

Corollary 8.17 (Approximation by harmonic oscillators). Let V € C3(R9)
be real-valued with V(0) < liminf|,; 4 V(). Assume that 0 is the unique global
minimum of V' and that the Hessian matriz V"(0) is non-degenerate. Denote by
[, - -, pha the eigenvalues of V" (0) and consider the disjoint union

d
/j/.
B= {2(2”1 - 1)\/%},
(n1,...,nq)eNd  j=1
then denote by €, the n-th element of E. Let n € N, then for A — 400 there holds

Ey(—A+AV) = V(0)A + £,A2 + O(A3).
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Proof. Denote A := $V”(0), which is a positive definite matrix. The Taylor ex-
pansion V(z) = V(0) + z - (Az) + O(|x]®),  — 0, shows that we are in the setting
of Theorem 8.14 with k =2, U(z) = « - (Az) and m = 3. Therefore,

E (=A+AV) = AV(0) + A\2E, (L) + O(\3), L:=—-A+U,

and it remains to compute the eigenvalues of L.

First, the eigenvalues of the harmonic oscillator T' = —d?/dz? 4+ 2? are 2n—1, n € N
(see Example 3.11). As z? is 2-homogeneous, it follows (Proposition 8.13) that for
any w > 0 the eigenvalues of T, = —d?/dz* + wa? are E,(T,) = (2n —1)y/w, n € N.
We denote by 1, the associated eigenfunctions forming an orthonormal basis in
L*(R). Now let wy,...,wg > 0, then the functions

(Dnl ..... nd(x17---7xd) :¢n1,w1(x1) teee '¢nd,wd(Id>a (nly-"and> eNdv
form an orthonormal basis in L?(R¢) and are eigenfunctions of
L, = A+ wa?+-- +wiz?

in L*(R?) with eigenvalues E,,
exhaust the whole spectrum of L.

ny = 34 (2n; — 1) /@;, and these eigenvalues

j=1

In order to reduce L to L, we use the fact that there exists an orthogonal matrix 6

(i.e. 0" =671) such that
1.
O Afx = 5 diag(p1, - - -, fa)-

Consider the unitary transform U : L2(RY) — L?(R%) defined by (Ou)(z) = u(fz),
then it is an easy exercise to show that

d
1
07 'L =-A+ 3 Z,ujx? (= L, with w; = 3 1),
=1

hence, the spectrum of L is exactly the above set E. O

We remark that the strong coupling asymptotics can be transformed to the so-called
semiclassical asymptotics for the eigenvalues of —h2A+V with h — 0%: one denotes
h = A2, then

E,(=A+\V) = AE,(—h*A + V).
Corollary 8.17, if rewritten with this new parameter h, is usually referred to as
the WKB asymptotics for the eigenvalues. We remark that the remainders in the

above asymptotics are not optimal and can be improved with the help of different
approaches.
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The exercises below are to fill (very small) gaps in the proofs of Subsection 8.4.
They refer to the most basic questions.

Exercise 23. Let V € L (R?) be real-valued and semibounded from below. Define

loc

Vo :=ess inf V(z)=sup{a €R: [{z: V(z) < a}| =0}.
z€R
Let My be the self-adjoint operator of multilpication by V.
1. We want to show that V|, = inf spec,, My .

(a) Show that Vj > —oo and that spec My C [Vp, +00).
(b) Assume that [{z : V(z) = Vo}| > 0. Show that Vj € spec. My
(¢) Now assume |{z : V(z) = Vo}| = 0. For € > 0 consider the set
Xoi={z:V(z) <Vo+e}
i. Show that one can find a monotonically decresing sequence (g,,) with
lim,, 4o €, = 0 such that | X, \ X, ,,| > 0 for all n.
ii. Let Y, be a subset of X, \ X, , with positive finite measure and

consider the functions ¢, = \2/;—', where 1y, is the indicator func-

tion of Y,,. Show that (¢,) is a singular Weyl sequence for My (see
Theorem 5.22).

iii. Show that Vj € spec, My .
(d) Show the claim.

2. Now we want to show that C>°(R?) is dense in D(my) (which is viewed as a
Hilbert space with the norm || - ||, , see Subsection 2.1).

(a) Show that L}(R?) = {u € L*(R?) : u has compact support} is a dense
subspace of D(my).

(b) Let u € L?(R?). Show that there exists a ball B containing the support
of u and a sequence (u,) C C°(R?) with supports in B satisfying

lw = wnl|L2gay = 0.

(¢) Show that my (u — up, u — u,) — 0.
(d) Show the claim.

Exercise 24. Let T7 and T5 be lower semibounded self-adjoint operators in Hilbert
spaces H; and Hs, and let t1,¢5 be their closed sesquilinear forms (Subsection 2.1).

Define a sesqulinear form ¢ in the Hilbert space H; x Hs by
D(t) = D(t1) x D(ts), t((ul,uQ), (Ul,Ug)) = t1(uy,v1) + ta(ug, v2).
1. Show that ¢ is closed.
2. Show that the operator T" generated by ¢ is the direct sum T'=T) & 15, i.e.
D(T) = D(Th) x D(Ty), T(u1,u2) = (Thuy, Tous).
3. Let n € N and assume that A, (71) < A1(T»). Show that A, (T) = A, (T1).
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9 Laplacians in unbounded domains

9.1 Bottom of the essential spectrum, decay of eigenfunc-
tions

In the present subsection, let Q C R? be an unbounded domain. By T% we denote
the Dirichlet Laplacian in Q, which is the self-adjoint operator in L?*(2) generated
by the closed sesquilinear form

2 (u,v) = /QW'V?} dz, DY) = H} ().

For the moment we do not make any additional assumptions on the geometry of
Q2 (but some particular classes of unbounded domains will considered later). As Q
is unbounded, the previous discussion involving the compactness of the resolvent
does not apply, and the operator 7! can have a non-empty essential spectrum. We
will first discuss some similarities (if expressed in a suitable language) between the
Laplacians in unbounded domains and the Schrodinger operators discussed in the
preceding chapter.

We recall that the principle of the domain monotonicity:

Theorem 9.1. For any open domains Q' C § there holds
An(T) < A (TY) for alln € N. (9.1)

Proof. Let J: H} () — H(Q) be the extension by zero. In fact, if u € C>°(Y),
then clearly Ju € Hy(Q) with ||Jul| 1) = ||l (o), which then extends by density
to the whole of H}(€'). We further have Jd;u = 9;.Ju, which shows that

4 Ju, Ju) =t (u, 1), || Jullzg) = vl for all u € HI(Q).
Now we are in the situation of Proposition 6.6, and the claim follows. O

As our constructions involve a number of truncations, we will introduce some asso-
ciated notation. For R > 0 we denote

Qr:=Qn {lz| <R}, Q4:=0n{z:|z]> R},
T:=T% Tgp:=T% T&:=T"%,

Due to 2N C Q, the domain monotonicity (Theorem 9.1) implies the inequalities

and each of them will be of use in what follows.

We will first discuss the position of the essential spectrum, and then continue with
the study of the discrete eigenvalues lying below the essential spectrum;
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Theorem 9.2. There exists C > 0 such that for any unbounded open domain £ any
R >0 and any n € N there holds

. C
A(T) > N(Tor® T) — T (9.3)
As a consequence,
infspec, 7= lim infspec. Th. (9.4)
R—+00

Proof. We first show (9.4) under the assumption that (9.3) holds.

Recall that for any lower semibounded self-adjoint operator A one has inf spec. A =

lim,, 4 oo Ay (A). By combining the lower bound (9.3) with the upper bound (9.2)
we obtain

C
An(Tar ® TR) = 55 < Ma(T) < An(Th). (9.5)

Remark that the number A, (Tor @ T},) is the nth element of the disjoint union

| A (T} U | {05(T5)}

JEN jEN
The domain 5r is bounded, hence, the operator Tor has compact resolvent and
lim,, 400 Ay (Tor) = +00, and then

lim A, (Tor®Tg) = lim A, (TR).

n—+oo n—+oo

Hence by sending n to oo in (9.5) one obtains

: c
inf SP€Cess ess TR?

c . :
Ty — i < infspec,, T < inf spec

and by sending R — +oo one arrives at (9.4). One remarks that the existence of
the limit in (9.4) can also be deduced from the domain monotonicity: the function

R — A, (T%) is non-decreasing, hence, R — inf spec,, T is non-decreasing too.

Now let us prove (9.3). In fact, it is almost the same proof as for Lemma 8.16, but we
prefer to repeat the main steps, as the procedure is important. Let ¢, 19 € C°(R)
with

0<w; <1, Y4+s=1, Y(t)=1fort <1, o(t)=0fort>2,
and for R > 0 define x; : R? = R by x;(z) = zpj(%), j =1,2. For any u € C(Q)
one obtains as in the proof of Lemma 8.16:

C
| (Ivtauf +[90a) do < [ (Vuldot gzl )

with C':= }(@D'l)z + (1&5)2‘00, which extends by density to all u € H} ().
Now consider the closed sesquilinear form ¢ in L?(Qqpr) & L?(2%) given by

t'((ul, Ug), (’017 UQ)) = V_ul-VUl d.T"—/ V_UQ'VUQ dl‘, D(t/) = Q(TQR)@Q(T}%),

Qon Qe
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the closed sesquilinear form s in L?(£2) given by
— C 0
s(u,v) = g Vu-Vvdr + ﬁ@, V)2, D(t) = Hy(),

and the linear map J : D(t) 3 u — (x1u, xou) € D(t'). Then the inequality (9.6)
can be rewritten as ¢'(Ju, Ju) < t(u,u), and due to x? + x2 = 1 one also has

HJUH%%QQR)@L%%):/ ’Xlu’2dx+/ Ixoul® dx

Qor Qe

- / (haul® + Ixeul’) do = / [uf? dz = [[ul22(0).
Q Rd

Therefore, if 77 and S are the self-adjoint operators generated by ' and s, one has
A (T") < A, (S) for all n (see Proposition 6.6), and we have

C

T/:TQR@T}C%, S:T—i_ﬁ’

A (S) = A (T) + ek
Example 9.3. Let w C R?! be a bounded domain. Consider
Q:=w x (0,00),

which is a half-infinite cylinder with cross-section w;. For any u € C2°(€2) and any
zq € (0,00) one has u(-,t) € C>°(w), and

o p d
/[VuP d;z::/ /Z|8ju(a:’,xd)|2dx’dxd

s pd—1

2/ /Z|8ju(x’,xd)]2da;'d:cd
0 woi=1

2/ )\?(w)/|u(:v’,xd)|2d:v'd:vd
0 w

= A (@) lullZ20)
i.e. specT® C [AP(w),00) and

inf spec,,, T > AP (w).
This results in the following observation:

Theorem 9.4. Assume that there exists r > 0 and bounded domains wq,...w, C
R such that Q¢ C U;nzl U;, where U; are non-intersecting domains such that each
U; is isometric to w; X (0,+00), then

inf speceg, T > min { A (w;) : j=1,...,m}.
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Proof. Let S; be the Dirichlet Laplacian in U;, then spec., S; C [M(w;),00)
(Example 9.3). Due to Q% C UJjZ, U; for all R > r one has, using the domain
monotonicity,

inf specTy > Ay (T) > Ai(S1 @ -+ B S)
=min{A;(S;):j=1,....,m} =min {A\(w;) : j=1,...,m},

and the result follows by Theorem 9.2. O]

A typical example of a domain satisfying the assumptions of Theorem 9.4 looks as
a bounded core to which one glues several half-infinite cylinders. Such unbounded
domains are often called waveguides, and a more detailed control of their spectral
properties is possible (see below).

The preceding result can be transformed into a sufficient condition to have a purely
discrete spectrum:

Corollary 9.5. Denote B. := {x eRIL: 2] < 5}. Assume that for any e > 0 one
can find r > 0 and m € N satisfying €2 C U;nzl U;, where U; are non-intersecting
domains and each U; is isometric to of B. x (0,400). Then T has compact resolvent.

Proof. By Theorem 9.4 one has inf spec,, T > AP (B.) for any € > 0. On the other
hand, AP (B.) = e 'A\P(B;) — +o00 as € > 0, hence, spec,, T = 0. O

Example 9.6. Let f : R — R be such that f > 0 and lim||—, 1o f(2) = 0. Consider
Q= {(z1,22) : 0 < 22 < f(z1)} CR?,

then the associated Dirichlet Laplacian T" has compact resolvent: this case is covered
by Corollary 9.5.

Similarly to Schrodinger operators we can show a decay estimate for the eigenfunc-
tions of T corresponding to the discrete eigenvalues below the essential spectrum
(Agmon estimate).

Theorem 9.7. Let u be an eigenfunction of T with eigenvalue E. Assume that
there exists v > 0 such that Ay (TF) > E, then there exists A > 0 such that

/ A (|Vuf? + [ul?) do < oo,
Q

Proof. The proof employs a number of constructions from the proof of Theorem 8.8,
but we prefer to repeat them for completeness.

Denote
VR = A1 (TR), Vﬁ = A1 (Té),

then the initial assumption and the domain monotonicity imply

VE>Ve> FEforal R>r. (9.7)
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Consider ¢ : @ — /|z|?> + 1: this is a C* function with |V¢| < 1. Let us pick a
non-decreasing C* function 6 : R — R with the following properties:

O(t)=tfort <0, O(t)=1fort>2 6'(t) <1 forallt,
and for L > 0 consider ¢(z) = L 4 6(¢(x) — L), then ¢ € C" with

0<y<L+1, |Vy|=|lo¢)Ve| <[Ve| <1,
¥(z) = é() for ¢(x) < L.

For a > 0, to be chosen later, consider the function ® : z +— ayp(z).

Using the same computations as in Lemma 8.7 we obtain first
/ (B + VO |u dr = / IV(c*u)|’ da.
Q Q
On the other hand, using the equality (9.6),
o, |2 1|2 PN C & 2
/|V(e w)l dmZ/ <‘V(Xle u)‘ + |V(X26 u)‘ )dx—ﬁﬂe u||Lz(Q).
) Q

Let 6y € (0,1) (whose value will be chosen later), then we can combine the last two
inequalities as

/ e*®(E + Vo) |ul’dz = 50/ |V (e®u)|*dr + (1 — (50)/ IV (e®u)? dz
Q 0 Q
C
Z 50/ |V(eq’u)|2 dr + (]. — (50)/ ({V(Xleéu)‘z _ §|X16¢u|2> dx
Q Q
C
+ (1 - 50)/Q (‘V(Xgecbu)‘2 — ﬁ|xgeq’u|2> dx.
Now represent
/ e (E+|V?)|ul*dx = / (E+|VOP*)|xieul*dz +/ (E+|V®|?)|x2e"ul*dz,
Q Q Q
then, using (1 — 6)C < C,
/ (E+ |VOP)|xie®ul’dx + / (E+ V) |x2e"ul*dx
Q Q
C
> 50/ ‘V(eq’u)‘2 dx + / ((1 — 60)}V(Xle‘bu)|2 — ﬁlxle@uP) dx
0 Q
C
+ / <(1 — (50)‘V(X2€¢U,)|2 — ﬁ|xge¢u|2) dr (9.8)
Q
By construction one has yie®u € HE(Qar) and yq2e®u € HL(QS), therefore,
[ (IV0aeto)l do = Varlxe®ulBa,
Q
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2 C
[ (19t de = Ve ulfg

and then it follows from (9.8) that

/ (E+|VP|*)|x1e®ul*dx +/ (E +|VO]?)|x2e"ul*dx
Qaop

O

P 2 C d |2
250/Q|V(‘9 u)l diU"‘/QZR <(1_60)V2R_§>’X1€ ul >d$

+ / ((1 —60)VE§ — %) \Xgeq’u\Q) dx.

and, by regrouping the terms,

50/Q}V(eq’u)}2dx+/%

C
< / <E VO — (1 — 6)Var + —) yie®ul?dz. (9.9)
Qor

C
((1 —6)Vi— E—|V®|* — ﬁ) Ix2e®ul? do

RZ

As V¢ > E, one can choose dy > 0 sufficiently small to have b := (1 —3o)V, — E > 0.
Due to (9.7), one can choose R > r sufficiently large to have

. C . C c _b
(1—50)VR—E—EZ(1—50)VT _E_ﬁzb_ﬁzi
Now recall that |V®| < a, so one can choose a sufficiently small to have a? < %. For
this choice of dy, R, a one obtains

cC _b b
=(1-6)Vi—E—|VOP—— >-—d" >~
0 ( 50)VR |v | R2~— 9 a —4>07
and (9.9) gives
(50/ ‘V(eéu)‘zd:ﬁ%—é/ Ix2ePul?dr < B/ Ix1€%u|” dz, (9.10)
Q Q% QR
5 C
B:=E+a —(1—50)‘/2R+§7
and then
/ <‘V(e¢)u)‘2 + |eq>u|2> dx = / ‘V(eéu)‘de +/ Ix2e®ul? dz +/ Ix1e®ul? dw
Q Q Qs Qp
< (B(6t+6H+1) / Ix1e®ul? dz.
Q2R

For x € Qag one has ®(z) < ap(vV4R? + 1). One can assume that L > V4R? + 1,
then ¥(vV4R? + 1) = V4R2 + 1, and ®(x) < av4R? + 1 for all z € Qyp, and

2
/ |X1€<I>u|2 dr S e2a\/4R +1’
Qop
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implying

/ <‘V(e¢u)‘2 + |e¢u|2> dr < By = (B(6;' +6 1)+ 1)62‘“4R2+1 Ix1ul? dz.
0

Qar

Proceeding literally as in the proof of Theorem 8.8 we obtain
/ e (|Vul* + |uf*) dz < (40 + 3) By =: By,
0

which holds for all sufficiently large L. In a more detailed form (using the explicit
expression of @),

/Qexp 20(L+0(6(2) 1)) | (19uP + uP) dz < B,

The constant Bs is independent of L, and L + 0(¢(m) — L) converges monotonically

(as 0 < 1) to ¢(z) = Va2 + 1 for any = as L — +oo. Hence, by the monotone
convergence theorem,

/ 62‘1”52+1(|Vu|2 + [u*) dz < By.
Q

Using e?@l*l < ¢2av#*+1 gpe obtains the claim with A = 2a. O
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Exercise 25. We continue using the same notation as in the preceding subsection.
Let Q C R? be an unbounded domain.

1. Let R > 0 and € > 0. Show that the Dirichlet Laplacian T has at most finitely
many eigenvalues below Ay (T};) — €.

2. Let R >0 and N € N such that Ay(Tg) < A;(T},). Show that T has at least
N eigenvalues below inf spec, 7.

3. Let R and N be as in the previous question. Show that there exists a > 0 such
that for any n = 1,..., N one has A,(7,) = A, (T) + O(e™*) as r — +o0.
Hint: Use Theorem 9.7 and mimic the proof of Theorem 8.9.
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9.2 Domains with cylindrical ends

Let © C R? be a domain with lipschitzian boundary and having the following
property: there exist R > 0 and bounded lipschitzian domains wy,...w, C R
such that

3

Qn{lz| > R} = (U )m{m > R}, (9.11)

where U, are disjoint domains such that each U; is isometric to w; x (0, +00). Such
domains are often called domains with cylindrical ends with cross-sections w; (each
U; is then referred to as a cylindrical end).

Theorem 9.8. There holds spec T® = [\, +00), where A := min_; AP (w;).

Proof. The inclusion spec, T C [\, +00) is already known (Theorem 9.4). Now

ess

we are going to show that A + k2 € specT® for any k& > 0: then it follows that
[\, +00) C spec T, and automatically [\, +00) C spec,, T as the set [\, +00) has
no isolated points.

Let us choose j with AP(w;) = X and let ¢ be an eigenfunction of —A}; for the
eigenvalue A = AP (w;), which we assume normalized, [|¢||12(,;,) = 1. Without loss
of generality we may assume that U; = w; x (0, 00).

We write z € R? as x = (2/, 24) with 2/ = (21,...,24_1). Let us choose x € C®(R)
with 0 < x <1, x(t) =1 for 2 <t <3, x(t) =0 for z < 1 and for x > 4. Assume
that R is chosen sufficiently large to have (9.11). For n > R introduce u, : Q@ — C
by

U (2, 24) = p(a')ekrax (L), (2/,24) € U; with 24 > R,
’ 0, for all other x € €,

then wu,, € D(T*?) with

3n
ko> [ feteieefan = [ ot Pt = n
x',xq)eU;:2n<zy<3n n wj

(9.12)
(T%un) (2", w4) = (—Aup) (2, 24) = —Dgrip(a)x ()
X (p(x/><k26ikxdx(%) _ QTzL_'keikde/(%) _ nl2ezkxd // ))
T4

= A+ E)e()x (%) — »(@) (%eik”x’(%) + Letkray( )).

Therefore, (TQ - (A + kQ))un = —p(2) <2Lfeikxdx’(%) + #eikxdx”(i—d)),

o () [y < NI / lo(a)[ de
zelUj,n<xg<4n

4n
2
— I [ [ Leta) P detdra = snl
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it (22) oy < I [ e/} d = 3 I,
zeUj,n<zy<4n
which shows that ||(T — (A + kQ))unHLQ(Q) = O(1) for large n. Using the norm
estimate (9.12) for u, one obtains lim,,_,« || (7% — (A + k:2))unHLQ(Q)/HunHLz(Q) =0,
which implies A + k% € spec T, O

In order continue we will need some additional manipulations with Sobolev spaces.
For any open subset U C Q we denote by Py : L*(Q) — L*(U) the operator
of restriction to U, ie. Pyu(r) = u(x) for x € U. Furthermore, consider the
sesquilinear form rV defined by

rY(u,v) = / Vu-Vvdr, D(rY)= PyH}(Q).
U

Remark that by construction one has Py Hj () € H'(U), which means that r¥ is the
restriction of the sesquilinear form for the Neumann Laplacian As the sesqulinear
form for the Neumann Laplacian is closed, it follows that rY is closable, and we
denote by H 4(U) the domain of its closure 7U. Then H a(U) is a closed subspace of
HY(U) in the H'-norm with

r_U(u,v):/W'Vvdx.
U

Moreover, the density of C2°(2) in H}(2) implies the density of PyC°(£2) in ﬁé(U)
in the H'-norm. We denote

RY := the self-adjoint operator in L*(U) generated by the form U,

If U has Lipschitz boundary, then then RY has compact resolvent (as H(U) is
compactly embedded into L?(U), see Theorem 3.32).

Theorem 9.9. The discrete spectrum of T is at most finite.

Figure 1: Construction of C' in the proof of Theorem 9.9
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Proof. Due to the assumption on €2 one can find a bounded lipschitzian subdomain
C' C Q such that Q\ C is the union of half-infinite cylinders Uy, ..., U, (i.e. each U;
is isometric to w; x (0, 00)): see Figure 1 for an illustration. Denote ' := CUUJJ-, U;
and let S be the self-adjoint operator in L*(Q') = L?*(2) generated by the closed
sesquilinear form

s(u,v) = | Vu-Vods, D(s)= 5(9')51(0)@@;1?;(@).

o
The sesquilinear form s is an extension of the sesquilinear form of 79, i.e. S < T
(see Definition 6.7), therefore, A,,(S) < A,(T?) for all n € N (Corollary 6.8). At
the same time we have the representation S = R @ RN @ --- @ RU». As C is
chosen bounded with Lipschitz boundary, the operator R has compact resolvent.
On the other hand, one can easily show that A;(RY%) > A\;(w;): one can assume
without loss of generality that the orthogonal coordinates are chosen in such a way
that U; = w; x (0,00) and take any v € C2°(€2), then the same computations as in
Example 9.3 show that

[ IVl = 3w [ Jufde,
U; U;
which extends then by density to all u € HE(€).

Recall that A := min; AP (w;) is the bottom of the essential spectrum of T, hence,
U; > A for all j, and the condition

A(S)=A(REO R - @ RU™) < A

is equivalent to A,(R®) < X. As R® has compact resolvent, the latter condition
only holds for finitely many 7, and then there exists N € N with Ay(S) > A. Then
AN(T®) > An(S) > A, ie. T has at most N eigenvalues below A. O

Remark 9.10. As seen from the proof, one has the estimate,
#{n: A, (T%) < A} < #{n: A, (R°) <A}

One can show that the operator R is in fact associated with the sesquilinear form
¢ (u,v) = / Vu - Vodz
c

with domain D(r“) = {u € H*(C) : u =0 on 92 N dC}. The condition “u =0 on
02N 0C” should be understood in the spirit of the trace theorem (Theorem 7.1):
for u € H'(C) its restriction on C is defined as a function from L?(9C), an we
require that this function vanishes of the subset 0C'NOS2. In some cases one can give
a rather precise estimate for the eigenvalues of R®, which then results in a lower
bound for the number of discrete eigenvalues of T*.

Remark that due to € C € one also has A,(T) < A,(T°) for all n (domain
monotonicity). In particular, if A,(T¢) < X for some n, then T has at least n
eigenvalues below . O
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Figure 2: Example 9.11

Example 9.11. Consider 2 C R? shown in Figure 2: It is a domain with a single

cylindrical end (a,00) x (0,1) whose cross-section is w = (0,1) and A\P(w) = 72,

so we obtain spec,, T = [r%,+00). An obvious candidate for C is the rectangle
(0,a) x (0,b), and the operator RY is generated by the sesqulinear form

rc(u,v):/W-Vvda:,
D(r¢) = {u € H'(C):u=00ndC\ ({a} x (0, 1))}

This operator is difficult to deal with, and in order to estimate its eigenvalues we
consider first the extension 7’ of ¢ given by

r(u,v) = /CW-V’UCZ,CL“,
D(r') = {u € H'(C) :u=00nC\ ({a} x (0, b))}.

If R is the self-adjoint operator generated by 7/, then A, (R) < A,(R) for all
n € N. The operator R’ appears to be with separated variables: one has (Exercise!)
R =A®1+1® B, where B is just the Dirichlet Laplacian on (0,b), while A acts
as f — —f" on the functions f € H?*(0,a) with f(0) = f’(a) = 0: the sesqulinear
form t4 for A is

tlf.o)= | Fds, Dita) = {F € H'(0.0) : 5(0) =0},

m2k2

The eigenvalues of B are %5~, k € N, and the eigenvalues of A can be easily
computed as well, they are %, j € N. Hence, the eigenvalues of R’ are

s e “252 with (j, k) € N x N. It follows that the number of eigenvalues of T

4a?
below 72 does not exceed the number of eigenvalues of R’ below 72, i.e. the number

of pairs (j, k) € N x N with Z@IZU? 4 w22 o 72

4a?

On the other hand, the eigenvalues of the Dirichlet Laplacian T in C are ”252 + ”252

with (j,k) € N. For example, if A1(T¢) = 7%(5 + ) < 72, then T* has at least
one eigenvalue below 72. We conclude that for a—12 + b% < 1 the operator T hat at
least one discrete eigenvalue.

126



Now pick any N € N and a > 1, then one can choose a sufficiently large b for which

2 2 A72
AN(TC) = 2_2 + 7T1)]2\/ < 7‘-27

then Ax(T%) < 72, and T* has at least N eigenvalues below 72 O

Now we would like to discuss in greater detail the discrete spectrum of 7: while we
know that it is (at most) finite, we only have very rough conditions (in terms of the
Dirichlet eigenvalues of C') guaranteeing the existence of at least one discrete eigen-
value. In order to simplify geometric constructions and to avoid using the formalism
of differential geometry, in the rest of this subsection we will restrict ourselves by
considering two-dimensional domains with cylindrical ends. In two dimensions, the
only possible cross-sections w; are intervals: without loss of generality one assumes
w; = (0,¢;) with some ¢; > 0, which severely reduces the technical complexity of

the analysis. Furthermore, in this case \P(w;) = %_2, and \ = ’lf—j with ¢ := max/;.
J

Many results on the existence of eigenvalues are based on comparisons of {2 with
infinite strips. Without loss of generality one can assume that the strip has unit
width and that it is horizontal, i.e. we consider

IT:=R x (0,1).

The preceding discussion implies (Exercise!) that spec T = [12, 00).
The following theorem states that if €2 is obtained from II by removing a bounded
set, then the Dirichlet Laplacians in II and €2 have the same spectrum.

Theorem 9.12. Assume that Q@ C II and that 11\ Q is a bounded set. Then

spec T = spec T = [72, 00).

Proof. Due to the assumption, the sets 2 and II coincide outide a ball, then by

Theorem 9.8 we obtain spec,, T = [r2,00). The domain monotonicity implies
72 = A (T < A (T%) < infspec,, T = 72, which shows that A;(T}) = 72: this
means that 7 has no spectrum below 72. O

Now we consider the opposite situation: assume that €2 is strictly larger that II. It
appears that this necessarily influences the bottom of the spectrum (even without
assuming that the perturbation is localized in a ball):

Theorem 9.13. Let Q C R? be a connected domain such that Q D I and Q # 11,
then Ay (T%) < 72

Proof. Remark first that the inclusion 2 D II implies, due to the domain mono-
tonicity, A;(©2) < A;(IT) = 7%, and the meaning of the result is that the inequality
is strict.

Due to the assumption, some boundary points of II are interior points of 2. Without

loss of generality we assume that the point M = (0, 1) is an interior point of {2, then
there exists § > 0 such that |z — M| < § implies z € Q. Let f € CX(R) with

127



Figure 3: The domain €2, in the proof of Theorem 9.13

supp f C (—=0,0), f > 0 and f(0) > 0, then for sufficiently small £ > 0 all points
(1, 22) with 1 <z <14 ef(x;1) belong to 2. Therefore, if one denotes

Q. = {(zl,xg) 0<x <1 +8f(x2)},

then €2, C  for all sufficiently small ¢ > 0, and due to the domain monotonicity
one has A1(€2) < A;(€2), see Figure 3. In order to obtain the claim it is sufficient to
show that A;(Q.) < 72 for all sufficiently small ¢ > 0, and for that it is sufficient to
show that there exists a function u. € Hg(2:) with [|Vue|[Z2qy — 7[Juel|72(q,) < 0.
Let x : R — R such that 0 < x <1, x(t) = 1 for |t| < 1, and x(¢) = 0 for |t| > 2.
Consider the function
=i (7 ()
Uep(T1, T9) = sin (| ———— — ), (z1,22) € €.,
al1,z2) <1—|—5f(:c1) N\ (21,22)

which clearly belongs to Hj(€.) for any n > 0. The choice is motivated by the fact
that the function x5 +— sin (1 +:jf(2m)) is the eigenfunction for the first eigenvalue of
the Dirichlet Laplacian on (0,1 +¢f(z1)), and 1+ € f(z;) is exactly the “height” of
Q2. at x1. Using the integration by parts we have

) 2 I+ef(z1) 5 . — Qd . 2d
5 |02t | dr = N [a—msm(lﬁﬂxl))} xQX(?) 1
1+ef(z1) . . ,
T ) [ e ) e (2 e

1+Ef(£l?1) ) ) )
== s : T T
N /R/O (1+5f(551))2 Sin (1—‘,—5]"(23;1)) X(#) dxl dxg.

and

I, = |82u€,n|2 dx — 7T2/ |u5,n\2 dx
Q. Qe

2 2 2 I4ef(@1) . 2
= /R <(1+z—:f(3:1))2 -7 )X(ﬁ) /0 Sin (1+sf(2m1)) dxy d,
2 1 I+ef(z1) . (x1)2
=7 /}R(m —1) = (3 da
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Remark that the first factor in the subintegral expression vanishes for |x;| > 4, while
X(%) =1 for |x1| < § if n > §. Therefore, for all n > § one has

2 1 2 _9 2 2
Lo=" / (e — 1) Moo gy = T / ef@) —Ef@)?
2 Jo \(14+ef(xy)) 2 Jr 1+ef(z)
and for € € (0,&9) and n > 6 we have
I., < —ae with a:= 7r2/ &dfﬂl > 0.
g 1 +eof(z1)
Now let us control the term
Jem = |01 | dox.
Qe
Assuming again n > § and € € (0, ) one first estimates
8 2 _ 7T$2f/(1‘1) TILD T 1 . T2 ! ( xq 2
‘ 1“&7%(9”1"”2)‘ = | T & Urefla))® ©O8 (1+€f(a:1)) X (%) + 5 sin <1+sf(xl))x (%)
2 2
2| Tz f’(ﬂC ) T x 2 L T
<2 (1+f:f(x11))2 cos (1+5f(2:r:2)) X ?1) + n2 sin (1+5f(2:01))XI(71) ’
and then
wxo f’ (:1:1) 2

(4ef(z1))? cos (1+g}c(2361)) X(%)

/ /1+€f($1

g/n (1+ef(z1)) ~7r2(1+€f(x1))2‘f’(:ﬁ)‘Qdﬂﬂl

—2n

and

/ /1+af(x1

2
sin (2t ) X (5)

2n
< IIX'Iloo/ (1 +ef(an))der <en, e =4} |/l + 0o

2n

2
This gives the estimate J.,, < 2be*+ 2 1t follows that, for all n > d and € € (0, &),
n

2
A, = / (]Vus,n|2 — 7r2\u57n\2) dr = I, + J.n < —ac + 2be* + iy
Q. n

We can choose €; € (0,&9) such that —ae + 2be? < 0 for any ¢ € (0,;). Then for
any fixed ¢ € (0,e1) one can find a sufficiently large n for which A., < 0. This
shows that A;(Tq,) < w2 for any € € (0,¢;) and proves the claim. O
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Figure 4: Domain () from Example 9.15.

Corollary 9.14. Let Q C R? be a connected domain with Q D I but  # 11, and
Q coincides with 1 outside a ball, then specy, T = [7%,+00), and T* has at least
one and at most finitely many eigenvalues below 2.

Proof. The equality spec,, T = [72, +00) follows from Theorem 9.8, and the finite-
ness of the discrete spectrum follows from Theorem 9.9. Finally, by Theorem 9.13
one has A (T%) < 7% = inf specy, T%, hence, A;(T%) is an eigenvalue of T*. O

Example 9.15. Consider the domain €2 shown in Figure 4. We are in the situation
of Corollary 9.14, hence, the essential spectrum of T is [72, +-00) and T* has at least
one eigenvalue below 72. On the other hand, if one uses the above Remark 9.10 one
concludes that the number of eigenvalues does not exceed the number of eigenvalues
below 72 for the self-adjoint operator R in L*(C), C := (0,a) x (0,b), given by the
sesquilinear form

r(u,v) :/W-Vvda:
c

D(r) = {u € HY(Q) : u=0ondC \ (({0} % (0,1)) U ({a} x (0, 1)))}.

Let 7’ be the extension of r given by
r'(u,v) = / Vu - Vodz
c

D) = {u € HY) :u=0ondC \ (({0} % (0,6)) U ({a} x (o,b)))},

and R’ be the associated self-adjoint operator, then A, (R') < A, (R) for all n € N.
The operator R’ can be written as R = A® 1 +1® B (Exercise!), where A is the
Neumann Laplacian on (0,a) and B is the Dirichlet Laplacian on (0,b), and the

eigenvalues of R’ are e %, j € Ng:=NU{0}, k € N. As a result, the number

a2
of discrete eigenvalues of T cannot exceed the number of eigenvalues of R’ below
72, i.e. the number of pairs (j, k) € Ny x N for which one has ”252 + ”252 < 7%, For
example, assume that a € (0,1) and b € (1,4), then the inequality is satisfied for
the unique pair (j, k) = (0,1), which shows that 7% has a unique discrete eigenvalue

for such a and b.
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Exercise 26. Let QO C R? be an open set. Assume that there exists an open set
w C R? such that Q contains infinitely many disjoint copies of w. Show that the
essential spectrum of T is non-empty and that inf spec_ T < AP (w).

Exercise 27. Let f : R — 0 be a C™ function satisfying limj,, f*(z) = 0 for
all £k € NU{0}. Consider the domain

= {(wl,xg) i eR 0< 2y <1 —|—f(x1)}

1. Let € > 0. Show that there exists R > 0 such that Q% C (0,1 +¢) x R and

deduce that spec, T C [(11—25)2’ OO)-

2. Show that spec., T = [7%, +00). Hint: consider the functions

U (21, 9) = sin (%)eikxlxn(m)

with k£ > 0 and suitable cut-off functions x,,.

3. Assume that f > 0 and f # 0. Show that T has at least one discrete
eigenvalue.

Exercise 28. Consider again the example 9.15. Find an explicit range of a and b
for which the operator T has (1) at most two discrete eignvalues, (2) at least two
discrete eigenvalues?
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Figure 5: Domain II,.

As a much more involved class of domains with cylindrical ends we consider so-called
“bent” strips. The general theory of such objects uses some computations from the
differential geometry: due to this reason we will only consider a kind of minimalistic
example.

Let a € (0,7) and consider the domain II, obtained by gluing two copies (denoted
Uy and Us) of ((0,00) x (0,1) to the straight sides of a sector S, of unit radius and
of opening angle «, see Figure 5.

The preceding discussion implies that spec,, T = [r2, +00) for any choice of a.
We are going to prove the following result:

Theorem 9.16. For any a € (0,7) the Dirichlet Laplacian TV in T, has at least

one eigenvalue below 2.

Proof. We simply need to show that A;(T") < 72, and for that we need to show
the existence of a function v € H{(I1,) satisfying the strict inequality

/ (|Vul* = 7*[ul?) < 0.

{e3

This function will be constructed using a limiting procedure involving several pa-
rameters.

Pick a C* function x : R - R with 0 < x < 1, x(¢) = 1 for [t| < 1 and x(t) =0
for |t| > 2. Without loss of generality we assume that the sector S, is described
in the standard polar coordinates (r,60) by (r,0) € (0,1) x (0,«). In addition,
choose the orthogonal coordinates (yi,y2) such that the half-strip U; corresponds
to (y1,42) € (0,00) x (0,1), and the orthogonal coordinates (zs, 29) such that the
half-strip U, corresponds to (z1, z2) € (0,00) x (0, 1), see Figure 6 for illustration.

For n > 0 (to be chosen later) we define u,, € H}(I1,) as follows:

in S,: u(z1, z9) = sin(7r),
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Figure 6: Coordinates in I1,.

y)7

in Uy: u(xy,z9) = Sin(ﬂ?h)X(gl
21

in Us: u(xy, 2) = sin(mz2) x ( . ).
We have
I ::/ (IVun > = 7*|u,|?) d
U
= [ (Bl + B = )
2, 2
/ / sin(rye)x' (L)] + ‘cos(ﬂyz)x(%)
2
sm(ﬁyg)x(%) } dys dyy
Due to .
/ (C082<7Ty2) — sin2(7ry2))dy2 = /02 cos(2myy) dys = 0
0
we have
o) 1 2
I, = #/ / Sin(ﬂyg)xl(%) dys dyy
o Jo

2n 1 ) a )
=< #/ / IX5edy2 dyr = —,  a = |X]%-
n 0 n

By construction we have

/ (IVu, > = m2|u,|?) dz = / (IVun|* = 7*|un|?) dz
U2 Ul

/ (|Vun|2—7r2|un|2) d:z::/ +/ = —
Mo \Sa Uy Us
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The integral in S, will be computed using polar coordinates. Recall that for the
standard change of variables (1, x2) = (rcosf,rsinf) one has

O = cos 0 Oy, u+sinf O, u, Ogpu = —rsinf d,,u + r cos O O, u
implying
sin 6 cos 1
Oy, u = cos 0 O, u— Ogu,  Opyu = sinf O u+ dou,  |Vul> = [0,ul*+= |9pul*.
r r r

Therefore, using dgu,, = 0 the change of variables in the integral,

a 1
/ (|Vu,* = 7*|u,|?) da = / / (10run|® — 72ul?) rdr 6
o o Jo
«a 1
7r2/ / r( cos®(wr) — sin®(wr)?) dr df
o Jo

« 1
7r2/ / rcos(2mr) dr df = 0.
0 - O >
e
At this point the result is insatisfactory: we have

2
L= [ (VP -y = [ [ <2
oY Ha\Sa « n

and this upper bound does not help us to show that the integral can be negative.

We now proceed with a clever trick consisting in a local perturbation of u,,. Namely,
let v € C*(11,) be real-valued with suppv C S,. For € > 0 consider the function
Upe = Uy + €V and

JIn(e) = / (|Vupe* = 7. ?) da.
I,
One has J,(¢) = I, + 2Ae + Be? with
A= [ (Vu,-Vv—ru,w)dz, B:= / (|Vv]* = 7*0?) da.

I, a

Using the fact suppv C S, we compute
A= / (Vau, - Vo — m2u,v) dx
= / (Vu, - Vo — m*u,v) dx

[e3

:/ (—Au, — mu,)v de
Sa
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Figure 7: “Broken” strip {2, from Example 9.19.

(we have used the integration by parts in the last step). Now remark that

1 1,
Au, = ;& (r@run) + s Opun

_ z&(r cos(mr)) = 7Tcos(m“) —7r sm(wr),
r T

—Au,, — 7r2un — _M 0.
r

It follows that (—Awu, — 72u,) is a continuous function in S, and does not vanish
identically, and then the function v can be chosen to have A < 0, which then gives
some value for B: we remark that both A and B are independent of n. Therefore,

2
Jo(e) = I, + 2Ac + Be* < i 2|Ale + Be*
n
We first choose ¢ > 0 sufficiently small to have —2|A|e + Be? < 0, then one can

choose n sufficiently large to obtain J,(g) < 0. O

Remark 9.17. In fact using some additional computations based on Bessel func-
tions one can show® that T has exactly one eigenvalue below 72 for all a € (0, ).

The domain comparision gives the following useful result:

Corollary 9.18. If Q) is a two-dimensional domain with 11, C €, then A;(Q2) < 7.

Proof. One has Ay (T%) < A;(T") due to the domain monotonicity, and then
Ay (T") < 72 due to Theorem 9.16. O

Example 9.19. For a € (0, §) consider the domain €2, show in Figure 7(a). Clearly,
SPeCeq 1% = [12,00). On the other hand, one easily observes that €2, contains (a
copy of) II;_a4, see Figure 7(b), and then it follows by Corollary 9.18 that we have
A (T9) < 7% ie. that T has at least one discrete eigenvalue below 72 for any
ae(0,3).

5See Subsection 3.1 in the paper K. Pankrashkin: Eigenvalue inequalities and absence of thresh-
old resonances for waveguide junctions. J. Math. Anal. Appl. 449 (2017) 907-925, Preprint
https://arxiv.org/abs/1606.09620
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l0p;]< 218,55,
IAC) )= 2(8,6]

Figure 8: Rectangle R from from Example 9.19. The points C; and D; are chosen
to have ‘ACJ’ = 2’Bj0j|) and |OD]’ = 2|B]D]|

We will show in addition that the number of discrete eigenvalues can be made
arbitrarily big if one chooses « sufficiently small. For that, consider the rectangle R
shown in Figure 8. As R is contained in €, one has A, (T%) < A(T*®) for all n € N.
The eigenvalues of the Dirichlet Laplacian T% in R can be computed explicitly if we
compute the side lengths of R. One clearly has

1 1 1

|OA] = —, |C1D1| = |CaDs| = - |OA| = o——,

sin «v 3 3sin a
AB| = — Dy Ds| = |C1Col = 2 |ByBy| = S |ABy| = —

T cosa’ 1Pzl = el = g 122l = g U 3cosa
Then the eigenvalues of R are
97 2.9 2/ 27.2 .
Ej) = 1—6(00504) J° 4+ 9r°(sina)’k®,  (j,k) € Nx N.

In particular,

2 2 2/ . 2,2 _ 9T 20 2 7.2
Eiy = 1—6(Cosa) + 97 (sin o) “k* < 1—6+97r (sina)” k

=7’ —n° (l — 9(sin )? k:2).

16
7 1
b < \ 144 sino’

then Ey, < 7%, For any given k € N, the condition is satisfied for all sufficiently
small . It means that for any k one can find ay > 0 with Ax(T%) < 72 for all
a € (ay), and then Ay (T%%) < 72 for the same «, which shows that 7% has at least
k eigenvalues below 72 for any o € (0, oy )S.

Therefore, if

6This proof method is borrowed from the paper S. A. Nazarov, A. V. Shanin: Trapped modes
in angular joints of waveguides. Appl. Anal. 93 (2014) 572-582.
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In fact, the dependence of the spectrum of 7% on the angle o has attracted a lot

of attention”. It can be shown that the eigenvalues are monotonically increasing in

a, and it is known that there is a single discrete eigenvalue for o € (arctan \/Tg’ )

(the approximate value arctan \/Tg ~ 23,4°). Numerical simulations suggest that this

value is not optimal and that one has a single eigenvalue for o > 14°.

"See e.g. Subsection 3.2 in the paper K. Pankrashkin: Eigenvalue inequalities and absence of
threshold resonances for waveguide junctions. J. Math. Anal. Appl. 449 (2017) 907-925, Preprint
https://arxiv.org/abs/1606.09620
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Exercise 29. Discuss the spectral properties of the Dirichlet Laplacians in the
following domains: indicate the essential spectrum, the existence of discrete eigen-
values, number of discrete eigenvalues. What can be said about the eigenfunctions
associated with the discrete eigenvalues?

4

5 4 ~:7)
7 % o
oyl WSS KN
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