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Notation

Here we list some conventions used throughout the text.

The symbol N denotes the sets of the natural numbers starting from 1, while
Ny :=NuU{0}.

In what follows the word combination “Hilbert space” should be understood as
“separable complex Hilbert space”. If the symbol “H” appears without explanations,
it denotes a certain Hilbert space (in the above sense).

If H is a Hilbert space and z,y € H, then by (z,y) we denote the scalar product
of x and y. If there is more than one Hilbert space in play, we use the more detailed
notation (z,y)y. We always assume that the scalar product is linear with respect
to the second argument and conjugate linear with respect to the first one, i.e. that
for all @ € C we have (z,ay) = (az,y) = a(z,y). This means, for example, that
the scalar product in the standard space L*(Q) is defined by

(f,9) :/ng(x) dx.

If A is a finite or countable set, we denote by ¢*(A) the vector space of the
functions ¢ : A — C with
2
2 lE@)] < oo,

a€A

which is a Hilbert space with the scalar product

(€.6)=> &a)¢(a).

a€A

We will make an exception for the scalar product notaion in Euclidean spaces.
If 2= (21,...,2p),w = (w1,...,w,) € C" we denote

ZoW = Z{W1 + -+ 2 Wy

In particular, the standard scalar product of z and w in C" is then given by z - w.
If H and G are Hilbert spaces, then by B(H,G) and K(H, G) we denote the spaces
of the continuous linear operators and the one of the compact operators from H and

G, respectively. Furtheremore, B(H) := B(H,H) and K(H) := K(H, H).

Recommended books

e The very first version of the lecture notes was based on a preliminary version

of the book
B. Helffer: Spectral theory and its applications. Cambridge University Press,
2012.

e The following recent textbook has rapidly become very popular:

D. Borthwick: Spectral theory. Basic concepts and applications. Springer,
2020.



Additional references on particular topics will be given during the course.

At many points we will be obliged to use some facts on distributions and Sobolev
spaces. I tried to include some elementary facts in these notes with partial proofs)
and I hope that it will be sufficient. Nevertheless, if one wants to study these
questions in details, I recommend to study the textbook

e G. Grubb: Distributions and operators. Springer, 2011.

and/or to follow a dedicated course on partial differential equations and distribu-
tions.



1 Unbounded operators

1.1 Closed and closable operators

A linear operator T in H is a linear map from a subspace (the domain of T') D(T") C
H to H. The range of T is the set ranT := {T'z : x € D(T)}. We say that a linear
operator T is bounded if the quantity

Tz
w(T) ;= sup |7
zen(r) 2]

z#£0

is finite. In what follows, the word combination “an unbounded operator” should
be understood as “an operator which is not assumed to be bounded”. If D(T) = H
and T is bounded, we arrive at the notion of a continuous linear operator in H; the
space of such operators is denoted by B(H). This is a Banach space equipped with
the norm ||T]| := (7).

During the whole course, by considering a linear operator we always assume that
its domain is dense (if the contrary is not stated explicitly).

If T is a bounded operator in H, it can be uniquely extended to a continuous
linear operator. Let us discuss a similar idea for unbounded operators.

The graph of a linear operator T" in H is the set

grT:={(z,Tz): z € D(T)} C H xH.

For two linear operators 77 and T5 in ‘H we write T} C Ty if gr Ty C gr'l;. In other
words, T} C Ty means that D(T7) C D(T3) and that Tox = Tiz for all x € D(Ty);
the operator T5 is then called an extension of T7 and T3 is called a restriction of T5,
and one writes Ty = T5|p(ry)-

Definition 1.1 (Closed operator, closable operator).

e A linear operator T in H is called closed if its graph is a closed subspace in

H x H.

e A linear operator 7" in H is called closable, if the closure grT" of the graph of
T in H x H is still the graph of a certain operator linear T'. This T is then
called the closure of T. O

The following propositions follows directly from the above definition:

Proposition 1.2. A linear operator T in H is closed if and only if the three condi-
tions

o v, € D(T),
e 1, converge to x 1n H,

o T'x, converge toy in H



imply the inclusion x € D(T) and the equality y = Tx.

Proposition 1.3. A linear operator T in H s closable if and only if for any two
sequences (x,) C D(T) and (z!)) C D(T) such that:

e limz, =lima/, =: x,
e there exist the limits y := lim Tz, and y' :=lim Tz,
there holds y = v/'.

Definition 1.4 (Graph norm). Let T be a linear operator in H. Define on D(T)
a new scalar product by

(z,y)r = (x,y) + (Tz, Ty).

The associated norm ||z||7 := \/(z, z)r = /||z||* + ||Tz||? is called the graph norm

for T O
The following assertion is also evident.

Proposition 1.5. Let T be a linear operator in H.

o T is closed iff D(T) is complete in the graph norm (or, equivalently, if D(T)
equipped with the scalar product (-,-)r is a Hilbert space).

e [fT is closable, then D(T) is exactly the completion of D(T') with respect to
the graph norm.

Informally, one can say that D(T") consists of those x for which there is a unique
candidate for Tz if one tries to extend T by density.

Let us consider some simple examples. More sophisticated examples involving
differential operators will be discussed later in Section [1.4}

Example 1.6 (Bounded linear operators are closed). By the closed graph
theorem, a linear operator 7' in ‘H with D(T) = H is closed if and only if it is
bounded. In this course we consider mostly unbounded closed operators.

Example 1.7 (Multiplication operator). Let 2 C R? be an open set and H :=
L*(Q) and pick f € C°(Q). Introduce a linear operator M; in H as follows:

D(M;) ={u € L*(Q): fue L*(Q)} and Mu = fu for u € D(My).

It can be easily seen that D(My) equipped with the graph norm coincides with the
weighted space L?(€2, (1 + |f(z)[*)dz), which is complete. This shows that M} is
closed.

On the other hand, denote by 7' the restriction of My to the functions with
compact supports. The functions vanishing outside compact subsets of {2 are dense
in L*(Q, (1 + | f|?)dz), hence, the closure T of T is exactly M;. It also follows that
that T is not closed.

It is clear that the example can be generalized by taking f with lower regularity:
the continuity is not really needed, but one needs f to be bounded on each compact
subset if one one wants to be sure that fu € L*(R?) for any u € L*(R?) vanishing
outside a compact subset.



Example 1.8 (Non-closable operator). Take H = L?(R) and pick a g € H with
g # 0. Consider the operator L defined on D(L) = C°(R) N L?*(R) by Lf = f(0)g.

One can find two sequences (f,), (¢,) in D(L) such that both converge in the L?
norm to f but such that f,,(0) =0 and ¢,(0) = 1 for all n. Then Lf, =0, Lg, =g
for all n, and both sequences Lf, and Lg, converge, but to different limits. This
implies that L is not closable (Proposition . O

Remark 1.9 (Graph=¢“no vertical lines”). It is easy to see that a linear sub-
space V' C H x H is the graph of a linear operator if and only if it does not contain
any vector of the form (0,z) with = # 0, i.e. if V does not contain any “vertical
line” 0 x Cx with « # 0. Then the following trivial observation will be useful several
times:

Proposition 1.10. If a linear operatorT' is closable and S is another linear operator
with S C T, then S is closable too, with S C T.

Proof. One has grS C gr7T, then grS C gr7. As gr7 is the graph of a linear
operator, it does not contain “vertical lines” (Remark , then the same holds for
gr S, and then gr.S is the graph of some linear operator. O

In most areas of analysis one only works with closable operators (some reasons
for that will become evident later in this course).

1.2 Adjoint, symmetric, self-adjoint operators

Recall that for T' € B(H) its adjoint T* is defined by the relation
(x,Ty) = (IT"x,y) for all z,y € H.

The proof of the existence comes from the Riesz representation theorem: for each
x € H the map H > y — (x,Ty) € C is a continuous linear functional. By Riesz
theorem, there exists a unique vector, denoted by T*z, with (x, Ty) = (T*z,y) for
all y € H. One then shows easily that the map x — T™x is linear, and by estimating
the scalar product one shows that 7™ is also continuous. Let us use the same idea
for unbounded operators.

Definition 1.11 (Adjoint operator). If 7' be a linear operator in H (with dense
domain!), then its adjoint T* is defined as follows. The domain D(T*) consists of
the vectors u € H for which the map D(T') 3 v — (u,Tv) € C is bounded with
respect to the H-norm. For such u there exists, by the Riesz theorem, a unique
vector denoted by T*u such that (u, Tv) = (T*u,v) for all v € D(T). O

We note that the implicit assumption D(T) = H is important here: if it is not
satisfied, then the value T™u is not uniquely determined, one can add to T*u an
arbitrary vector from D(T)1. As an easy exercise one shows that 7% : D(T*) — H
is a linear map.



Let us give a geometric interpretation of the adjoint operator. Recall first that
H x H can be viewed as a Hilbert space with the scalar product

<(I7 y)a (I/) y/)>HX7_[ = <I7 CC/>'H + <y7 ?/>H
Consider a unitary linear operator
JHXH—=-HXH, Jxvy) =y, —x).

It is easy to check that J commutes with the operation of orthogonal complement
in H xH,ie J(V)t=JVL) for any V C H x H. Then Definition can be
reformulated as follows:

Proposition 1.12 (Geometric interpretation of the adjoint). Let T be a linear
operator in H. The following two assertions are equivalent:

e uc D(T*) and f = T*u,

o ((u,T*u), J(v,Tv =0 for allv € D(T).

)>7-l><?-L

In other words,
garT* = J(gr T)*. (1.1)

As a simple application we obtain

Proposition 1.13. One has (T)* =T*, and T* is a closed operator.

Proof. Follows from (1.1): the orthogonal complement is always closed, and
J(grT)t = J(grT)*. O

Up to now we do not know if the domain of the adjoint contains non-zero vectors.
This is discussed in the following proposition.

Proposition 1.14 (Domain of the adjoint). Let T be a closable operator H,
then:

(i) D(T*) is a dense subspace of H,
(is) T = (T*)*=T.

Proof. The item (ii) easily follows from (i) and (L.1): one applies the same op-
erations again and remark that J?> = —1 and that taking twice the orthogonal
complement results in taking the closure.

Now let us prove the item (i). Let a vector w € H be orthogonal to D(T™*):
(u,w) = 0 for all uw € D(T*). Then one has (J(u,T*u), (0, w))yxn = (u,w) +
(T*u,0) = 0 for all u € D(T*), which means that (0,w) € J(grT*)* = grT. As the
operator T is closable, its closure T is defined and gr7 = grT. Then (0,w) € gr T,

ie. w=T0=0. [l

Let us look at some examples.



Example 1.15 (Adjoint for bounded operators). The general definition of the
adjoint operator is compatible with the one for continuous linear operators.

Example 1.16. As an exercise, one can show that for the multiplication operator
My from example (1.7 one has (M;)* = M. O

The following definition introduces further classes of linear operator that will be
studied throughout the course.

Definition 1.17 (Symmetric, self-adjoint, essentially self-adjoint opera-
tors). We say that a linear operator T in H is symmetric (or Hermitian) if

(u,Tvy = (Tu,v) for all u,v € D(T),
or, equivalently, if " C T™*. Furthermore:
e T is called self-adjoint ift T =T,
e T is called essentially self-adjoint if T is self-adjoint (i.e. if T = T*). H
Proposition 1.18. Symmetric operators are closable.

Proof. If T is symmetric, then 7" C T*. As T* is closed (in particular,, closable),
one can uses Proposition [I.10] O

Example 1.19 (Bounded symmetric operators are self-adjoint). If T €
B(H), then T is symmetric if and only if T is self-adjoint. But the equivalence
does not hold for unbounded operators: we will see it soon!

Example 1.20 (Self-adjoint multiplication operators). As follows from Exam-
ple |1.16] the multiplication operator M in Example is self-adjoint iff f(z) € R
for all z € R ]

A large class of self-adjoint operators comes from the following proposition.

Proposition 1.21. Let T' be an injective self-adjoint operator, then its inverse is
also self-adjoint.

Proof. We show first that D(T~!) := ranT is dense in H. Let v 1 ranT, then
(u,Tv)y = 0 for all v € D(T). This can be rewritten as (u,Tv) = (0,v) for all
v € D(T), which shows that u € D(T*) and T*u = 0. As T* = T, we have
uw € D(T) and Tu = 0. As T in injective, one has u = 0

Now consider the operator S : H X H — H x H given by S(z,y) = (y,z). One
has then gr 7! = S(gr T'). We note that S commutes with J and with the operation
of the orthogonal complement in H x H:

gr(T™ Y = J(erTH)*t = J(S(ng))L =S5(J(grT)h)
=S(grT") =S(grT) =g T,

so (T~ H)y*=T-1 O



1.3 Some function spaces

Let Q C R? be a non-empty open set.
If f:Q — Cis a continuous function, we denote

supp f := the closure of the set {x € Q: f(z) # 0}.
We further denote
CX(Q) :={f € C>®(Q) : supp [ is a compact subset of Q}.

The functions C°(Q2) are “very good” in all aspects considered in the mathematical
analysis: locally (i.e. infinitely differentiable at any point) and globally (identically
zero outside a compact subset: no troubles at the boundary/at infinity). The ele-
ments of C2°(§2) are often called test functions on 2. We are going to show that
C(Q) are dense in other functional spaces. We remark first that if 2 C ') then
any function ¢ € C°(£2) can be viewed as a function in C2°(§') by taking the ex-
tension by zero. If particular, any test function on €2 is viewed as a test function on
R,

Let d € N, a € Nd be a multi-index, a = (o, ..., aq) with a; € N, z € R We
will use the writing

0% :=01"...09" ol =014 F+ag %=z xy,

where 0" means the partial derivative with respect to the ith variable applied «;
times (in particular, the operation does nothing if is ; = 0). Remark that if one
applies 0% to a C* function, then the result is independent of the order in which
the partial derivatives are taken.

First remark that there exist non-trivial test functions (=test functions which
are not identically zero). Namely, one checks routinely that

1
exp| ——= ), |x| <1,
p;;];}—)c p( 1—|l’|2> ||
0, |z| > 1.

belongs to C°(R%), non-negative, with supp p C B;(0), and we choose ¢ > 0 in such
a way that [|p||f1gae) = 1. For § > 0 define

1
ps T ﬁp(g)a

then
ps >0, suppps C B;(0), / p(x)de = 1.
R4

We now briefly review some properties of the convolution. The convolution f x g
of two measurable functions f, g : R¢ — C is defined by

(f *g)(x) =

R4

fW)g(x —y)dy,

8



if the integral on the right-hand side exists for a.e. € R%. This notion and some
of its properties were introduced in Analysis HIE| In particular, it was shown that

1f % gllze < £z llgllze for any f, g € LY(RY),

If % ps — Fllzr =5 0 for any f € L'(RY).

In fact, the same proofs can be easily adapted (by using the Holder inequality at
some points) to show that for any p € [1,00) one has

1f * gllee < I fleollgllosgay for any f € LP(RT), g € L'(R?) (1.2)
\|f * ps — fllre 22970 for any f € LP(R%). (1.3)

These properties allow us to show the following important assertion:
Theorem 1.22. For any p € [1,00) the set C°(QY) is dense in LP(S2).

Proof. One may approximate {2 by compact subsets, i.e. there exists a sequence
(K;)jen of compact K; C Q, with K; C K4, for all j, such that Q = UjGN K;. For
example, one can take

_ 1 .
K, :=B,(0)N {95 €0 do(r) < 3}, dofr) := inf |z —y

(remark that dg is a continuous function). Denote f; := 1k, f, then f; — f in LP(Q2)
by the dominated convergence:

i [, £ =i [ Loy (@)1 f(@)P dz = lim [ 1o, (o) (@) do
Q Q
~ [tmto @I @P dr = [0de =0
Q J - Q

Let € > 0, then one can choose some j € N with ||f; — f||.» < e. As K is compact,
one has
d; = zienjgj do(z) > 0.

We extend f; by zero to the whole of R? and consider it as a function in LP(R?).
Consider g5 := f; * ps with 6 > 0. From the definition of * it is clear that gs is
C*> with 0% = f; * 9%ps for any a € NZ. In addition, by one can choose o
sufficiently small to have ||gs — fjl[zrrey < €. Without loss of generality we may
assume that § < 0;. As f; is zero outside K; and supp ps C Bs(0) it follows from
the definition of the convolution that gs(z) = 0 for all z € R? such that |z —y| > §
for all y € Kj, i.e.

suppgs C{y+z: ye K;, z € B;(0)},

My lecture notes “Analysis III” can be downloaded from https://uol.de/pankrashkin/
lehre-teaching, the convolution is discussed in the last chapter.


https://uol.de/pankrashkin/lehre-teaching
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and the set on the right-hand is a compact subset of Q (as ¢ is strictly small than
the distance between K; and Q¢). Therefore, g5 € C>°(Q), and by construction we
have

\f = gsllee) <\ f = fillze) + 15 — 95l e
= If = fillze) + I1.fj — 9sllr) < €+ = 2e.

As e > 0 can be arbitrary, the result follows. O]

Remark 1.23 (Local versions of function spaces). The test functions are also
used to construct “local” version of various functional spaces. If with every open
Q) C R? one associates in some canonical sense a space F({2) consisting of the
functions f : Q — C a family of properties (for example, F = LP, further example
will be introduced soon), then one defines

Fioe(Q) :={f : Q= C: pf € F(R?) for any p € C(Q)}.
For example, according to this definition,

LP

loc

(Q):={f:Q—=C:of € LP(R?Y for any p € C=(Q)}.
But for this specific case we are going to prove another characterization.

Lemma 1.24. Let Q C R? be open and K C Q compact, then there exists ¢ €
C*(Q) with p =1 on K.

Proof. Consider again the continuous function dq : & + inf,cqc |z —y|, then 0k =

inf,ex do(z) > 0. Choose 6§ € (0,%) and set

©:T ps(x —y)dy,

dist(y,K)<é

then ¢ € C*(R?) with suppy € {z : dist(z, K) < 20} =compact subset of . If
x € K, then all y with ps(z —y) # 0 are contained in Bs(x) C {y s dist(y, K) < 6},
SO

@(w)—/d.t( o 6p5(x—y)dy—/ pa(x—y)dy—(y—t)—/de(;(t)dt_l. 0

R4

Proposition 1.25. For any p € [1, 00| there holds

LP

loc

Q) = {f : Q© — C measurable : / |f|Pdx < oo for any compact K C Q}
K
(1.4)

Proof. We consider p < oo only (p = oo is an easy exercise). Let L be the set on

the right-hand side of (1.4]).
Assume that f € L and ¢ € C°(Q). Let K := supp ¢, then |p| < [|¢]|elx and

[ lesvar <ol [ = el [ 1o <o
R4 R4 K

10



which shows ¢f € LP(R?). Hence, L C L _(Q).

Let f e LV (Q) and K C Q compact. Be Lemma there exists p € C(Q)
with ¢ = 1 on K. As ¢f € LP(R?), the function ¢ f is measurable on any subset of
R?, in particular, on K. On K one has ¢f = f, hence, f is measurable on K. In
particular, f is measurable on any ball in 2 and then on the whole of €). Further

we have
/ e = / oflP de < / of P dz < 0.
K K R4

As K is arbitrary, it shows the inclusion L} () C L. O

Remark 1.26. It is clear that

LP(Q) C LY

loc

(Q) for any p > 1.

Furthermore, due to the Holder inequality, for any compact K we have

/K|f|dx:/K|1Kf|d$§ (/K|1K|q>1/q</l(|f|p>l/pz|K|1/q</K|f|p>1/p

According to ([1.4)) it shows the inclusions

Lp

loc

(Q) C Ly,.(2) for any p > 1.

Further remark that
CO(Q) cL?

loc

(Q) for any p > 1.
We conclude this section by showing the following important result:

Proposition 1.27. If f € L{ .(Q) such that

/f x)dx =0 for all p € CF(Q),

then f =0 a.e. in Q.

Proof. Let B be a ball with B C 2. By Lemma there exists ¢ € C2°(Q2) with
¢ = 1on B. Due to f € L. (Q) we have ¢vf € LY(R?), and then |(vf) * ps —
Y fllLiray — 0 as § = 0. On other hand,

(U f)xps(x / V() f(y)ps(z—y dy—/f )z (y) dy for ¢ (y) == ¥ (y)ps(z—y).

As p, € CX(Q), the term on the right-hand side is zero by assumption, hence,
(¥f) * ps = 0, and then ¥f = 0 a.e. Ast = 1in B, one has f = 0 a.e. in B.
Therefore, f =0 a.e. in any ball in Q and then in the whole of €. O

11



1.4 Weak derivatives

Let Q C R? be a non-empty open set and H := L*(Q2). Let m € Nand ¢, : Q2 — C be
measurable functions, o € N with |o| < m. In the theory of differential operators
one deals with realizations of differential expressions

P = Z Co 0% (1.5)
la|<m

as linear operators with “good” properties in the Hilbert space H, i.e. one looks for
suitable D(T) C L*(€2) such that the linear operator

T : u— Pu with domain D(T)

becomes closed /symmetric/self-adjoint etc. One should immediately say that the
problem is very difficult and no general solutions exists so far. In this course, we
mostly deal some particular P with smooth or even constant coefficients ¢, (anyway,
we remark that some non-constant and non-smooth coefficients will appear when
we will deal with Schrodinger operators).

Definition 1.28 (Weak derivative). Let f € L{ _(Q) and o € Nd. One says that
a function g € Li (Q) is the weak 0°-derivative of f in €, if for all p € C>°(£2) one

has the equality
[ 1o =1 [ g (16)
Q Q

If such g exists, then it is unique by Proposition One says that f admit a weak
0%-derivative, and for the moment we use the writing

g=0°f

in order to distinguish from the usual derivatives. If f admits weak 9“-derivatives
for all |o| < m, then one says that f is m times weakly differentiable.

Proposition 1.29. If f € C™(Q2) with some m € N, then weak derivatives up to
order m exist and coincide with the usual derivatives.

Proof. Let p € C®(Q), then pf € C™(R?) and for sufficiently large R > 0 there
holds supp(¢f) C (—R, R)?. Furthermore,

/[_RR]dal(sOf)dfc:/Rm/R /_iﬁl(cpf)(xl,...,xd)dxldxz...dxd

/ / R$2,...,xd)J—(gof)(—Rﬁg,...,xd)]dxg...dxd:0.

=0

On the other hand, using the Leibniz rule one obtains
[ aende= [atende= [(foue+ o) i
[-R,R]4 Q Q

12



which gives

/f@lgpdx:—/goalfdx for all ¢ € C°(€2),
Q Q

hence 0, f = 51 f, and one extends this argument to general o by re-enumeration
and iteration. O

Example 1.30. There exist weakly differentiable functions that are not classically
differentiable. For example, consider €2 := R and f(z) = |z|, which is not differen-
tiable at 0. For any ¢ € C2°(2) one has

/Rf(a:)gp’(x) dr = — /0 z¢'(x)dz + /000 zy'(r) dx

—0o0

= —w(x))o

+/_0 sO(w)derst(x)(Zo—/ooo@(x)dx

oo

0 e
:/ @(x)dx—/ o(x)dx
—00 0
1, x>0,

=—/%M@ﬂ@,%M@= 0, w=0,
® -1, z <0,

(the precise value of sgn in 0 has no importance here), which shows that sgn is the
weak derivative of f.

On the other hand, not every function is weakly differentiable. For example,
the function sgn is not weakly differentiable. To see this, remark first that for any
@ € C(Q) one has

[sm@d@ar=- [ s [*pwa

0 [e's)
= —p@)| _+e@)| = -200).
A weak derivative g of sgn would satisfy then
/g(x)gp(a:) dz = 2p(0) for all p € C°(R). (1.7)
R

In particular, one would get

/ g(x)p(x)dx =0 for all p € C°(0, 00),
0

and then g = 0 a.e. in (0,00) by Proposition [[.27 Analogolously g = 0 a.e. in
(—00,0), so finally g = 0 a.e. in R. If one now takes ¢ € C°(R) with ¢(0) = 1, one
obtains a contradiction with ({1.7]).

13



Example 1.31. The operation 0o is also called distributional derivative. Distri-
butions represent useful generalizations of functions (every function f € L] _ is
a distribution), and any distribution is infinitely differentiable. In particular, all
derivatives of any function f € L] _ exist, but the price to pay is that they are not
functions anymore: for example, (sgn)’ = 20, where ¢ is the so-called Dirac distribu-
tion. Nevertheless, if some derivatives happen to be functions, then they are exactly
the weak derivatives defined above.

Remark 1.32. The construction can be generalized to more general differential
expressions. Let P be as in (1.5 with smooth coefficients ¢, € C*(Q) and f,g €
LL (), then one says that g = Pf weakly (or writes g = Pu) if

loc

/gso = > (=) /Q f0(catp) for any ¢ € C*(Q).

|a|<m

Important: this does not imply the existence all weak derivatives appearing in the
expression of P f, as one can have a kind of “compensation” of various “bad” terms.

If f e C™(Q), then one shows as in Remark that that the usual and weak
version P f coincide.

We emphasize some important properties of weak derivatives:

Proposition 1.33 (Leibniz rule). The weak derivatives satisfy the Leibniz rule:
if f € LL.(Q) has the weak derivative d; ;f € LL.() and x € C=(), then also x f
admits the weak 0; derivative, and 8 (xf)=fo;x+x0;f.

Proof. For any ¢ € C2°(Q2) one has x¢ € C>(R?), hence,

/31” Xp=— /falxso /falxw /fx dep.

This can be rewritten as
/Q(X51f+ foix)y = —/Qxf -O1p, € CF(9),

and &(Xf) foix + Xglf by Proposition as the function on the right-hand
side is in L (©). O

Proposition 1.34 (Weak derivatives and convolutions). If f € Ll (RY) has
the weak derivative 0; ;[ € Li (RY), then

i(f*¢) = (@f) x o for any ¢ € C(RY).

Remark that f x @ € C*, therefore, one takes the usual derivative on the left-hand
side.

14



Proof. One easily checks that one is allowed to interchange the derivative with the
integral, so for any 2 € R? there holds

o+ 0)a) =05 [ fee == [ f@)O0) o
—— [ 1052 ds for alo) = ol = )

As @, € C>°(R?), one continues as

- /Rd 0;f(y) - puly) do = g 0 f(y) - plz —y)da
= ((9;1) = ¥) (). -

From now on we denote 8* and 9% by the same symbol 9%. (If it will
be important, we will say explicitly which derivative type is used.)

Now let us return back to the differential expression P with smooth coefficients
o as in ([1.5) and the following densely defined linear operator in H:

Tu= Pu, D(T)=CX().
Using the definition of the adjoint operator one sees that
T*u= P'u (weakly), D(T")={ue L*(Q): Pue L*(Q)},

where P’ is the so-called formal adjoint of P, i.e.

DU Z D)o (czu).

la|<m

The formal adjoint has the property that (¢, PY) = (P'p, 1) for any ¢, € CX(Q),
and the differential expression P will be called formally self-adjoint if P = P’, i.e.
ca = (—1)lole; for all a. For the rest of the section we assume that P is
formally self-adjoint and that all coefficients c, are constant. Important
examples are

d
P=—-i0;, P=-A=- Z@f (Laplacian) .

Then one easily sees that 7' C T™, i.e. that T is symmetric and, hence, closable.
The closure of T is usually called the minimal operator generated by the differential
expression P and is denoted P,;,. The operator T™ is called the mazimal operator
generated by the differential expression P and is denoted by P ax.

It is natural to ask if one has Puin = Pmax: if the equality holds, then T = T,
hence, T is essentially self-adjoint, while T* = P, is self-adjoint. If the equality
fails, then T is just symmetric, but is not self-adjoint. Checking Ppin = Puax 1S &
difficult question as, in general, it depends on the geometry of {2 or, more precisely
of the regularity properties of its boundary. It is not our objective to study the most
general case (in fact, this is one of the hardest parts of analysis), but we are going
to look at some important examples.
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1.5 Sobolev spaces

We continue to work with a non-empty open set 0 C R

Definition 1.35 (Sobolev space). For k € N the kth Sobolev space H*(£2) on
is defined as

€ L*(Q) : f is k times weakly differentiable,
Hk(Q):{f Q) f weakly }

with 0°f € L*(Q) for all a € Ng with |a| < k
We introduce a scalar product in H*(Q) by
(f )iy = D _(0°F.0°9) 12,

o<k
and in order to have a uniform notation we set H°(Q) := L*(Q).

Theorem 1.36. The Sobolev space H* () with the above scalar product is a Hilbert
space.

Proof. Let (v;) € H*(Q) be a Cauchy sequence with respect to || - ||g+. For each
a with |a| < k one has ||0%u||2 < ||u||gx, and it follows that (0%v;) is a Cauchy
sequence in L*(Q). As L*(Q) is complete, there exist v® := L? — lim 9“v;. Denote
v := ", then for any ¢ € C°(€) one has

(v, @) 2 = Im(0%;, )2 = lim/ 0w; - pdx
Q
= tim(-1)"! [ 0% de = (1) lindey, 079} = (1)1, 0%),
Q

which means that v is the weak 9®-derivative of v. This shows that v € H*(Q2). [

It is a remarkable fact that in the absence of boundaries (i.e. for Q = R%) there is
an alternative description of the Sobolev spaces. Namely, the Sobolev spaces H*(R?)
can be characterized using the Fourier transform, which we will briefly address now.

Recal that the Fourier transform f of a function f € L*(RY) is given by

~ 1 )
f(&) = W » (x)e % dx, xeR?, (1.8)

and it is a continuous function satisfying

1

1flloe < WHfHu- (1.9)

If f e LY(RY) N L*(RY) N CO(R?) such that f € L', then the Fourier inversion
formula holds

f(z) = W /R e de, x e R (1.10)

2The Fourier transform was defined in Analysis I1I without the coefficient in front of the integral,
but for our purposes is will be useful.

16



Remark that for any ¢ € C(2) and any o € N& obtains (with the help of the
partial integration)

o, 1 « —i§-x 1 o, —i€x
o = o /Rd@ o) - e dx:W/Rdgo(x)(—&E) e g

= e / P (@)(i€)"e €7 da = (i€)B(€).

and by all €% are bounded. It follows that ¢ decays rapidly at infinity (and
converges to zero faster that any rational function), in particular, ¢ € L' N L*.
This means that the above inversion formula holds for all test functions. We further
remark that for any test function ¢ one has p € L* N L> C L2

Theorem 1.37 (Fourier transform as a unitary map). The linear map
C®(RY) > f s f e L*(RY) extends uniquely to a unitary operator

F: L*(RY) — L*(RY), which satisfies FFf = f(—). (1.11)

Proof. For ¢,1 € C°(R?) one has, using the inversion formula,

(i) = | g [ e d s

ra (27) R
- [ F@0© dé = (3.0

For ¢ = v one obtains ||¢||zz = ||@]lz2. As C2(RY) is dense in L*(R?), the map
¢ — @ uniquely extends to a linear operator F in L*(R?) with ||F f||z2 = || f|| 2 for
all f € L*(R?), and then ran F is automatically closed. It remains to check that
ran F = L*(R?). Assume that f € L?(RY) with f L ranF. Let f; € C>°(R?) with
lim||f; — fllz2 = 0, then Ff = L? — lim]?j. For any ¢ € C>°(R?) we have

0=(f,¢ Lz—hm<fj, D)2

= lim / 5© d/2 / e o) da de

~ lim W / £i(©)eiE dgip(a) da

J

= lim fy d-%’—hm<fg( D) = (Ff(=), )Lz,
which shows that Ff(—-) =0, then Ff =0 and f =0.
For the identity in (1.11)) one simply extends the inversion formula ((1.8) be
density. O
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Remark 1.38. It is common to keep the notation f instead of F f for all f € L*(RY).

Recall that we deal with the differential expression
P = Z 0%, o € C,
laj<m
which is assumed formally self-adjoint.

Proposition 1.39 (Weak derivatives and the Fourier transform). For any
f € L*(R%), one can the equivalence

Pf e L*(RY) (weakly) & pf € L*(RY),

where

p(&) = ) cali€)™.

laj<m
Moreover, in this case one has Pf = g, where g is the unique L?-function with

g=pE)f.

Proof. We remark that p(§) is real-valued (as P is assumed formally self-adjoint).
The proof becomes quite technical at some points. Consider the Spaceﬂ

SRY) ;= {f € C°(RY) : 2°9° f € L®(RY) for all o, 3 € N{ }.

Clearly, C>*(RY) c S(RY) C L*(R?), and using the inversion formula and Theo-
rem one checks that F : S(RY) — S(R?) is bijective.
=: Let f € L*(R?) with g := Pu € L*(R?), then for any ¢ € C°(R?) one has

/P_gofdx:/ pgde. (1.12)
R4 R4

We claim that the identity also holds for all ¢ € S(RY). Namely, let ¢ € S(R?).
Take y € R? such that x(z) =1 for |z| <1 and x(x) = 0 for |z| > 2 and denote

x
XN T+ X(N)a PN = XNP-
One has clearly ¢ € C*(R?), hence,
/ PgoNfdx:/ Pngdr, (1.13)
Rd R

and oy — ¢ in L?(R?) as N — oo. On the other hand,

050(x) = (0,0 () elw) + X ()Dy0(a),

3In the theory of distributions it is called Schwartz space.
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and one easily shows that the first and the second summand converge respectively
2 2
to 0 and x9;¢ in L?(R?). Therefore, 0;¢n N Oje. Similarly, 0%pn N 0%p for

2
every «, and then by linearity one has Pyy EE Py. Hence, one passes to the limit

N — oo in ((1.13)) and obtains (1.12) for any ¢ € S(R?).
Then (1.12)) can be rewritten as (P, f)12 = (@, g) 2 for any ¢ € S(R?), and by

Theorem one has <]520, F) = (3,3 and then

| ez~ | T

R4

As F : S(R?) — S(RY) is bijective, this can be rewritten as

| rofeued = [ geuea
Rd Rd
for all ¢ € S(R?), in particular, for all vy € C>*(R?). Due to f,ﬁ € L? and pe C°
one has pf,g € L} (R?), and by Proposition one has pf = ¢ a.e. and then
pf € L*(RY).

<: Now assume that f € L*(R?Y) with pf € L*(RY), then there exists a unique
g € L*(R?) with g = pf. Then for any ¢ € C*(R?) one has

[ 7@ R - | T

Rd

which can be regrouped into (ﬁo,ﬂ = (p,9) and then (Py, f) = (p,g), which is
exactly

/ Py fdr = / g for any p € C>(R?)
R R
and means that g = Pf. m

Corollary 1.40. If P is formally self-adjoint, then the maximal operator Py 1s
self-adjoint.

Proof. By Proposition the operator P, is unitarily equivalent to the self-
adjoint multiplication operator M, with a continuous real-valued p. (The unitary
equivalence was defined in the exercises.) ]

Corollary 1.41 (Characterizing Sobolev spaces using the Fourier trans-
form). For any k € N one has

HERY = {f € LARY) : (©)FF € LPRD}, (€)== 1+ [E]% (1.14)

Proof. Let L be the set on the right-hand side of (1.14). Let f € H*(R?), then by
Proposition one has £2f € L*(R?) for |a| < k. Using (€) <1+ [&]+ -+ + &4l

we estimate

~

[OFFI < (L+ 16+ + ) 171 < Y bale® T,

lal<k
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where b, are suitable constants. By Proposition [I.39] each summand on the right-
hand side is an L2-function, which shows that (£)*f € L?(R%). This gives the
inclusion H*(R4) C L.

On the other hand, let f € L. For |a| < k one has |¢¥] < (&)lol < (€)*] therefore,
1€ F] < (€)F|F] € L2(RY), implying £°f € L2(R%). By Proposition this means
that 9°f € L?(R%). As this holds for arbitrary a with |a| < k, one arrives at the

inclusion L C H*(RY). O

Corollary 1.42 (Global elliptic regularity for the Laplacian). Let u € L?(R%)
with Au € H*(R?), then u € H*2(RY).

Proof. By assumption © € L? and (£)*|€2|a € L2. For |¢| < 1 one has |(£)*a] <
[@]. For |€] > 1 we have (€)% = 1+ |€2]| < 2|¢?, therefore, [(£)*F2u] = 2|£|?|(¢) ).
The above estimates can be summarized as [(§)""20]| < 1jg<1|a] + 2 Lig>1 /€[ (€) ¥l
and the two functions on the right-hand side are in L?(R?) due to the initial as-
sumptions. This implies (€)k2u € L?(R?). O

While the spaces H* may look unusual at the beginning, they can be compared
with the classical spaces C™ (as they represent an alternative way to measure the
smoothness). He we will only provide the final results, and the proofs will be dis-
cussed in the exercises:

Proposition 1.43 (Density of test functions). The set C*°(RY) is dense in
H*(RY) for any k € N.

Theorem 1.44 (Sobolev embedding theorem). Let k € N and m € Ny with
k>m+ g. Equip the vector space

Cre(RY) := {u € C*(R?) : 0% € L™(R?) for all « € Nj with |o| < m}
with the norm [[ul[m,co := 30 j<m 10%Ullco, then it becomes a Banach space, one has
HH ) € Cpt ()
and the embedding is continuous.

With the preceding notions and constructions, let us now discuss a very impor-
tant example of Laplacians.

Example 1.45 (Laplacians in R?). Take H = L?(R?) and consider several oper-
ators in H associated with the differential expression

d
P=-A=-) &
j=1

called the d-dimensional Laplacian. Namely, define

T() = —AU, D(To) = CCOO(Rd),
Tl = Pmina T2 - Pmax-
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Recall that by the preceding definitions and constructions the following holds: 77 =
Ty and Ty = T¢, both Ty and T» act as v — —Awu (in the weak sense).

By Corollary we have D(Ty) = H*(R?), and Ty is self-adjoint by Corollary
[1.40] For u € D(T) its graph norm is given by

~ ~ ~ 2
lull7, = lullz@e + 1Az gy = N8l72 @) + €A L2 gy = /Rd (1+1*) [ace)| de,

while its H%-norm is given by

Julfe = 3 10%uley = 3 16T = [

la|<2 o] <2 R

(P ae) .

la]<2

For any ¢ € R? we clearly have

L+ < > e,

o] <2

which shows |lul|z, < ||ul|z2. At the same time, denoting ¢ := #{a € N¢ : |a| < 2},

we obtain
D IEP <Y @M< (9!

|or| <2 || <2 lor| <2
= (&) = c(1 +[€]*)* < 2c(1+ [¢]),
which gives |lul|?, < 2c||ul|Z,. Therefore, the both norms are equivalent. It follows
by Proposition|1.43|then that C2°(R?) is dense in D(T3) in the graph norm, i.e. that
To =Ty (i.e. Tp is essentially self-adjoint). O

Remark 1.46. One observes that most of the above constructions are based on the
fact that for P = —A one has p(§) = |£]? > 0 for £ # 0. Most assertions can be
extended to other differential expressions P with constant coefficients such that p(¢)
do not vanish at least for sufficiently large |£|: such P are usually called elliptic.

Definition 1.47 (Free Laplacian in R?). The operator 7" in L?(R?) defined by
D(T) = H*(RY), Tu= —Au,

is called the free Laplacian in RY. As discussed in Example m, it is a self-adjoint
operator, and it is essentially self-adjoint on C°(R?) (i.e. its restriction on the test
functions is an essentially self-adjoint operator).

The free Laplacian T' will be of importance for the rest of the course. In fact,
many operators we are going to study will be of the form 7'+ V' with some pertur-
bation V. [

Therefore, for @ = R? and P = —A we have shown that Py, = Puax and
D(Ppax) = H?(Q). Nevertheless, it should be noted that these equalities do not hold
for general open sets 2 (even if P remains the same). The theory of Sobolev spaces
on general open sets is much more involved, as no direct equivalent of the Fourier
transform is available. We discuss now some key points that will be important later.

21



Definition 1.48. By C*°(Q2) we will denote the set of functions defined on 2 that
can be extended to a function in C°(RY).

Definition 1.49 (Open sets with “good” boundaries). One says that an open
set O C RY has C™ (respectively, Lipschitz) boundary, if for any p € 99 there
exist € > 0, a Cartesian coordinate system (y,...,y4) centered at p and a C™
(respectively, Lipschitz) function h defined on a neighborhood of zero in R4!, with
h(0) = 0, such that

QN B.(p) = {y € B(0) : ya < h(y,... ,yd,l)}.

Note that open sets with C! boundaries are usually considered in Analysis III when
one discusses Gauss integral formulas and partial integration in higher dimensions.

Remark 1.50. In the above definition, it is important that € lies “on one side” of
its boundary. A simple example of an open set 2 which is not covered by the above
definition is Q := R?\ I, where [ is any closed interval (“plane with a cut”).

The following important (but very technical) result can be viewed as a kind of
replacement for the above Proposition [I.43] (we give it without proof):

Theorem 1.51 (Density of smooth functions). Let @ C R? be an open set with
C% boundary, then C>=(QQ) is dense in H*(Q) for any k € N.

Therefore, if the open set (2 has a “good” boundary, then H%(Q) can be alter-
natively defined as the completion of C°°(Q) in the H*-norm.

Remark 1.52 (Example of Pui, # Pmax)- Let P = —A and Q C R? be a
bounded open set with smooth boundary (so that one can apply the Gauss integral

formula). It is clear that C*°(Q2) C D(Ppax). On the other hand, for u,v € C*°(Q)
one has (Green formulal)

(11, Prna0) — (Prnat 0) = /

Mvdx—/ﬂAvdx:/ (ﬂv—ﬂ@nv)ds,
Q Q 0

where 0,u := n - Vu is the outer normal derivative (n is the smooth unit normal
vector field on 9€) pointing to the exterior of 2) and ds means the integration with
respect to the hypersurface measure. It is clear that u and v can be chosen in
such a way that the result is non-zero, and it follows that P, is not symmetric
(so it cannot be self-adjoint). On the other hand, P, is always symmetric, so
Prin # Poax- In fact, one needs to take a restriction of Py, in order to obtain
a self-adjoint operator, and usually such a restriction is formulated in terms of
a boundary condition that guarantees that the integral over the boundary in the
above identity becomes identically zero.

According to the general rule (Remark [1.23), define

HE(Q):={f: Q= C:pfc HR? for any p € C=(Q)}.
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If one proceeds as in Proposition [1.25] one shows the equality
HE(Q)={f:Q—=C: fec H'B) for any ball B with B C Q},

but both characterizations are important. By applying Theorem (Sobolev em-
bedding) to the products ¢ f one arrives at

Corollary 1.53 (Local Sobolev embedding). For any k € N and m € Ny with
k>m-+% one has Hf () C C™(Q).

loc

Finally let us mention the following important result, which is a local version of

Corollary [1.42}

Theorem 1.54 (Interior elliptic regularity). Let v € L% _(Q) with Au €
HE (), then u € HETA(Q).

loc loc

Proof idea. Let ¢ € C°(Q), then pu € L*(R?) and
A(pu) = ulAp + 2V - Vu + pAu.

One can give a complete proof for £ = 0 and under the additional assumption
u € HE.(Q): in that case all components of Vu are in L2, and the function
on the right-hand side is in L?(R%). Now one applies Corollary and obtains
ou € H?(RY).

In the general case, the argument is in the same spirit, but the components of
Vu should be considered as functions in H*(R%) with some s < 0. (Related results

are discussed in dedicated PDE courses.) ]
If one iteratively applies Theorem and uses Corollary [1.53] one obtains:

Proposition 1.55. Let u € L*(Q) with Au = Vu+ f in Q for some V, f € C®(Q),
then u € C>(2).

Proof. It is clear that the product of a C* function with a Hf_ function belongs
to HE .. Ifu € L? then Vu+ f € L2 = HY_, then u € HZ, by Theorem[1.54 Then
Vu+ f € HZ,, and by Theorem one obtains u € Hy! and so on. Therefore,

u € HE_ for any k € N, and by Corollary one obtains v € C™ with any
m € N. O

1.6 Operators defined by forms

Definition 1.56. Let H be a Hilbert space and D(t) C H a dense subspace. A
sesquilinear form t in a Hilbert space H with domain D(¢) is a map

t:HxHDD(t)x D(t)—C

which is linear with respect to the second argument and conjugate linear with respect
to the first onefl It is called:

4In the literature, one uses sometimes the terms bilinear form and quadratic form for the same
objects.
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e symmetric (or Hermitian) if t(u,v) = t(v,u) for all u,v € D(t),
e semibounded from below if t is symmetric and for some ¢ € R one has
t(u,u) > —cllul|? for all u € D(t);
in this case we write t > —c,

e closed if t > —c and the domain D(t) with the scalar product
<U, U>t = t(uv U) + (C + 1)(“’7 v)?—l

is a Hilbert space. It is an easy exercise to show that this property does not
depend on the particular choice of c.

For a symmetric form ¢ we often use the shorthand notation:
t(u) :=t(u,u).

Remark 1.57. (a) Any scalar product is a symmetric sesquilinear non-negative
form.

(b) From the linear algebra and the functional analysis is it known that a sym-
metric sesqulinear form ¢ is uniquely determined by its “diagonal values” t(u) with
u € D(t): for any u,v € D(t) one has the polarization identity

t(u,v) = szt(u —i*v).

k=1

Remark 1.58. It is known from the functional analysis that if ¢ is a symmetric
sesquilinear form with D(¢) = H such that for some ¢ > 0 there holds

[t(u,v)| < c||lu|lp ||v]| for all u,v € H,
then there exists a uniquely defined operator "= T* € L(#) such that
t(u,v) = (u, Tv)y for all u,v € H.
We are going to find an analogous result for more general sesqulinear forms.

Definition 1.59 (Operator generated by a closed form). Let ¢t be a closed
sesquilinear form in H. The linear operator T in ‘H generated by (or associated
with) the form t is defined by

(ve D(T) and f =Tv) iff v € D(t) with t(u,v) = (u, f)y for all u € D(t).

The following proposition can be considered is an easy exercise (it shows that
Definition is compatible with the respective construction involving bounded

operators as in Remark [1.58]).
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Proposition 1.60. Let t be a closed sesquilinear form in H and T be the operator
generated by t. Furthermore, let B = B* € L(H). Then

tg : (u,v) — t(u,v) + (u, Bv)y, D(tg) = D(t),

15 a closed sesqulinear form, and the operator T's generated byt isTp : u +— Tu+Bu

with D(Ty) = D(T).

The following result is of crucial importance for many subsequent examples and
computations. In fact, many operators we are going to study will be defined through
their sesquilinear forms.

Theorem 1.61. The operator T in Definition[1.59 is self-adjoint in H, and D(T)
is dense in D(t) with respect to (-, -);.

Proof. We consider the case ¢ > 1, then (u,v); = t(u,v) and t(u,u) = |lul|? >
|ull3,. (The general case easily follows by Proposition [1.60} exercise). Remark first
that for v € D(T) we have [[v||3, < t(v,v) = (v,Tv)y < ||v|lx ||Tv|% and then
|Tv||% > ||v||%, which shows that 7" is injective.

Now let us show that 7" : D(T') — H is surjective. Let f € H. For any u € D(t)

one has
[, Fae] < Nlullag - 1f 13 < 0 Nl

Hence, D(t) 2 u +— (u, f)3 € C is a continuous antilinear map, and by the Riesz
theorem there is v € D(t) with (u, f)% = (u,v); = t(u,v) for all w € D(t). By
definition this means that v € D(T) with f = Twv. This shows the surjectivity.

We further remark that for any u,v € D(T) we have, using the symmetry of ¢,

(u, Tvyy = t(u,v) = t(v,u) = (v, Tu)y = (Tu,v)y.

Therefore, T' is symmetric, and then 7! is symmetric as well (using the same ar-
gument as in Proposition . Hence, the operator T~ ! is symmetric and defined
everywhere, hence, it is self-adjoint. Then T' = (T1)~! is self-adjoint by Proposi-
tion [L.21]

To prove the remaining statement (density) let h € D(t) with (v, h); = 0 for all
v € D(T), then we need to show that h = 0. Remark that by assumption we have

0= (v,h)y =t(v,h) =t(h,v) = (h,Tv)y = (Tv, h)y.
As the vectors T'v cover the whole of H as v runs through D(T'), one has h = 0. [

Now let us give some “canonical” examples of operators defined by forms. We
will see them very often.

Example 1.62 (Free Laplacian revisited). Consider H = L?(R?) and the form

t(u,v) = [ Vu-Vodz, D(t)=H"(R?,

R4
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which is clearly closed: in fact, t > 0 and (-, -); is exactly the H'-scalar product, and
H'(R?) is complete. Let us find the associated operator T', which is already known
to be self-adjoint due to Theorem [1.61]

Let v € D(T) and f := T, then for any u € H*(RY) we have

W-Vvdm:/ uf dx.

R4 R4

In particular, this equality holds for u € C>°(RY) C H(R?), which gives
/ ifdr= [ Vu-Vodr forall u € C(RY).
R R

We now use the definition of weak derivatives:

d

d
Vu-Vvda::Z/ @-u@VudaZ:—Z 8J2uvdx
j=1 R

Rd =1 R4

d

_ _ 2 — A,
_/Rd( Zaju)vdx /Rd Auvder,

j=1

which means that f = —Av € L*(R?) (weakly). Due to the global elliptic regularity
(Corollary one obtains v € H?*(R?), which means that T is a restriction of the
free Laplacian in R? (see Definition . The maximality property of self-adjoint
operators implies that T is exactly the free Laplacian in RY.

Example 1.63 (Neumann Laplacian). Let Q C R? and H = L*(Q2). Consider
the sesquilinear form

tN(u,m:/QW.de, D(t) = H'(Q).

The form is closed due to the completeness of H'(§2), and the associated self-adjoint
operator Ty is called the Neumann Laplacian on ).

In order to understand Ty in a better way, remark first that C°(Q) C D(ty).
Therefore, if v € D(Ty) and f = Tv, then

/W-de:/afdx for all u € C°(92),
Q Q

and similarly to the preceding example one obtains f = —Aw, i.e. T acts as the
weak Laplacian.

Now assume that €2 has a “good” boundary such that the Gauss integral formula
is valid (for example, bounded, with C! boundary). Let v € C>®(Q). As C>(Q) is
dense in H'(Q), the inclusion v € D(Ty) is equivalent to the

/W -Vodr = /ﬂ(—Av) dz for all u € C™°(Q). (1.15)
Q Q
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The Gauss integral formula gives

/ﬂ(—Av)dx——/ E@nvd8+/W~Vde,
Q o9 Q

and (1.15)) is satisfied if and only if

/ U 0,vds = 0 for all u € C°(9Q).
20

As this point we admit that the restrictions of functions from C2°(Q2) form a dense
subset of L?(0€2) (which is an easy consequence of the Stone-Weierstrass theorem),

which then shows that for a function v € C*°(£2) one has the equivalence
veD(Ty) < 0Oy =0on .
The condition 0,v = 0 on 012 is called the Neumann boundary condition.

For the next example we will introduce an additional class of Sobolev spaces:

Definition 1.64 (Spaces HY). For a non-empty open set Q C R? and k € N
define
HE(Q) := the closure of C°(Q) in H*(Q).

Example 1.65 (Dirichlet Laplacian: first attempt). Let Q C R? and H =
L*(€). Consider the sesquilinear form

tp(u,v) :/QW-Vvdx, D(t) = H}(Q).

The form is closed due to the preceding definition of Hj (), and the associated
self-adjoint operator T is called the Dirichlet Laplacian on €2. One shows again
that T acts as v — —Aw.

As C°(Q) is dense in H}(Q), a function v € H}(Q) belongs to D(Tp) if and only
if one has

/W- Vudr = /E(—Av) dx =0 for all u € C°(£2).
Q Q

On the other hand, this condition is always satisfied due to the definition of the
weak derivatives. Therefore,

D(Tp) ={ve Hy(Q): Av e L*(Q)}, Tpv=—Av.

The problem with this equality is that it is not very informative: the structure
of the set on the right-hand side remains unclear. For example: which functions
v € C®(Q) belong to H}(Q)? This will be answered below.

Remark 1.66. For some € one has Hi(Q)) = H'(Q), for example for Q = R?
(Proposition [1.43)), in that case the Dirichlet and Neumann Laplacians coincide.
Now we are going to discuss cases with Hj(Q) # H*(Q).
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Proposition 1.67. Let 2 C R? be an open set. For a function u : Q — C we denote
by u its extension by zero to the whole of RY. Then

HE(Q) c {ue H*(Q) : u e HY(RY)}. (1.16)

Proof. Let L be the set on the right-hand side of . Remark that if u € L,
then ||ul|gr) = [|U]|gr@ey as u and all its derivatives are zero outside €2. One has
the obvious inclusion C*(Q)) C L. Let u € HE(Q), then there exist (p,) C C2()
with [[u — @nl| gr ) "Z8° 0. In particular, ¢, converge to u in L*(Q). On the other
hand, for any ¢ € C2°(Q) one has ¢ € CP(R?Y) with ||| gegay = [|@llar@)- It
follows that (@,) is a Cauchy sequence in H*(R?) and @, converges in H*(R?) to
some g € H*(RY). One has

/ on — g dz = / B0 — g da < / B — g2 dz < B — gllZ s, — O,
Q 9] R4

and due to the uniqueness of the limit one has g = f a.e. in €. Similarly,

d
/ g de = / G — P de < / B — 0Pz < (B0 — gleqae 0,
Q¢ Q¢ R

which shows that g = 0 a.e. in Q. Therefore, g = u. As g € H*(R?), one has the
inclusion HY(Q) C L. O

Remark that the above proof holds for any open 2. Unter additional assumption
one can prove the reverse inclusion, which leads to the following assertion:

Proposition 1.68. If Q C R? is a bounded open set with Lipschitz boundary, then
the inclusion (1.16) becomes an equality.

Proof idea. Let L be the set on the right-hand side of . In view of Proposition
one needs to show L C HF(Q).

Assume first that € has a special shape: if (r,6) are the standard polar coordi-
nates in R¢, then

Q={(r,0):r <h(®}, h:S""—(0,00) continuous. (1.17)

Let t > 0, then one easily shows that the linear map ®; : H*(RY) — H*(R?) given
by ®;u(z) = u((1 + t)z) satisfies ®;u — u as t — 0T for any u € H¥(R?). Now
let w € L. Pick ¢ > 0 and find first some ¢ > 0 such that || ®,u — || grge) < €.
Remark that @ = 0 outside €, hence, @ = 0 outside (1 + ¢)~!Q. In particular,
there is a compact subset K C € such that ®;u = 0 outside K. Then we consider
vs := psx(Pyu): for sufficiently small 0 one has v € C°(€2) and ||vs — @, g (ray < €.
Then ||u — U(;HHIC(Q) = “17— Ua”H’v(Rd) < ||(I)tﬂ— 77HH’V(IR‘1) + ||U5 — (I)tﬂHHk(Rd) < 2e. As
e > 0 is arbitrary, we obtain u € H{(€2), which shows the inclusion L C HEF(Q) for
Q as in (1.17).

General ) are handled using partitions of unity. One covers d€2 by balls B,
j €{Ll,...,n}, such that QN B; as in (the Lipschitz conidition is important

28



for this part of construction). Then there exists a subordinated partition of unity,
i.e. functions y; € C(RY), j € {0,...,n}, such that supp xo C © and supp x; C B,
for j > 1, and Z]‘ x; = 1in Q. If uw € L, then using the first part of the argument

one shows that y;u € HF(Q) for each j. Taking the sum over j one shows that
u € HE(Q). This shows the inclusion L C HEF(Q) for Q with bounded Lipschitz
boundaries. O

Remark 1.69 (Dirichlet Laplacian: second attempt). Let O C R?¢ be a
bounded open set with a C' boundary (so that the Gauss integral formula is valid).
Let u € C®(Q), then u € H}(Q) if and only if 9;u € L*(Q) for any j € {1,...,d}
(Proposition . Due to the definition of weak derivatives this is equivalent to
the existence of g; € L*(R?) such that

/u@«pdxz/ ﬁajg0d$:—/ gjpdx.
Q R R

Using the integration by parts on the left-hand side one obtains, with n being the
outer unit normal on OS2,

—/8jus0dx+/ ”jusﬁdsz—/gj%'df—/ 9545 da
Q o0 Q Qc

for all ¢ € C>°(R?) and all j € N. Taking ¢ supported in the interior of the exterior
of Q one sees that g; = d;u in Q and g; = 0 in QF, and the above conditions holds

if and only if
/ njupds =0
9

for all ¢ € C*(R?) and all j € N, i.e. if u =0 on 9.

Therefore, for ) as above and u € C*°(Q2) one has the equivalence
u€ Hy() < u=0onod0.
In particular, for the Dirichlet Laplacian T, in €2 one has
C®(Q)ND(Tp) ={uec C®Q): u=0ondN}.

From the proof it is seen that the same conclusion holds for a larger class of domains,
for example, for polyhedra (as the Gauss integral formula still holds).

Remark 1.70. In the two above examples (Dirichlet and Neumann Laplacians) we
see several important features of forms and associated operators:

e Closed sesquilinear forms do not have the maximality property, i.e. a closed
sesquilinear form have can a closed extension with a strictly larger domain,

e The fact that one closed form extends another closed form does not imply the
same relation for the associated operators. O
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Remark 1.71. If Q C R? is bounded with C* boundary, then with the help of
advanced methods (elliptic regularity at the boundary, which is almost never cov-
ered during the university studies) one can show that the domains of the Neumann
Laplacian Ty and the Dirichlet Laplacian T, on ) are

D(Ty) = {u € H*(Q) : d,ulsq = 0},
D(Tp) = H*(Q) N H(Q) = {u € H*(Q) : ulgq = 0},

while u|sq and J,ulsq are the so-called traces defined in a special way (pointwise
definition for functions smooth up to boundary, then extension by density) as func-
tions in L*(9€). This description is important in some cases, but it will not be used
in this course. Remark that the description fails for non-smooth boundaries (there
are simple examples in which the domains are not contained in H?).

1.7 Semibounded operators

For what follows we will need an additional notion:

Definition 1.72 (Closable form). A symmetric sesquilinear form ¢ is called clos-
able, if there exists a closed sesquilinear form extending ¢. The closed sesquilinear
form extending ¢ and having the smallest domain is called the closure of t and
denoted ¢.

Proposition 1.73 (Criterion of closability). A lower semibounded sesquilinear
form t in H is closable if and only if

for any sequence (w,) C D(t) with w, == 0 in H and
m,n—o00

. (1.18)
t(wy, —w,) = 0 there holds lim,,_, t(w,) = 0.

If this condition is satisfied, then D(t) is the completion of D(t) with respect to
| - |l: and t is the extension of t by continuity.

Proof. It follows from the definitions that:

e a lower semibounded sequilinear form ¢ is closed if and only if the conditions

m,n—00

Un € D(t), up =3 uin M, t(tp — up) 0,

imply v € D(t) with t(u) = lim,, t(u,),

e a symmetric lower semibounded sesquilinear form t is closable if and only if
for any two sequences (uy,), (v,) C D(t) such that

) m,n—00 ) m,n—00

Uy — Uy —3 0 in H, t(Upy — U, 0, t(Vm — Uy, 0 (1.19)

there holds lim,, o t(u,) = lim, o t(vy,).

30



n—oo

Assume that ¢ is closable. Let (w,) C D(t) such that w, — 0 in H and

t(wy, —wy,) —> "0, The sequences u, := wy, and v, := 0 satify (1.19| - therefore,

lim ¢(w,) = lim t(u,) = lim t(v,) = lim ¢(0) = lim 0 = 0.

n—oo n—oo n—oo n—oo n—oo
This shows that ([1.18]) is satisfied.
Now let t satisfy (1.18]). Let (u,),(v,) C D(t) be two sequences obey-

ing (1.19). We need to show that lim,, . t(u,) = lim,,_, (v, ), which is equivalent

to llmn_>OO |wn|le = limy, o0 ||vn||¢- For wy, := u, — v, one has w, — 0 in H and

me B wnHt = ”um — U — Up + Un”t < Hum - Un”t + ”Um - Un“t mﬁ)@O 0.

Therefore, the sequence (w,,) satisfies (|1.18)), and one obtains with the help of the
triangle inequality |||u,|l; — [|valle| < |Jtn — valle = |lwalls = 0. Hence, ¢ is closable.
The last assertion is an easy exercise. O

Example 1.74 (Non-closable form). Take H = L?*(R) and consider the form
t(u,v) = u(0)v(0) defined on D(t) = L*(R) N C°(R). This form is densely defined,
symmetric, with ¢t > 0.

Take any u € D(t) such that u(0) = 1 and consider u,, : * — u(nz) for n € N,
then (u,) C D(t) with u,(0) = 1 and we have

tn|[z2R) = 0, t(un — up) =0,
but #(u,) = 1. Proposition shows that t is not closable. O

We now arrive at a canonical construction of self-adjoint operators, which will
allow us to associate self-adjoint operators with some differential expressions having
non-smooth coefficients.

Definition 1.75 (Semibounded operator). A symmetric operator 7" in H is
called semibounded from below if there exists a constant ¢ € R such that

(u, Tu) > —c(u,u)y for all u € D(T),
and in this will be written as T > —c. O

Proposition 1.76. Let T be a symmetric, densely defined, semibounded from below
linear operator in H, then the induced sesquilinear form t in H given by

t(u,v) ;== (u,Tv), D(t):=D(T), (1.20)
15 semibounded from below and closable.

Proof. The semiboundedness of t is clear. To show the closability we remark that
without loss of generality one can assume T' > 1 (the general case is reduced to this
one: easy exercise), then ||ul|7 = t(u,u) > ||ull3,.

Let (u,) C D(t) be ||-||;~Cauchy u, — 0 in H. By Proposition[L.3|we need to show
that lim [|u, [, = 0. Due to |[|unll¢ — [|tmll¢| < [|tn — wmll¢ the real-valued sequence
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||unll: is Cauchy in [0, 00), hence, there exists the limit lim |ju,|: = a € [0,00). We
suppose that a > 0 and try to arrive at a contradiction.

We have t(uy,, up) = t(uy,, ) +E(Up, Uy —uy,). By the Cauchy-Schwarz inequality
for (-,-); we also have |¢(tn, U — )| < |t |¢]|tm — wnlls- Recall that [|u, — ||,
goes to zero for large m, n and that ||u,||; converges to «, in particular, is bounded.
We conclude that for any ¢ > 0 there exists N > 0 such that |t(un, Um) — az‘ <e
for all n,m > N. Take ¢ = 1a? and the associated N, then for n,m > N we have
|(tn, Tum)| = [t(tn, um)| > 5 . On the other hand, the term on the left-hand side
goes to 0 as n — oo (as u, converges to 0 in H by assumption). So we obtain a
contradiction, and the assertion is proved. O]

Definition 1.77 (Friedrichs extension). Let T be a densely defined lower semi-
bounded linear operator in H. Define a sesquilinear form ¢ by ((1.20)). The self-adjoint
operator Tr generated by its closure ¢ is called the Friedrichs extension of T O]

Corollary 1.78. Any densely defined lower semibounded linear operator has a self-
adjoint extension.

Remark 1.79 (Form domain). If T is a self-adjoint operator semibounded from
below, then it is the Friedrichs extension of itself. The domain of the associated form
t is usually called the form domain of T and is denoted Q(T). The form domain
plays an important role in the analysis of self-adjoint operators, in particular, in the
variational characterization of eigenvalues using the min-max principle, which will
be a central point later. O

Example 1.80 (Schrédinger operators). A basic example for the Friedrichs
extension is delivered by Schrodinger operators with lower semibounded potentials.
Let H := L*(R?) and let V € L2 (RY) and V > —C for some C € R (i.e. V is

loc
real-valued and semibounded from below). In H = L?(R?) consider the operator T'
acting as

T:urs —Au+Vu, D(T)=C> (R
For any u,v € D(T) there holds
t(u,v) = (u, Tv) :/ u(—Av)dx —|—/ Vavdr = [ Vu-Vodr +/ Vaw de,
Rd Rd Rd R

(u, T'u) :/ ]Vu]gd.fc+/ Viul>dz > —C/ lul?dz = —C||ull3,.
Rd Rd R4

The Friedrichs extension T of T will be called the Schrdodinger operator with po-
tential V. One can show (using standard truncations and convolutions with *py)
that

D(t) = Hy(RY) := {u € H'(R?) : /|V|u € L*(R?)}

and that ¢ is given by the same expression as t. O]

Let us extend the above example by including a class of potentials V' which
are not semibounded from below. This will be done using the following classical
inequality.
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Proposition 1.81 (Hardy inequality). Let d > 3 and u € C*°(R?), then

o Vu(z)|” do > <d_42)2 /Rd [u(2)] dz.

|z[*

Proof. For any v € R one has

J.

which may be rewritten in the form

Rd|Vu(:B)‘2dx+72/ M

re |7

X

2
Vu(x) + ;ﬁ‘f) ‘ dz >0,

dz

> —7/ [x V() “@2) o) U 4e (121)
Rd ||
Using the identities
Viul = V(uu) = uVu +uVu, div— = ——
and the integration by parts we obtain

L o g v vu R | ar= [ Il s

Jutx)|

|2

__ }u(x)}2div|x%dx — —(d—?2) /Rd dz.

R4
Inserting this equality into ((1.21)) gives
2
|u(=)]

]2

dzx.

5 V(o) dz > 7((d - 2) — ) /R

We optimize the coefficient on the right-hand side by taking v = (d — 2)/2, which
gives the claim. ]

Note that the integral on the right-hand side of the Hardy inequality is not
defined for d < 2, because the function x — |z|~2 is not integrable anymore.

By combining the Hardy inequality with the constructions of Example [I.80] one
easily shows the following result:

Corollary 1.82. Let d > 3 and V € L} _(R?) be real-valued such that for some
C €R and a.e. € R? one has

(d—2)*

> () —
V(e) 2 ~C = s

then the operator T = —A +V defined on C°(R?) is semibounded from below and,
hence, has a self-adjoint extension (Friedrichs extension).
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Example 1.83 (Coulomb potential). We would like to show that the operator

T=-a+ L

kd
in L?(R3) is semibounded from below for any real q. The operator is of importance
in quantum physics, the potential z — ¢/|x| is referred to as the Coulomb potential
of charge ¢ placed at the origin. For ¢ > 0 we are in the situation of Example [1.80
(the potential is > 0).
If ¢ < 0, we estimate with any p > 0

g ( 1 ) 1( 5 1 ) |q|p? g
Ml ) < gl = —
o o) S\t Gne) = S g

and for for p = 1/|q|/8 one obtains one obtains

which is covered by Corollary [1.82
Therefore, for any ¢ € R the above operator T has a self-adjoint extension
(Friedrichs extension). We will see later that this self-adjoint extension is unique. [

Remark 1.84. The questions addressed in this chapter are non-trivial in the sense
that there exist symmetric operators having no self-adjoint extensions. For example,

the operator
T:uwiu', D(T)=H0,0),

is symmetric in H = L?(0, 00), while its adjoint
T :uw v, D(T*) = H0,00),

is not symmetric. Any self-adjoint extensions S of T" must obey T' C S C T™, but
one easily checks that T™ is the unique closed extension of T'. O]
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2 Spectrum and resolvent

In this section we collect first definitions concerning the spectrum. Some of them
are supposed to be known the functional analysis course when applied to bounded
operators. Nevertheless, we reinterpret these notions from the point of view of
unbounded operators and see some new aspects.

2.1 Definitions and examples

Definition 2.1 (Resolvent set, spectrum, point spectrum). Let T be a linear
operator in a Hilbert space H.

e The resolvent set res’l" consists of the complex numbers z for which the oper-
ator T — 2z : D(T) > u+ Tu — zu € H is bijective and the inverse (T — z)™*
is bounded.

e The spectrum spec Tis defined by specT := C \ resT.

e The point spectrum spec, T' is defined as the set of the eigenvalues of 7.  [J

Note that very often the resolvent set and the spectrum of T are denoted by
p(T) and o(T), respectively.

Proposition 2.2. IfresT # 0, then T is a closed operator.

Proof. Let z € resT, then gr(T — z)! is closed by the closed graph theorem, but
then the graph of T'— z is also closed, as gr(T — z) and gr(T — z)~! are isometric in
H x H. O
Proposition 2.3. For a closed operator T' one has the following equivalence:
ker(T' — z) = {0},
zeresT i
i {ran(T —z)=H.

Proof. The = direction follows from the definition.

Now let T be closed and z € C with ker(7T' — z) = {0} and ran(7" — z) = H. The
inverse (7' — z)~! is then defined everywhere and has a closed graph (as the graph
of T'— z is closed), and is then bounded by the closed graph theorem. O]

Theorem 2.4 (Properties of the resolvent). The resolvent set resT is always
open (hence, the spectrum specT is always closed). The operator function

resT > 2+ Ryp(2) = (T — 2)"' € B(H)

15 called the resolvent of T'. It is holomorphic and satisfies the identities

Rr(z1) — Rr(22) = (21 — 22)Rr(z1) Ry (22), (2.1)
Ry (z1)Rr(22) = Ry (z2) Rr(21),
%RT(Z) — Ry(2)? (2.3)

for all z,z1,z0 € resT.
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Proof. Let zy € resT. On D(T') we have the equality
T —z= (I~ (2~ z2)Rr(2))(T - z). (2.4)

Let |z — zo| < 1/||Rr(20)||, then the bounded operator I — (z — z9)Rr(20) : H — H
is bijective and has bounded inverse

([—(z—zORTzO ZZ—ZOJRTZO)
7=0

Then the operator on the right-hand side of (2.4)) is bijective and has a bounded
inverse too, which means that z € resT’, and

[e.9]

RT(Z) == RT(Z()) ([ - (Z - Zo)RT(Zo)>_1 = Z(Z - Zg)jRT(Zo)j+1, (25)

J=0

which shows that Rp is holomorphic.

If 21, 29 € res T, then for any u € D(T') one has (T'—z0)u = (T'— z1)u+ (21 — 22)u.
Let v € H and u := Ry (z1)v, then (T — 29) Rp(z1)v = v + (21 — 22) Ry(2z1)v. If one
applies Ry (z2) on the both sides, one arrives at

RT(Zl)U = RT(ZQ)U -+ (21 — ZQ)RT(ZQ)RT(Zl)U.

As v € H is arbitrary and the final expression is symmetric with respect to z; <> 2o,
this shows (2.1) and (2.2)). For z; # 2o we rewrite the last identity as

RT(Zl) — RT(ZQ)

21 — 22

= Ry(z2) Rr(21),

and for z; — 29 one arrives at ([2.3)). O
We first make a general remark concerning the computation of the spectrum.
Proposition 2.5 (Weyl sequences). Let A € C and (u,) C D(T) with u, # 0

such that T
I = Wl o
[ un]|

(such a sequence (uy) is called a Weyl sequence for \), then A € specT.

Ep 1=

Proof. If T'— X is not injective, then A € spec T automatically. If T'— X in injective,
then ¢, > 0 for all, and for v, := (T — A\)"'u, one has ||(T' — X\)"tv,|| = &, |vall,
which means that |[(T'— X\)7Y| > &, !, and (T — A)~! cannot be bounded. O

Example 2.6. Let (X, p) be a measure space such that for any A C X with
0 < pu(A) < oo there exists Ag C A with 0 < p(Ag) < oco. Let f: X — C be a
measurable function defined almost everywhere, then the operator

My :uw fu, D(My):={ue L*(X,p): fue L*(X,u)}
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is closed in H := L?(X, ). The essential range of f is defined by
essran f = {)\E(C:p{x: |f(z) = A < e} >Oforall€>0}.

Remark that essran f = essran g if f = g a.e. One can easily check that if X ¢ R?
is an open set, p is the Lebesgue measure and f is a continuous function, then the
essential range of f coincides with the closure of the usual range of f.

Proposition 2.7 (Spectrum of the multiplication operator). There holds
spec My = essran f, spec, My = {X: p{z: f(z) = A} > 0}.

Proof. Let A ¢ essran f, the for some € > 0 there holds |f(z) — A] > ¢ for a.e.
r € X, then 1/(f — A) is defined almost everywhere and essentially bounded (i.e.
coincides a.e. with a bounded function), and then the operator Mj/(;_») is bounded,
and one easily checks that this is the inverse for My — A. On the other hand, let
\ € essran f. For any m € N denote S, := {z:|f(x)—= A <27™}, then 1(Sp) > 0,
and by the assumptions there is a subset Sp, C Sy, with 0 < u(S) < 00. If ¢y, is
the indicator function of .S,,, then one has

(M5 = N = /S [£@) = AP [om(@)] dz < 272" 6
Hence, (¢,,) is a Weyl sequence for \, and A € spec M (Prop. .

To prove the second assertion we remark that the condition A € spec, My is
equivalent to the existence of ¢ € L*(X, y1) such that (f(z) — X)¢(z) = 0 for a.e. x.
This means that ¢(z) = 0 for a.e. x with f(x) # A If u{z : f(x) = A} =0, then
¢ = 0 a.e., and \ ¢ spec, M. On the other hand, if u{x : f(x) = A} > 0, one can
choose a subset ¥ C {z : f(x) = A} of a strictly positive finite measure, then the
indicator function ¢ of ¥ is an eigenfunction of My for the eigenvalue A. O

It can be shown that the spectrum is invariant under unitary transformations
(exercise):

Proposition 2.8 (Spectrum and unitary equivalence). Let two operators A
an B be unitarily equivalent, then spec A = spec B and spec, A = spec, B. The
resolvents of A and B are also unitarily equivalent.

Example 2.9 (Spectrum of the free Laplacian). Let T be the free Lapla-
cian in R? (see Definition . As seen above, T is unitarily equivalent to the
multiplication operator f(p) — [p|>f(p) in L?(R?), i.e. to the multiplication oper-
ator M, in L*(R?) with h : p — [p|>. One has essranh = [0,00), while the set
{p € R?: h(p) = A} has zero measure for any A\. By combining Propositions [2.7| and
2.8 we obtain

specT = [0,+00), spec, T = 0.

37



Example 2.10 (Spectrum of discrete multiplication operators). Take H =
(*(Z). Consider an aribtrary function a : Z — C, n — a,, and the associated
operator 7"

D(T) = {<§n> € gz(Z) s (anén) € EZ(Z)} (T)n = ann.

Remark that ¢%(Z) can be viewed as L*(Z, i) with the discrete measure u given by
w(X) = #X. Then T = M, (the operator of multiplication by a), and one easily
checks that

specT :={a, : n € Z} = essrana, spec,T :={a,: n € 7Z}.
It is clear that all constructions also hold if one replaces Z by N.

Example 2.11 (Spectrum and orthonormal eigenbases). Let T be a self-
adjoint operator in H such that there exists an orthonormal basis of eigenfunctions
(¢n)nen, with Ty, = a,pp.

Consider the unitary map U : H — (*(N), (Uf)(n) = (¢, f), then the unitarily
equivalent operator A := UTU™! is the operator of multiplication by (a,) as in
Example [2.10] It follows that the spectrum is given by the same expressions, i.e.

specT :={a, : n € N} =essrana, spec,T :={a,: n €N}

Example 2.12 (Harmonic oscillator). Let # = L?(R). Consider the operator
T = —d?/dx®+z* defined on C>°(R). We have seen (Exercise 4) that T is essentially
self-adjoint and that its closure S := T has an orthonormal basis of eigenfunctions
with simple eigenvalues (2n — 1), n € N. Then the constructions of Example
show that

spec S =spec, S = {2n —1: n € N}.

Example 2.13 (Empty spectrum). Let Tj be the linear operator in H := L?(0, 1)
given as Ty f = f’ on the domain D(T,) = {f € C*([0,1]) : f(0) = 0}.

For any z € C and any g € C°([0,1]) there exists a unique f € D(Tp) with
(To — 2)f = g, i.e. f is the solution of the initial value problem

f'=zf=g, [f(0)=0.
In fact, this f is explicitly given by

Now let z € C and consider the linear operator A, : H — H,

Ag(z) = / @0 g(t) dt,
0

which is clearly continuous. It is also injective, which can be seen as follows. Let
A,g = 0, then the function g : t — e **¢g(t) is orthogonal to the indicator functions
of (0, x) for all = and, as a consequence, to the indicator functions of all subintervals
of (0,1). Hence g = 0 a.e., and then g = 0 a.e.

The above constructions show that:
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o Ty : D(Ty) — C°([0,1]) is bijective,

o A, :C%0,1]) — D(Tp) is bijective,

o (Tp — 2)A.g = g for any g € C°([0, 1]),
o A(Ty—2)f = f for any f € D(Tp).

It follows that Tp — 2z = AZ! on D(T,), and by taking the closure we see that the
operator T := T is defined on ran A, and satisfies T — z = A]! for any z € C, i.e.
(T —2)"'= A, € B(H). Therefore, resT = C and specT = ().

Example 2.14 (Empty resolvent set). Let us modify the previous example.
Take H = L*(0,1) and consider the operator T" acting as T'f = f’ on the domain
D(T) = H'(0,1). Now for any z € C we see that the function ¢,(z) = e** belongs
to D(T') and satisfies (T' — z)¢. = 0. Therefore, spec, T' = specT = C.

As we can see in the two last examples, for general operators one cannot say much
on the location of the spectrum. In what follows we will study mostly self-adjoint
operators, whose spectral theory is understood much better.
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2.2 Spectra of self-adjoint operators

The following proposition is certainly already known, but we include the proof for
completeness:

Proposition 2.15 (Spectrum of a continuous operator). Let T € B(H), then
specT is a non-empty subset of {z € C: |z| < T}

Proof. Let z € C with |z] > ||T||. Represent T'— z = —2(1 —T/z). As | T/z| < 1,
the inverse to T — z is defined by the series,

(T2 =—2 i (g)” = i T, (2.6)

and z € resT". This implies the sought inclusion.

Let us show that the spectrum is non-empty. Assume that it is not the case.
Then for any f, g € H the function C 3 z — F(z) := (f, Rr(z)g) € Cis holomorphic
in C by Theorem [2.4] On the other hand, it follows from the series representation
that for large z the norm of Ry (z) tends to zero. It follows that F(z) — 0
as |z| — oo and that F' is bounded. By Liouville’s theorem, F' is constant, and,
moreover, F(z) = lim,|, 1o F(2) = 0. Therefore, (f, Rp(z)g) = 0 for all z € C
and f,g € H, which means that Rp(z) = 0. This contradicts the definition of the
resolvent and shows that the spectrum of 7" must be non-empty. O

We will also need the following relations betwen operators and their adjoints:
Proposition 2.16. Let T' be a densely defined linear operator and z € C, then
ker(T* — %) = ran(T — 2), (2.7)
ran(T — z) = ker(T* — 2)*. (2.8)

Proof. Note that the second equality can be obtained from the first one by taking
the orthogonal complement in the both parts. Let us prove the first equality. As
D(T) is dense, the condition f € ker(T™ — Z) is equivalent to ((T* —z)f,g) = 0 for
all g € D(T), which can be also rewritten as (T* f, g) = z(f, g) for all g € D(T'). By
the definition of 7%, one has (T*f, g) = (f,Tg) and

<f7Tg> _Z<f7g> = <f7(T_Z>g> =0 for allg S D(T)7
which is equivalent to f L ran(T — z). O

Now we pass to the discussion of the spectra of self-adjoint operators, and we
are going to show the following fundamental fact:

Theorem 2.17 (Spectrum of a self-adjoint operator). The spectrum of a self-
adjoint operator in a Hilbert space is a non-empty closed subset of the real line.

Proof. We have already shown that the spectrum is closed (Theorem [2.4). In
Lemma below we prove that the spectrum is real, and in Lemma we prove
that it is non-empty. O
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The proof will be decomposed in several steps:

Lemma 2.18 (Spectrum of a self-adjoint operator is real). Let T' be a self-
adjoint operator in a Hilbert space H, then specT C R, and for any z € C\ R there
holds

1T - 27| < @ (2.9)
Proof. Let z € C\ R and u € D(T), then
(u, (T — 2)u) = (u, Tu) — Rz{u, u) — iSz(u, u).
As T is self-adjoint, the number (u, Tw) is real. Therefore,
2]l = [, (T — 2] < G, (7 = 2] < (T = 2] - ],
which shows that
(T = 2)ul] = [Sz] - [[ul. (2.10)

It follows from here that ran(7 — z) is closed, that ker(7" — z) = {0}. Proposition
implies ran(T" — z) = H. Therefore, (T — z)~! € B(H), and the estimate (2.9)
follows from ([2.10)). O

Lemma 2.19 (Spectral edges for continuous self-adjoint operators). Let T
be a continuous self-adjoint operator in a Hilbert H. Denote

- _ (u, Tu) _ —w (u, Tu)
m =m(T) u;ﬁ% (u,u) ’ M = M(T) W}S (u,u) ’

then specT C [m, M] and {m, M} C specT.
Proof. We proved already that specT C R. For A € (M, 400) we have
lull - 11T = Null = [{u, (A = T)u)| = (A = M)Jul?,

ie. (T —MNul| > (A= M) |ul|. It follows that ker(T — ) = {0}, that ran(T — \)
is closed, and due to ran(7 — \)* = ker(T — \), is dense. Hence, (T'— )~ € B(H).
In the same way one shows that specT N (—oo, m) = .

Let us show that M € specT (for m the proof is similar). Using the Cauchy-
Schwarz inequality for the semi-scalar product (u,v) — (u, (M — T)v) we obtain

[, (M = T)o) " < (u, (M = T)u) - (v, (M = T)).
Taking the supremum over all © € ‘H with ||u|| < 1 we arrive at

(M = T)o||* < |M =T - (v,(M = T)v).

By assumption, for some (u,,) with ||u,| = 1 one has (u,, Tu,) — M = M (u,u) as
n — oo. By the above inequality we have then (M — T)u,, — 0, i.e. (u,) is a Weyl
sequence for M, and M € specT (Prop. . O

41



Lemma 2.20. If T is a continuous self-adjoint operator with specT = {0}, then
T =0.

Proof. By Lemma we have m(T") = M(T) = 0. This means that (z,Tz) =0
for all x € H, and the polar identity shows that (z, Ty) = 0 for all x,y € H. ]

Remark 2.21. If T is not self-adjoint, then spec T = {0} does not imply that T = 0.
A simple example is given by

2 (01
wee 1o(00)

Lemma 2.22. The spectrum of a self-adjoint operator in a Hilbert space is non-
empty.

Proof. Let T be a self-adjoint operator in a Hilbert space H. By contradiction,
assume that specT = (. Then T-' € B(H). Let A € C\ {0}, then 1/\ € resT, the

operator - L ) ) L
Li==5(1-3) =555

is continuous. Furthermore,

-1 N —1 1
(T = )\) = )\(T A)T = AT (T A),
which shows that (77! — \)L, = Idy = Ly\(T~' — \). Therefore, A € res(T1).

It follows that all A # 0 belong to res(7!'), hence, spec(T') C {0}. As T~ is
bounded, its spectrum is non-empty, hence, spec T~ = {0}. On the other hand, 7!
is self-adjoint by Proposition [1.21] and 7' = 0 by Corollary[2.20, which contradicts
the definition of the inverse operator. O

For further references we also mention the following result (the proof is a minor
modification of the proof of Theorem and will be discussed as an exercise):

Theorem 2.23 (Spectrum of a semibounded self-adjoint operator). Let T
be self-adjoint lower semibounded linear operator. Denote

T
m:=  inf (. $>
2eD(T),z#0 (T, 1)

Then m = inf specT.

Proof. By construction 77— m > 0. Let A € (—oo,m), then T'— X\ = (T'—m) +
(m—2X\) > (m—A), and for any « € D(T) one has (z, (T — X)z) > (m—\)|v|]?, ie.
(T — N)z|| > (m — A)||x|. This shows that 7" — X is injective and that ran(7" — \)
is closed, then ran(T — X\) = H by Prop. [2.16] and then A € res T by Prop. 2.3
Assume that m ¢ specT', then (T —m)~! is a well-defined continuous operator.
From the definition of m it follows that there exist (x,) C D(T) with ||z,|| = 1 and
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(X, (T —m)x,) — 0. As (u,v) — (u, (T"—m)v) is a semi-scalar product on D(T),
one has the Cauchy-Schwarz inequality

| (u, (T — m)v) ‘2 < (u, (T = m)u)(v, (T — m)v).

Now use this inequality for u := x, and v := (T — m) 'z,:

1= ”anz = (T, Tp) = <xna (T —m)(T - m)_lxn>
<Az, (T — m>xn><(Tm)_lxm (T —m)(T — m)_lxn>
= (2, (T — m)z,) (T — m) ', )
< (@, (T — m)a,)[|(T = m) ™| "=57 0,
which is a contradiction. O

2.3 Compact operators

The present section contains a lot of repetititons from earlier courses, but they are
important for what follows.

Let H and H’' be Hilbert spaces. A linear operator 7' : H — H’' is called
compact, if the image of the unit ball in H is relatively compact in H' (remark
that the relative compactness is equivalent to the existence of a finite e-net for any
e > 0, as Hilbert spaces are complete metric spaces). We denote by K(H,H') the
set of all such operators. The definition can also be reformulated as follows: an
operator T': H — H’ is compact if and only if any bounded sequence (z,) C H has
a subsequence (z,, ) such that T'z,, converges in H'. We recall that:

e any compact operator is continuous,

e any continuous operator having a finite-dimensional range is compact,

the norm limit of a sequence of compact operators is again a compact operator,

the adjoint of a compact operator is compact,

the composition of a continuous operator with a compact one (in any order)
is again a compact operator.

Recall the following fundamental result, which is based on Fredholm’s alternative
and is proved in the functional analysis course:

Theorem 2.24 (Spectrum of a compact operator). Let T' be a compact linear
operator in an infinite-dimensional Hilbert space, then

(a) 0 € specT,
(8) spee T\ {0} = spec, T\ {0},

(c) we are in one and only one of the following situations:
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— specT\ {0} =0,
— specT'\ {0} is a finite set,
— specT \ {0} is a sequence convergent to 0.

(d) Each X\ € specT \ {0} is isolated (i.e. has a neighborhood containing no other
values of the spectrum), and dimker(T — \) < oc.

The result has the following important corollary:

Theorem 2.25 (Spectrum of compact self-adjoint operators). Let T be a
compact self-adjoint operator in a Hilbert space H, then there exist an orthonormal
basis consisting of eigenvectors of T', and the respective eigenvalues form a real
sequence convergent to 0.

Proof. Let (\,;),>1 be the distinct non-zero eigenvalues of T'. As T is self-adjoint,
these eigenvalues are real. Set Ao = 0, and for n > 0 denote E,, := ker(T' — \,). If
n#mandu € E,, v € E,, then

An(u,v) = (Tu,v) = (u, Tv) = A (u,v) = (A — Ap)(u,v) =0 = u Lov=0,

which shows that E,, L E,, for n # m. Denote by F' the linear hull of U,>¢E,. We
are going to show that F'is dense in H.

Clearly, we have T'(F) C F. Due to the self-adjointness of T' we also have
T(F+) C F*+. Denote by T the restriction of T to FL, then T is self-adjoint, and
its spectrum equals {0}, so T = 0. But this means that F- C kerT = E, C F and
shows that F'+ = {0}. Therefore F is dense in H.

We now choose an orthonormal basis in each subspace FE, and obtain an or-
thonormal basis in the whole space H. O

We now consider an important subclass of compact operators:

Definition 2.26 (Hilbert-Schmidt operator). A continuous linear operator T
in a Hilbert space H is Hilbert-Schmidt if for some orthonormal basis (e,) of H the

sum
17N =) |1 Tenl? (2.11)

is finite.

Theorem 2.27 (Hilbert-Schmidt norm and compactness). Let T be a Hilbert-
Schmadt operator in a Hilbert space H, then:

(a) the quantity ||T||2 (called the Hilbert-Schmidt norm of T') does not depend on
the choice of the orthonormal basis,

(b) T* is also Hilbert-Schmidt with ||T*||s = ||T||2,
(c) 1T < T2,
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(d) T and T* are compact operators.

Proof. Let (e,) and (f,) be two orthonormal bases. Using the Parseval identity we
have

S AITenl> =D [ Tead = DD T[T fren)]” = DT fi®

This shows that the expression is independent of the choice of (e,) and that
|T*||2 = ||T"||2, which proves (a) and (b).

To show (c), let x € H with z, := (e,,z), then using the Cauchy-Schwarz
inequality in ¢?> we estimate

2 2
1Tl = | S anTen| < (3 leallTenll) < D lwal? 3 ITenl = TR

In order to prove (d) remark first that for any « € H one has

xr = i(en, x)e,, Tx= i(en, z)Te,.
n=1 n=1

For N € N introduce the operators T by

N
Ty :z— Z(en,x>T6n.

n=1

One has N
1T —Twl* < |IT - Tnl3= > |ITen]> —=0,
n>N+1

and then T is compact being the norm-limit of the finite-dimensional operators Ty .
The compactness of T* follows from (b). O

If we use (2.11) for an orthonormal basis consisting of eigenvectors of T, we
obtain:

Corollary 2.28. Let T be a self-adjoint Hilbert-Schmidt operator with eigenvalues

(An), then
ITIE =) A%
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The suprising thing is that a Hilbert-Schmidt operator in an L?-space is always
an integral operator. We only consider L?(Q) with Q@ C R? being an open set: the
extension to general measure spaces is straightforward. We will need the following
fact:

Lemma 2.29. If (e,) is an orthonormal basis in L*(?) and (€.,) is an orthonormal
basis in L*(QY'), then the functions fnm : (z,2') — e,(x)el, (z’) form an orthonormal
basis in L*(Q x ).

Proof. It follows by Fubini’s theorem that f, ,, form an orthonormal family in
L*(Q x ), and we need to show that they span the whole Hilbert space. Let
g L fom forall (n,m),

/Qen(:p) // el (z")g(x,x")dz’ dz = 0 for all (n,m). (2.12)

One easily shows (using the Cauchy-Schwarz inequality) that for any m € N the
function

By x| €l (2))g(z,2") da’

m
Q/

belongs to L*(2), and (2.12) implies h,, = 0 a.e. For a.e. x € Q the function
H, : x — g(z,2') belongs to L?(Q2), and the condition h,, = 0 a.e. for all m implies
that H,(2') = 0 for a.e. (z,2), i.e. g =0. O

Theorem 2.30 (Integral Hilbert-Schmidt operators). Let H = L*(Q). A
linear operator T in H = L*(Q) is Hilbert-Schmidt if and only if T is an integral
operator,

Tulz) = | Koy)uly)dy, (2.13)
Q
with integral kernel K € L*(Q x Q), and in that case ||Tk||2 = || K| 12(0x0)-

Proof. Let K € L*(Q x Q) and T be defined as is (2.13). Remark that T is
continuous: using the Cauchy-Schwarz inequality one obtains

Tl = [ || Kyt dof ao

2
= / [ / 1K (@, 9)* dy / [u(y)| dy] Az = |[K |2 e 1™

Let (e,) be an orthonormal basis in H, then the functions e, ,(z,y) = en(r)en(y)
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form an orthonormal basis in L*(Q2 x ), see Lemma [2.29, There holds

1713 = Z [ Te,|* = Z\ ems Ten)|”
:Z‘/Qm /QK(fc,y)en(y)dy> da|

:mz‘ /Q /Q em(@)en(y) K (2, y)

=5 Nemm E)|* = 1K1

which shows that T is Hilbert-Schmidt.
Now let T" be a Hilbert-Schmidt operator in ‘H and u,v € H, then

(u, Tvy = <Z(em,u>em,T(Z<en,v>en> = Z(en,v><em,T6n><u, €m)

m,n

= Z / / )(em, Ten)em(z)u(z) v(y) duly) du()
= Z/Q (e Ten)enn(@,y)ul@) v(y) da dy. (2.14)

Take L
T, y) = Z€n<y)<€m7T€n>em(a’:) = Z<€m>T€n>em,n($ay)'

m,n

One has
Z [{em, Ten)|* = ZZ [{em, Ten)|* = Z I Te, | = ITf5 < oo,

which shows that K € L?*(Q x Q). Then one can interchange the sum and the
integral in (2.14]) and one arrives at

(u,Tv) = K(z,y)u(r)v(y) dz dy for all u,v € L*(£2),

QxQ
which proves the representation ([2.13]). ]
Using Corollary one immediately shows:

Corollary 2.31 (Trace formula for integral Hilbert-Schmidt operators). Let
K be the integral kernel of a self-adjoint Hilbert-Schmidt operator T with eigenvalues

(A\n) in L3(Q), then
K(z,y)|?dedy = A2
| [l >
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2.4 Operators with compact resolvents

The above can be used for a discussion of a class of unbounded operators. Namely,
one says that an operator T' in H has compact resolvent if resT # () and for some
(and then for all) z € resT the resolvent (7' — 2)~! is a compact operator.

Theorem 2.32 (Spectra of semibounded operators with compact resol-
vents). Let T be a semibounded from below self-adjoint operator with compact re-
solvent in an infinite-dimensional Hilbert space H, then:

e specT = spec, T,
e for each \ € specT there holds dimker(T — \) < oo.
e the eigenvalues of T' form a sequence converging to +oc.

Proof. Let T > —c, then —(c+ 1) € resT (Theorem [2.23), and (T + c+ 1)~! is
a bounded self-adjoint operator which is compact by assumption. Moreover, this
operator is non-negative: for any v € H denote v := (T + ¢+ 1)~' € D(T'), then

(u, (T +c+ 1)) = (T +c+ 1)v,0) > |jv]|* > 0.

By Theorem [2.25] there exists an orthonormal basis (e,)nen of H such that each
e, is an eigenvector of (T + ¢+ 1)1 (T + ¢+ 1)"te, = \ue,, where ), > 0 form
a sequence converging to 0. We then have (T + ¢ + 1)e, = A, 'e,, i.e. each e, is
an eigenvector of T' with eigenvalue p,, := A;! — ¢ — 1, and the multiplicity of this
eigenvalue is the same as that of )\, as an eigenvalue of (T +c+ 1)7!, e.g. is finite.
The operator T' is then essentially self-adjoint on finite linear combinations of e,
(Exercise 3), and specT = {u, : n € N}. In our case u,, — +00 as n — +oo (due
to A\, — 0), so the closure can be omitted. O

Now we would like to obtain a class of operators with compact resolvents.

Theorem 2.33 (Compact embeddings and compact resolvents). Let T be a
self-adjoint operator generated by a closed sesquilinear form t in H. Assume that
the Hilbert space D(t), equiped with (-,-);, is compactly embedded in H, then T has
compact resolvent.

Proof. Without logg of generality assume ¢ > 1, then 7" > 1 as well. Recall that
(u,v) = t(u,v) and ||ul|? = t(u,u) + (c + Vull3, > |Jul/3,. For any u € D(T) we
have fullz[lulle < [Jullf = t(u,w) = (u,Tu),, < [ullwl|Tulln, e [lulle < [Tull. It
follows that |7 'v||; < |Jv|j3 for all v € H, which means T~' € B(H, D(t)).

Now let j : D(t) < H be the embedding, which is compact by assumption, then
T=' =jL, where L : H > v+ T v € D(t). Hence, T~! : H — H is compact as
the composition of a bounded operator and a compact one. O

In order to look at concrete examples we need the following classical criterion of
compactness in L*(R?):
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Theorem 2.34 (Riesz-Kolmogorov criterion). A subset F C L*(RY) is rela-
tively compact in L*(R?) if and only if the following conditions are satisfied:

(a) F is bounded,

(b) for any e >0 one can find R > 0 such that

/ lu(z)|*dx < &* for allu € F,
|z|>R

(c) for any e > 0 one can find r > 0 such that

/ |u(z + h) — u(x)|2dx < &% for allu € F and h € R* with |h| < r.
R4

Proof. We will only prove the “if” direction (only this part is of interest for the
subsequent applications).
Let F C L*(RY) satisfy (a—c). Let € > 0 and choose R as in (b) and r as in (c).

Consider the open hypercube Q) := ( -5, %)d and let Q1,...,Qxn C R? be suitably
chosen translations of () such that:

(); are mutually disjoint, Br(0)Cc S:=Q,U---UQy,

then it follows from (b) that

|u(z)|* do < &* for all u € F. (2.15)
Sc

Denote by W the subspace spanned by the characteristic functions 1g, and let
P be the orthogonal projector on W in L?(R%),
1
Pu(z) = { 1Qjl Jg,
0, otherwise.

uw(z)dz, z€Qj,

Let u € F, then

||u—Pu||2:/ |u—Pu|2dx+/|u—Pu|2dx
¢ s

:/ |u|2d$+/|u—Pu|2dx

use (2.17) < ¢ +Z/ |u(z u(a:)|2dx
(Definition of P) =« ~|—Z/ ‘\Q|/ )dz
J

(2.16)
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Using the Cauchy-Schwarz inequality we obtain

”Q;\/ )dz < |Q3|2/ 1*dz ’U(JE) —u(z)fdz
Ju(z) — u(z)F dz

a |Qj| Q

(one has z —x € 2Q for z,z € Q;) |Q / {u —ux+y|dy
J

The substitution of this inequality into (2.16]) gives

||u—PuH2§62—|—Z/A@/2 }u(x)—u(x-i-y)}zdydq;

(Fubini, |Q;] =|Q|) =¢ —I——Z//‘u —ux+y‘dxdy

Q|
(Q; mutually disjoint) = e&*+ —/ / ‘u(x) —u(r + y)‘ dz dy
|Q| Q1U---UQN
< g2 —|—— ‘ u(I+y)‘2dxdy
|Q| R
use (¢) <&+ @ e2dy = (1+2%)¢?

Therefore, for any u € F one has |ju — Pu|| < V1 + 29¢, and the triangle inequality
gives ||ul] < V1 + 2 + ||Pu||. If u,v € F with ||Pu — Pv|| < &, then using the
linearity of P we obtain ||u —v|| < (V1 + 2%+ 1)e.

The subspace W is finite-dimensional, F is bounded by (a), and P is a bounded
operator. It follows that P(F) is a bounded subset of a finite-dimensional vector
space, hence it is relatively compact. In particular, one can find a finite e-net in
P(F), and its preimage is then a finite (v/1 4 2?4 1)e-net in F. As ¢ is arbitrary,
the relative compactness of F follows. O]

We are going to apply the result to some differential operators, and the following
observation will be useful:

Lemma 2.35. The unit ball F in H'(RY) satisfies (c) in Theorem [2.34)

Proof. For any u € C°(R?) and h € R? one has

}u:v#—h —u(x ! d:l:—/
R4

2 1
:/ /h.Vu(x+th)dt‘ dx§h2/ / [Vu(a + th)|* dt de
Rd R4 JO

0
1
0 JRd

Hd hd2d
/Oau(z%—t) t‘ x
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which then extends by density to the whole of H'(RY). Hence, for any u € F one
has

|u(z + h) — u(m)‘z dr < h?,
Rd
and (c) holds by taking r := ¢ for any € > 0. O

Let  C R? be a non-empty open set. Recall that the associated Dirichlet and
Neumann Laplacians Tp and Ty are defined as the self-adjoint operators in L*()
generated by the closed sesquilinear forms

tp(u,u) :/Q|Vu|2d:v, D(tp) = H}(Q),

tN(u,u):/Q|Vu|2dx, D(ty) = H'(9).

Recall that the scalar product Hj () is induced by the scalar product of H'(Q).

Proposition 2.36 (Compact embeddings of H}). If Q is bounded, then the
embedding H}(Q) — L*(Q) is compact.

Proof. We first denote H*(R%) := {u € H'(R?) : u = 0 a.c. outside Q} C H'(R?).
and let F be the unit ball in H L(R?) (with respect to the induced scalar product).
We would like to show that F is relatively compact in L2(R%), for which we check
the conditions (a—c) in the Riesz-Kolmogorov theorem (Theorem [2.34). If v € F,
then ||v]|p2re) = ||v]| 1) < 1, which shows (a). If R > 0 with Q C Bg(0), then

/| lv(2)|? dz = 0 for any v € F,
z|>R

which shows (b). Finally, F is contained in the unit ball of H!(R%), and (c) holds
by Lemma It follows that the embedding j : H'(R?) < L*(R%) is compact.
For u € L*(Q) denote by  its extension by zero the whole of R¢, then the linear
map k : HH(Q) 3 u — & € H(R%) is an isometry (Proposition [1.67). Furthermore,
consider the operator of restriction ¢ : L2(RY) — L?(Q), wu(z) = u(z) for any z € Q
and any u € L?(R?), then ¢ is clearly bounded.
The operator tjk : H3(2) — L*(Q) is then compact (a composition of two

continuous operators and a compact operator), and this operator is exactly the
embedding of H}(Q) into L?(£2). O

Using Theorem we arrive at:

Corollary 2.37 (Dirichlet Laplacians with compact resolvents). Let Q C R?
be a bounded open set, then the Dirichlet Laplacian in ), viewed as a self-adjoint
operatorin L*(Q), has compact resolvent.

There is no literal extension of Corollary for Neumann Laplacians: there
are bounded domains 2 (with “bad” boundaries) such that the respective Neumann
Laplacians are not with compact resolvents (and the embedding of H(2) in L*(Q)
is not compact.) Anyway, under some additional assumptions the result still holds
true.
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Definition 2.38. We say that an open set  C R? has the extension property, if
there exists a bounded linear operator F : H'(2) — H'(R?) such that Eu(x) = u(z)
for all w € H'(Q2) and all x € Q. Such an operator E is usually called an extension
operator.

The following result will be used without detailed proof:

Proposition 2.39. Any bounded open set with Lipschitz boundary has the extension
property.

Proof idea. If  is a half-space, Q = (0,00) x R%"!, then one explicitly constructs a
bounded extension operator E : H'(Q) — HY(R?) by (Eu)(x1,2') = u(|x], o).

If 2 is bounded, with Lipschitz boundary, one covers 02 by finitely many balls
Bj and finds bi-Lipschitz maps ®; : B; — B,,(0) such that

(PJ(Q N B]) = {(Il,l'/) € BT](O) LTy > O},

and takes a partition of unity x; with suppyx; C B;. If u € H'(Q), then the
functions v; := (xju) o <I>j_1 can be viewed as H'-functions on the half-space, and
they can be extended to a H'(RY)-function as above. One uses ®; in the reverse
direction and takes the sum over j. (One can show that if ® is bi-Lipschitz, then a
function v is in H! if and only if wo ® is in H'.) O

Proposition 2.40 (Compact embeddings of H'). If Q is a bounded open set
with the extension property (for example, with Lipschitz boundary), then the embed-
ding H'(Q) — L*(Q) is compact.

Proof. Let E : H*(Q2) — H'(R?Y) be a bounded extension operator. Pick any
X € C®(R?) with x = 1in Q B D Q and let B be an open ball containing supp ¥,

then the operator

Eo: H'(Q) > uws xEu € Hy(B)
is bounded. The embedding j : Hi(B) < L*(B) is compact by Proposition [2.36] as
B is bounded. Furthermore, let ¢ : L?(B) — L?(Q2) be the operator of restriction,

wu(x) = u(zx) for all z € Q, which is bounded. The embedding J : H(Q) — L*(Q)
can be decomposed as J = 1j Fy, and it is compact due to the compactness of j. [

By applyng Theorem we show:

Corollary 2.41 (Neumann Laplacians with compact resolvents). If Q2 is a
bounded open set with the extension property (for example, with Lipschitz boundary),
then the Neumann Laplacian in Q, viewed as a self-adjoint operator in L*(Q), has
compact resolvent.

The compactness results can also be applied to the Schrodinger operators as
follows:
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Theorem 2.42 (Schrédinger operators with growing potentials). Let V €
L2 (R?) be real-valued, semibounded from below. Denote w(r) := infjys, V(z). If

loc

lim w(r) = 4o0,
T—+00

then the Schrodinger operator T = —A+V (defined as the Friedrichs extension, see
Ezample has compact resolvent.

Proof. Without loss of generality we assume V' > 0 (otherwise consider T+ ¢ with
a suitable ¢ € R). Recall (Example [1.80]) that the sesquilinear form for 7" is

t(u,u) = /Rd (\Vu|2 + V§ul?) da,

whose domain D(t) = Hy,(R?) is equiped with the norm ||ul3,, = [|ull3 +][VVu| 2.
14
It is sufficient to show that the unit ball Fy, in H{(R?) is relatively compact. For

that we show that all assumptions in the Riesz-Kolmogorov criterion (Theorem [2.34))
are satisfied.

e The condition (a) holds due to [ju|z, < |lul|g <1 for any u € Fy.

o If u € Fy, then

’ L ) |u(z)|]? dz
/LTZR!u(x)\ dz < o B /lzlzRV( Yu(z)|2d

2
IVVaullg: _ [l S G

STu®) S wem Sww Y

and (b) follows.

e Due to [[ulgy > |lullm, the set Fy is contained in the unit ball of HY(RY),
and (c) holds by Lemma O

Remark 2.43. The assumptions in Theorems (Schrédinger operators) and
Corollaries and are only sufficient conditions: it is known that they are

not necessary (this will be discussed in the exercises).
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3 Spectral theorem

To be provided with a certain motivation, let T be either a compact self-adjoint
operator or a semibounded self-adjoint operator with compact resolvent in a Hilbert
space H. As shown in the previous sections, there exists an orthonormal basis
(én)nen in H and real numbers A, such that, with

T = Z)\n(en,w>en for all x € D(T),

neN

and the domain D(T') is characterized by

D(T) = {x cH: ZA%‘(GH,@f < oo}.
neN
Recall that if we introduce the map U : H — (*(N) defined by Uz =: (x,), =, =
(€, x), then the operator UTU* becomes the discrete multiplication operator (z,,) —
(Any)-
If f is a bounded function on R, then one can define a linear operator f(7T) €

B(H) by
f(T)JZ = Z f(/\n)<em CL’>€”,

then the map f +— f(T') satisfies a number of properties. For example, (fg)(T) =
f(T)g(T), f(T) = f(T)* etc. The existence of such a construction allows one to
show that some complicated equations have solutions (in a suitable class) and even
to write rather explicit expressions for the solutions. For example, one can easily
show that the initial value problem

—iz'(t) = Tz(t), x(0) =y € D(T), z:R— D(T),

has a solution that can be written as z(t) = f;(T)y with f;(z) = €*. Informally
speaking, for a large class of equations involving the operator T one may first assume
that T is a real constant and obtain a formula for the solution, and then one can
give this formula an operator-valued meaning using the above map f — f(T).

At this point, the definition of f(7") only makes sense for a restricted class of self-
adjoint operators T (admitting an orthonormal eigenbasis). The aim of the present
section is to develop a similar theory for the general self-adjoint operators. Namely,
we will show that:

e cach self-adjoint operator is unitarily equivalent to a multiplication operator
in some measure space (spectral theorem),

e the operators f(7') are uniquely defined for any self-adjoint 7" and a large class
of functions f (functional calculus).

In order to cover both bounded and unbounded self-adjoint operators, it will be
convenient to prove analogous results first for the unitary operators (which are
easier to deal with as they are bounded) and then to pass to self-adjoint operators
using a suitable transform.
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3.1 Spectral theorem for unitary operators
We will intensively use the unit circle
S:={z€C: |z =1}

One can consider S as a one-dimensional submanifold, and the integration and the

smoothness over S are then well-defined: if one uses 6 +— ¢ as a local chart, then
for f: S — C one has:

o f € CKS) if and only if § — f(e?) is a 27-periodic C*-function on R.

/fds—/ F(e)d

which naturally defines the spaces LP(S

e and

If f € L'(S), its Fourier coefficients are the numbers
~ Y
f(n):= %/0 f(e®e ™40, neZ.
If f € Ck(S) for some k € N, then using the integration by parts we have

19 —m@ dg‘
Ll(o o) ‘ / d@’f

<m>k0 ) *m@de\—zww fn).

= e

which shows that f(n) = O(|n| ™) for large n. In particular, for f € C°(S) the last
estimate holds with any k£ € N, and it is known from basic analysis courses that

ey = Z f(n)eme, 0 R,

nez

while the series on the right-hand side converges uniformly in . By denoting 2 := €%

we have then R
= Z f(n)z", ze€Ss,
nez
with the uniform convergence on the right-hand side.

Let U : H — H be a unitary operator. Recall that this means that U is bijective
and that |[Uz|| = ||z| for all z € H, which is equivalent to U* = U~1. Tt is easy to
check that specU C S: the inclusion specU C {z : |z| < 1} follows from Prop. [2.15]
and if |z] < 1, then U — z = U(I — 2U*), and due to ||zU*|| = |z] < 1 the both
operators on the right-hand side are bijective with bounded inverses.

Our idea is to define operators f(U), for a large class of functions f : S — C, by

=Y U (3.1)

nel
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Remark that for f € C*(S) the series on the right-hand of converges with
respect to the operator norm and defines a continuous linear operator. In particular,
for the constant function f = 1 the operator f(U) is the identity map. We would
like to extend the definition to a larger class of functions.

Theorem 3.1 (Continuous functional calculus for unitary operators). The
map C®(S) > f — f(U) € B(H) defined by (3.1) extends uniquely to a linear map
CY(S) — B(H) such that for any f,g € C°(S) one has

(a) f(U) = (U),

(b) F(U)g(U) = (f9)(U),
(c) if f >0, then f(U) >0
(@) SO < [l

Proof. We first establish all the properties for functions f,g € C*(S).
(a) Let f € C(S), then f € C*(S). One has

f(n) = ?(— ) for any n € Z,

= (> fmyum) :ZY YU~

neEL

|
KH)

Z? (),
ez
(b) Let f,g € C*(S), then

= (X Femum) (3 g

meZ m/€Z
= chU" with ¢, 1= Z J?\(k)g(n -
nez k

At the same time

(Z F(m zme) ( Z §<m/)eim’9) _ chem(a’

meZ m/€Z ne”z

while the series converge uniformly, which shows that ¢, = E(n)

(c) Let f € C*=(S) with f > 0. For ¢ > 0 consider the function h. := /f +¢ €
C>°(S). Then h.(U) is defined by the above series. As h. is real-valued, the operator
h.(U) is self-adjoint by (a), and f = h? — &, which implies f(U) = h.(U)?> — el by
(b). Then for any v € H we have

v) = <v, (hg(U)2 — 5])v>

= (h-(U)v, he(U)v) — e{v,v) = [[he(U)v]]* = ellv]]* = —e]l]*,

and by sending ¢ to 0 we obtain (v, f(U)v) > 0.
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(d) Let f € C>(S) and M := || f||e, then M? — |f|?> > 0, and by (c) this means
that for any v € H we have (v, (M? — |f|*)v) > 0. We transform, using (a) and (b),

(v, (M2 = [f[)v) = M2|u]|* = (v, FU)" F(U)v) = M*|[o]|* = || £(T)o]]?,

and obtain || f(U)v||* < M?||v]?.

Hence, (a)-(d) are proved for the C*°-functions. The extension to C°(S) is
done using the density: as C*(S) is dense in C°(S) with respect to || - ||e, for any
[ € CY(S) there exists (f,) C C>(S) with ||f — fulleo — 0. Then (f,,) is Cauchy in
CY(S) and then (f,(U)) is Cauchy in B(H). As B(H) is a Banach space, there exists

:= lim f,,(U). One then routinely checks that A is independent of the choice of
fn, s0 one can define f(U) := A, and then one routinely checks (a)—(d) using the
passage to the limit. O

For the next step we recall the Riesz representation theorem: if X is a compact
metric space and 8 : C°(X) — C is a linear functional with 8(f) > 0 for f > 0,
then there exists a unique Borel measure p on X such that

8 = [ fautor any f € CO(x).

It follows from the construction of y that CY(X) is dense in L*(X, ).

Lemma 3.2. Let v € H and let p, be the unique Borel measure on S defined by

(v, f(U)) = / Fdu.

Remark that the right-hand side is linear in f and non-negative for non-negative
f due to Theorem [3.1. Then the map C°(S) > f — f(U)v € H has a unique
continuous extension to an isometry W, : L*(S, du,) — H. This isometry satis-
fies UW,, = W,M,, where M, is the multiplication operator (M,f)(z) = zf(z) in
LS, o).

Proof. Let f,g € C°(S). We have
(Wof, Wag) = (f(U), g(U)v) = (v, f(U) g(U)v)
= <U7 (?g)(U>U> = (Deﬁnition of Nv): /S?g dp, = <f7 g)LQ(X,,LLv)

The subspace C°(S) is dense in L*(S, p,) and W, preserves the scalar product, so it
extends by density in a unique way to an isometry L*(S, u1,) — H.
By Theorem [3.1)(b), for any f € C°(S) we have

(MF)U) = ((z = 2) - [)U) =UFU), M.f(Up=Uf(U)v,

which means that M, W, = UW, on C°(S), and this equality extends by density to
the whole L2(S, 1,). O
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Remark 3.3 (Countable direct sums). If (#,,),en is a finite or countable family
of Hilbert spaces, their direct sum H = €, .y Hy is defined by

H={o = @anew 0 € H, Jalld = 3 lally, < o0},

neN

and one can check (Exercise) that it is a Hilbert space. If U, are unitary operators
in H,, then U : (x,) — (U,z,) is clearly a unitary operator in H. Furthermore, if
T,, are self-adjoint operators in H,, then one easily checks (Exercise) that the direct
sum T = @, T, defined by

neN

T: (2,) s (Tozy), D(T)= {(mn) €EH: wa€D(T), S | Taall, < oo},

neN
is a self-adjoint operator in H.
Now we arrive to the main result of the subsection:

Theorem 3.4 (Spectral theorem for unitary operators). Let U be a unitary
operator in a separable Hilbert space H. Then there exist a subset N C N, finite
Borel measures v, on' S, n € N, and a unitary map

W:L*Y,v) -H, Y=SxN, v(Ax{n})=uv,(A) for ACS,
such that W='UW = M, with the function p:Y > (y,n) —y €S C C.

Remark 3.5. In a less formal language, the set Y is consists of | V| disjoint copies
of S, and the restriction of v to the nth copy coincides with v,,.

There are versions of the spectral theorem for non-separable Hilbert spaces, then
one should use the axiom of choice and pay more attention to proper definitions of
direct sums for uncountable measure spaces and Hilbert spaces.

Proof. As H is separable, there exists a dense subset {w,};en. We use Lemma
for the vector w; and obtain a measure v; on S and an isomorphism W : L3(S, ;) —
H1, where H, is a closed subspace of H. If Hy = H, the proof is finished. Otherwise
we note that by construction U(H;) = H;, and then the unitarity of U implies
U(H{) = Hi, i.e. U can be viewed as a unitary operator in H;. We now find the
first j with w; ¢ H; and denote vy := the orthogonal projection of w; on Hi, then
we use Lemma for vy, which gives rise to a measure 15 on S and an isomorphism
Wy @ L*(S,v5) — Ha, where Hs is a closed subspace of Hf If Hy = Hi, the proof
is finished, otherwise we take the first w; which is not in H; © H, and continue with
its orthogonal projection on (H; @ Hs)* ete.

If the procedure stops after finitely many steps, the set N is finite, otherwise
N = N. By construction we have

H=DHu W, Ul W = M.,

neN
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while M., acts as (M, ,.f)(z) = zf(z) in L*(S,v,). One easily sees that
O3 L*Y,v) >z () EBLQ (S,vn), xn(2) = 2(2,n),
nenN

is an isomorphism, and we arrive at the conclusion by taking

(P wa)e. O

neN

3.2 Spectral theorem for self-adjoint operators

In this section we will prove similar results for self-adjoint operators. The passage
between unitary and self-adjoint operators uses the following simple observation.

Lemma 3.6. If T is self-adjoint, then U := I — 2i(T + 1)~ is unitary.

Proof. Remark first that specT C R, and (T 4 4)~! are well-defined continuous
operators. For arbitrary = € H and y € D(T") we have

(m,y>:<(T+z)(T+z xy> <T+z ,(T—i)y>
= (&, (T + ) ](T = i)y),

which shows that [(T + i)* * = (T —4)~'. Tt follows that U* = I + 2i(T —4)~! and
UU* =U*U as (T —i)~' and (T +4)~! commute (Theorem [2.4)). Finally,

UU=1-2i(T+4) " +2i(T—i)' +4(T —i) (T +1i)"
— -2 [(T i) = (T — i) 20T — i) NT + z)—l} ,

and the expression in the square brackets is zero due to the resolvent identitites
(Theorem [2.4)). O

Remark 3.7. The expression for U can be rewritten as U = (T —4)(T +1) !, which
is an operator-valued version of the transform

T —1
c:Roz— - € S. (3.2)
x+1
Remark that R contains the spectra of all self-adjoint operators and the unit circle
contains the spectra of all unitary operators. The above transform is called the
Cayley transform.

We are now going to state the main result. In a short form, it says that any self-
adjoint operator is unitarily equivalent to a multilplication operator on a measure
space. In fact, one can even assume some special structure of the measure space
and other additional properties:
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Theorem 3.8 (Spectral theorem: Self-adjoint operators as multiplication
operators). Let T be a self-adjoint operator in a separable Hilbert space H. Then
there exist a subset N C N, finite Borel measures p, on R, n € N, and a unitary
map

O:L*X,u) = H, X=RxN, u(Ax{n})=pu,(A) for ACR,
such that ©~'TO = My, where the function h is given by h : X 3 (z,n) — x € R.

Proof. Consider the unitary operator U := I — 2i(T + i)~!. Using the spectral
theorem for unitary operators (Theorem [3.4) we construct a subset N C N, finite
Borel measures v, on S, n € N, and a unitary map

W:LA(Y,v) >H, Y=SxN, v(Ax{n})=uv,(A) for AcCS,

such that W-UW = M, with p: (y,n) — y.

As I — U = 2i(T +i)~! is an injective operator, the operator I — M, = M;_,
is also injective in L?(Y,v). In other words, 0 ¢ spec, M;_, which is equivalent to
1 ¢ spec, M,, and by Proposition [2.7| one obtains v(p~'(1)) = 0. We have

v(p7 (1) = {1xN = [J{@ )}, v({1hxN) =) v({1hx{n}) = > v ({1}),

neN neN neN

and we conclude that v, ({1}) =0 for all n € N.
Denote by 7 the inverse of the Cayley transform ¢ from ((3.2]),

+y

1
n::c_l:SByr—)il € R,
which is defined v,-a.e. on S for any n € N. Define pu, to be the pushfoward n,v,,
more precisely,

pn(A) == v, (07" (A)) = vu(c(A)), ACR,

then p,, are finite Borel measures on R. We define X and p as in the formulation of
the theorem and remark that the pullback operator

O LA(X, ) = LAY, v), (f)(y,n) = f(n(y),n),

is unitary by construction. Now we define © := W®, which is by construction a
unitary operator L*(X, ) — H. Let us show that this operator satisfies all the
required conditions.

Proof of ©D(M,,) C D(T). Let f € D(Mp,) C L*(X,u), then g := (h+1i)f €
L*(X, u1). By the definition of @, for (y,n) € S x N we have

(®g)(y,n) = (h(n(y)m) + @')(‘Pf)(y,n) = (n(y) +9)®f(y,n).

We have ) . )
+y . i(l4y)+i(l—y) 2i

+i= —

—y -y -y

?

o1
n(y)ﬂzzl
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which yields (1 —y)(®g)(y,n) = 2i(®f)(y,n). The last equality can be rewritten as
(I — M,)®g = 2i®f. Now we apply W on the both parts: using WM, = UW we
arrive at (I — U)Og = 2i© f. Using the definition of U we have

[—U=1—(I-2(T+i)™") =2i(T+i)",

which results in

Of = (T +1i)"'0g € D(T). (3.3)
Proof of ©'D(T) C D(My). Let v € D(T) and w := (T + i)v. we have then

1
v=(T+i) 'w= ?(I— U)w.
i
We have W—'UW = M,, which gives I — U = WM;_,W ! and then

1 1
Wl = % - Wl = o'Wy = % oM, , W w. (3.4)

Remark that for g € L*(Y,v) and (z,n) € X we have
(@21 9)(w.m) = (Mr_y) (clw),m) = (1= e(a))g(cla), ).

and with the help of

O e R e ek k) S
T+ T+ T+
one rewrites it as
21 21
O M, _ = == (¢! .

This computaton shows that ®1M;_, = 2i(M;, + )" '®~. Using this identity in
(3.4) we arrive at O~ v = (M}, + 1) 'O w € D(M,,).

Proof of ©7!'TO = M;,. We have just shown that ©D(M,) = D(T). If f €
D(My) and g = (Mj, + 1) f, then in (3.3) we already saw that (T +i)"'©g = Of.
Applying (T + ¢) one the both sides and using the definition of g we arrive at

O(My +i)f = (T +i)0f = OM,f=TOf.

As f € D(My,) was arbitrary, this shows the sought equality. ]
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Remark 3.9. It should be clear that the representation obtained in Theorem [3.8is
not unique. If T is a self-adjoint operator admitting an orthonormal basis (e, )nen
of eigenvectors with eigenvalues A, then it fits into the general scheme by setting

N:=N, pn:=0b, Of:=>Y f(An)en,

neN

where J, is the point measure defined by

1, a€A,

If all A\, are distinct, one can “put them on the same copy of R” and consider, for
example,

N:={1}, m:= Zan&\n,

neN

where (a,,) is an arbitrary sequence of positive numbers with

> ay, < oo,

neN

and in that case the associated unitary transform is given by

Of ==Y Van f(n, Den.

neN

If one does not require the finiteness of ;1 one can even take simply a,, = 1. Indeed,
there are many other ways to “distribute” \,, among several copies of R. By looking
at this example one easily unbderstands that the minimal cardinality of the set N
coincides with max, ey dimker(7" — \,,).

For general self-adjoint T, the minimal cardinality of N in Theorem is usually
referred to as the spectral multiplicity of T.

Remark 3.10 (Norms of multiplication operators). In view of Theorem ,
many questions of the general spectral theory are reduced to the study of multilpli-
cation operators, so let us complement the respective constructions from Example
[2.6] If (X, ) is a measure space and f : X — R is measurable function, then one
denotes

esssup f(x) := inf {M eER:f<M u-a.e.} = sup(essran f).
zeX
It is clear that esssup,cy f(x) < sup,cx f(x), and neglecting the values of f on any
zero measure subset has no effect for esssup f.
Let M; be the multiplication operator in L*(X, u) defined as in Example
with a bounded measurable function f, then one easily shows that

| M| = esssup|f(z)] = sup |l (3.5)
zeX A€spec M ¢
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In fact, if |f| < M p-a.e., then for any ¢ € L*(X, u), ¢ # 0, one has

Mgl _
ol =™

and taking first sup over ¢ and then inf over all possible M one arrives at the
inequality || My|| < esssup,cx | f(z)|. On the other hand, let M := esssup,cy | f()|.
E

1Mo = /X |f(@)o(a)|" du(z) < M? /X |6(2)|” du(ar) = M?||¢]?,

If M =0, then M; =0, and (3.5)) is true. If M > 0, then for any m € N the subset
Smi={reX: |f(x)] >M—-2""}

has non-zero measure. Choose S,, C S, with 0 < 1(Sy) < oo and denote by ¢,
the indicator function of S,,, then one has, for all m with 27" < M

M6 = /X |F(@) (@) dpa(z) = / F(@)[ du()

m

> (M -2y / Ldpu(z) = (M — 272 g%

m

showing ||My|| > M — 27™ for any sufficiently large m, and sending m to oco one
finishes the proof of (3.5)).

Due to the spectral theorem we can now define the operators f(7') for a large
class of functions f. The main idea is very simple: if 7" is unitarily equivalent to
My, then f(T') must be unitarily equivalent to M sy,

Recall that the elements of the o-algebra generated by open subsets are called
Borel subsets. A function f : R — C is called Borel, if the preimage of any Borel
subset is Borel. We denote

Bo(R):={f:R—C: fisabounded Borel function}.

Theorem 3.11 (Functional calculus for self-adjoint operators). Let T be a
self-adjoint operator in a separable Hilbert space H and let i, © and h be as in
Theorem [3.8 Then the linear map Boo(R) > f — f(T) € B(H) given by

f(T) = OM;,;,©0~* (3.6)
has the following properties:
(a) it is a *-homomorphism, i.e.
(fo)(T) = f(T)g(T), [(T)* = J(T), [,9€Bux(R),
(b) for any f € Boo(R) one has

1A < sup [fV)],

AespecT

with equality if f is continuous,
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(c) if fu, [ € Boo(R) such that f, — f pointwise and || f|lo is bounded, then
fu(T) — f(T) in the strong sense, i.e. f,(T)v — f(T)v for any v € H.

(d) for any z € C\ R and the functions r, : R 3 x v (x — 2)~! € C there holds
r.(T)= (T —2)7%

Moreover, any linear map Boo(R) 3 f — f(T) € B(H) satisfying the above prop-
erties (a)—(d) is given by (3.6)) (in other words, the functional calculus is unique).

Proof. (a) The both properties easily follow from the definition of the multiplication
operators and the unitarity of ©:

f(T)g(T) = @Mfoh@_l@Mgoh@_l = G)MfohMgoh@_l
= OM(fon)(gom) O~ = OM(30on©~" = (f9)(T),
F(T) = (OM©7")" = (©71)"(Myon)* 0"
= OM75;07 ! = OM;,07" = f(T).

(b) The unitarity of © and Proposition[2.7] (spectrum of multiplication operators)
show that
specT = essranh, spec f(T) =essran f o h.

The first equality implies that the set H := h~!(specT) satisfies u(H®) = 0. As
discussed in Remark [3.10} one has || f(T")|| = esssup,cy |f o h(z)|, and we estimate

ess sup !f o h(a:)| = esssup }f o h(x)‘ =ess  sup !f o h(a:)|
zeX xeH z€h~1(specT)

< sup |f0h($)‘= sup ‘f()‘)}a

z€h~1(specT) AespecT

which shows the first claim.
Now assume additionally that f is continuous. Let

A€specT, >0, J.:=(f(\)—c f(A)+e),

then the set I. := f~(J.) is open and contains an open interval K; := (A — 4, A+ 4)
with some 6 > 0. Due to A € specT = essran h we have

p({z € X : h(z) € Ks}) > 0.

Dueto{z € X: f(h(z)) € .} ={reX: h(z)e L.} D{reX: hizx) e Ks} we
obtain

p({z e X: f(h(z)) € J.}) > 0.
As € > 0 was arbitrary, this shows that f(\) € essran f o h = spec Moy, and then,
with the help of (3.5)),

V[ < sup 2] = [Myarll = IF(T)]I-

zespec Myop

This shows that sup,ceecr [f(A)] < [|f(T)]|| and completes the proof of (b).
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For (c), let K > 0 be such that || f,|| < K for all n, then also |f| < K. Let v € H
and ¢ := © v € L*(X, u), then the convergence f,(T)v — f(T)v is equivalent to
anohgb — Mfohgb. We have

Hanoh¢ — Mfohqb”Q = /X ‘anoh¢($) = Mfoh(/ﬁ(x)‘Q du(x)

=),

= [ [ 0a) = 1) 106 it

—Fu(2)

() (2) — () 6(2) | ()

Due to the initial assumptions on f,, and f we have:
o B < AK2I6P € LY(X, ),

e lim, . F,(z) =0 for a.e. z € X (while f,(y) converge to f(y) for any y € X,
the function ¢ is defined p-a.e. only),

and the dominated convergence theorem shows that || My, o, — M fohqb” — 0.

(d) Actually this part was already implicitly covered in the proof of the spectral
theorem, but we repeat the constructions. Let v € H and ¢ := © 'v. Then
Y= (r,oh)p € D(My) and (M), — 2) = @, i.e. (M, —2z)M, ¢ =, ie.

O T —20M,. 06 v=0"" = O T -2)r,(Tv=06 "o
M,
=Mp—=z

By applying (T — z)7'© on the both sides we arrive at r,(T)v = (T — z)v.

It remains to show the uniqueness. This parts uses a number of facts from the
measure and integration theory, so we only present the main steps. Let &y, P, :
B (R) — B(H) be two linear maps satisfying (a)—(d). From (d) it follows that &,
and ®, coincide on the linear combinations ) ¢;r.; with ¢; € C and z; € C\ R.
Using the Stone-Weierstrass theorem one easily sees that these linear combinations
are dense (with respect to ||+||s) in the space C2 (R) of bounded continuous functions
on R that vanish at infinity, and then due to (b) the maps ®; and ®, agree on C% (R).
Now consider

A= {f € Bo(R): &4(f) = @z(f)}7

then A is an algebra of functions by (a), and we have just shown that C% (R) C \A.
Furthemore, due to (c) the set A is closed under pointwise limits of uniformly
bounded sequences. The characteristic function of any closed interval can be real-
ized as the pointwise limit of a uniformly bounded sequence of bounded continuous
functions vanishing at infinity, which shows that the characteristic function of any
closed interval belongs to A. We now remark that the supports of functions in
A form a o-algebra. We have just shown that this o-algebra contains all closed
intervals, hence, it contains all Borel subsets. It then follows that A contains the
characteristic functions of all Borel subsets and then also all simple Borel functions
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(i.e. Borel functions taking only a finite number of values). As each bounded Borel
functions can be realized as the pointwise limit of a uniformly bounded sequence of
simple Borel functions, one arrives at A = B (R). O

Remark 3.12. Remark that the approach used in the part (c) of the proof is very
typical and powerful, as it reduces the convergence in an abstract Hilbert space H
to the use of the dominated convergence in a measure space: this passage is made
possible due to the spectral theorem. Similar arguments will be used later at many
places.

Remark 3.13. Remark that the assertion (b) means that the only the values of f
on specT are of importance for the definition of f(T'): if f, g € Bo(R) with f =g
on specT’, then

IF(T) = gD = I(f =) (D) < sup_[(f —g)(N)] =0,

AespecT
ie. f(T) = g(T). Denote
By (specT) = {f :specT — C: [ is Borel and bounded}

and for f € Buoo(specT) let f € Boo(R) be any extension of f to the whole of R (for
example, one can simply take the extension by zero), and one sets

f(T) == (1),

then one directly arrives the following technical improvement:

Corollary 3.14. All assertions of Theorem hold for B.(R) replaced by
By (specT).

The second assertion in (b) (the exact norm for continuous functions) follows
from the fact that any bounded continuous function on specT can be extended
to a bounded continuous function on R with the same sup-norm (Tietze extension
theorem).

Remark 3.15. For practical computations one does not need to have the canonical
representation from Theorem to construct the Borel functional calculus. It
is sufficient to represent T = UMyU™!, where U : H — L?*(X,du) is a unitary
operator and My is the multiplcation operator by some function H in some measure
space (X, p). Then for any f € Bo(R) one can put f(T) = UM;oxU™', and one
easily checks that all the required properties are satisfied. For example, if T is
the free Laplacian in L*(RY), then we know already that T = F 'MyF where
My is the multiplication by [£2] in L?(R?) and F is the Fourier transform. Then
f(T) = F*MpF with F: & — f(|€]?).
For example, if f(z) = cos+/z for x € [0,00) and ¢ € C®(R?), then

f(M)p(z) = (cosﬂ)go(x) = W /Rd eiﬁ-w(cos |§\) p(&) d¢.

In fact, one can also define f(7T) for unbounded functions f using the same
expressions: the functional calculus for unbounded functions is also unique if one
assumes that suitable convergences of functions imply suitable convergences of the
associated operators.
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3.3 Some direct applications of the spectral theorem

In a sense, the rest of the course will consist of various applications of the spectral
theorem and the functional calculus. Nevertheless, let us discuss the most immediate
consequences (some of them can be proved by other methods, but the use of the
spectral theorem gives a particularly transparent proof). We will use without further
comments the objects appearing in the formulation of the spectral theorem.

Proposition 3.16 (The norm of the resolvent). For any z € resT one has

1
T— )Y = .
It A7 dist(z, specT')

Proof. One has (T — z)~! = r(T) for the bounded continuous function
r:specT D2+ (x—a)' = C,

hence,

B 1
(T —2)7Y = sup [r(A\)]= sup
AespecT AespecT ‘)\ - Z‘

1 1
infyespect [N — 2| dist(z,specT)’

The above norm equality is often used in the following form:

Corollary 3.17 (Distance to spectrum). Let 0 #v € D(T) and z € C, then

=yl

dist(z,specT) < ol
v

Proof. If z € specT, then the left-hand side is zero, and the inequality is valid.
Assume now that z ¢ specT and use Proposition [3.16}

1

loll = (T —=2)"H(T—2)v]| < [(T—2) I I(T=A)vl| = dist(z, specT)

(T —=z)v]l. O

Remark 3.18. The above norm equality for the resolvent is one of the basic tools
to approximate the spectra of self-adjoint operators. For non-self-adjoint operators
the estimate fails even in the finite-dimensional case. For example, take H = C?

and
01
=(00);

then specT = {0}, and for z # 0 we have

w5 )

For the vectors e; = (1,0) and e; = (0,1) one has (e, (T — 2)'ey) = —272, which
shows that the norm of the resolvent near z = 0 is of order 272 = dist(z, spec T') 2.
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Theorem 3.19 (Bounds for spectra imply bounds for operators). Let T' be
a self-adjoint operator and ¢ € R, then

(a) T > c if and only specT C [c,0).
(b) T is bounded with |T|| < ¢ if and only if spec C [—c,c|.

Proof. (a) If T > ¢, then the inclusion specT C [c,00) was already shown in
Theorem [2.23]

Now assume that specT C [c,00) for some ¢ € R. Then essranh C [¢,00), in
particular, h > ¢ p-a.e., and for any ¢ € D(M}) one has

(0, Myd) 2 = / 2(0) h()p(x) du(x)

X

= /X h(@)lp(@)* du(z) > /XC\SO(%)!%#(ZE) = cllelfz(x -
If v € D(T), then ¢ := ©~'v € D(M,,) and
(v, Tv)u = (09, TOP) = (0,07 TOV) r2(x) = (P, M) r2(x.10
> cllellizxp = cll® lZax ) = cllvlli

which means that 7" > c.
(b) If T is bounded, then specT € [ — || T||,||T||]] C [—c, ¢] by Proposition .
Now assume that specT C [—c,¢|. This means that essranh = specT C [—c, (]
and then |h| < ¢ p-a.e., and then M, is bounded with ||My]| < ¢. Then T = OM;,0!
is also bounded and has the same norm as Mj,. O

In what follows we will use very frequently f(7') for f :=indicator function of a
set. Such operators have a special name:

Definition 3.20 (Spectral projectors). Let @ C R be a Borel subset. The
spectral projector of T on €2 is the operator Pr(2) := 1o(T'), where 1g is the indicator
function of (2.

Let us summarize the most important properties of the spectral projectors.

Proposition 3.21 (Properties of spectral projectors). For any self-adjoint
operator T acting in a separable Hilbert space H the following assertions hold true:

(a) Let @ C R be a Borel subset, then

(a.1) Pr(Q) is an orthogonal projector.
(a.2) Pr(Q)D(T) C D(T),
(a.3) TPr(Q2) = Pr(Q)T on D(T).

(b) If Q,Q C R are Borel subsets, then

(b.1) if QN Q =0, then
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— ran Pp(Q2) L ran Pr(Q),
= Pr(QU Q) = Pr() + Pr(Q),
— ran Ppr(QU Q) = ran Pr(Q2) + ran Pr(Q).
(b.2) if Q C Q, then ran Pp() C ran Pp(Q),
(b.3) Pr(Q) + Pr(Q¢) = I. This means that ran Pr(Q°) = ran Pr(Q)*.

(¢) Pr((a,b)) =0 if and only if specT N (a,b) = 0.

(d) for any X\ € R there holds ran Pr({\}) = ker(T — \).
(¢) specT ={NeR: Pr((A—e,A+¢)) #0 for all e > 0}.
(f) For any A € R and € > 0 then

(f.1) ran Pr((A —e,A+¢)) € D(T) and |[(T — N Pr((A—e, A +¢))|| <e,
(f.2) for any ¢ € [I—Pr((A\—e,A+¢))]D(T) there holds |[(T — N)¢|| > |l¢|.
(f.3) for any ¢ € Pr([\,00))D(T) there holds (p,T¢) > X|¢l|>.

(9) For any A € R one has Pr({\}) =s — lim._, Pr((A — e, A+ 6))

Proof. Due to the spectral theorem and the functional calculus, without loss of
generality one may assume that H = L*(X, ) and T = M, with X, u, h as in the
spectral theorem (Theorem [3.8)), then Pr(Q) = Migop.

To prove (a.1) we remark that 13 = 1o and 1g = 1q, which gives

Pr(Q)? = Pr(Q), Pr(Q)*" = Pr(Q).

The first equality means that Pr(2) is a projector, and the second one means that
this projector is orthogonal. If g : X — C is bounded and measurable, then the
explicit description of D(M),) shows that M, D(M;,) C D(M,) with M;Myp =
My Myp for any ¢ € D(M,). Taking g := 1g o h one shows (a.2) and (a.3).

(b.1) If ¢ € ran Pr(Q)), then ¢ = (1g o h)p, and ¢(x) = 0 for all u-a.e. = ¢ Q.
Analogously, if ¢ € ran Pp(€2), then ¢(z) = 0 for prae. = ¢ Q. If QN Q = 0, then
¢(z)Y(x) = 0 p-a.e., which implies (¢, %) r2(x ) = 0. This shows the orthogonality

ran Pr(§2) L ran Pr(€2). The second identity follows from

PT<Q) + PT(Q) = 1Q(T) + 1§(T) = (1Q + 15)(T)
= 1o,5(T) = Pr(QUQ),

and the third identity follows from the general properties of projectors: if P and P’
are orthogonal projectors with ran P | ran P’, then ran(P + P’) = ran P 4 ran P’.

5Recall that if A,, A are bounded linear operators in #, then A = s —lim A,, means that
Av = lim A,,v for any v € H (one says that A,, converges strongly to A).
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(b.2) Using (a.1) and (b) we have

ran Pr(Q) = ran (Pr(Q) + Pr(Q\ Q))
= ran Pr(Q) + ran Pp(Q\ Q) D ran Pr(9).

(b.3) follows from (b.1) and the observation that I = 1g(T") = Pr(R).

(¢) The condition Pr((a, b)) = 01is equivalent to 1(,p)0h = 0 p-e.a., which in turn
means that (a,b) Nessranh = (), and it remains to recall that essran h = spec Mj,.

(d) For ¢ € L*(X, ) one has hp = Ay if and only if p(x) = 0 for h(z) # A, i.e.
if ¢ = (1130 h)e, which exactly means ¢ = Pp({A})p. As Pp({\}) is an orthogonal
projector, the set of such ¢ coincides with ran Pr({\}).

(e) The condition Pr((A—¢e, A+¢)) # Ofor alle > 0is equivalent 1(\_. x-)0h # 0
for all € > 0, which in turn means that

p{re X : h(z) e A—e,A+¢)} >0 forall e >0,
which is exactly the condition A € essran h = spec Mj,.
(£.1) Let ¢ € L3*(X,p) and ¢ := Pr((A —e,A+¢€))¢ = (Lp—ente) © k)6, then
¢(s,n) = 0forall (s,n) € X with s ¢ (A—¢, A¢). Therefore, if z := (s,n) € X with

o(x) # 0, then h(z) = s € (A —¢e, A\ +¢), i.e. one has the inequalities |h(x) — | < &,
as then |h(z)| < |\ + e. It follows that

/ Ih(@)e(@)] du(z) = / Ih(@)e(o)] dux)
X {2EX: () £0}
<(W+2) [ o) dn(z) = (1N + ) lel” < o
{2EX: p(x)£0}

which shows that ¢ € D(M;). Similarly,
2
1My — Nl = /X Ih(z) — A Jo(@)] dulx)

-/ [h(2) = Al le(@)[* dpu(a)
{z€X: p(z)#0}

2
£ / o(@)| du(x)
{2€X: p(2)#0}

2
= 6(@)]” du(z)
{z€X: p(z)#0}

<< /X 16(2)[* du(z) < 1]

(f.2) Let ¢ € D(My) and ¢ := [I — Pr((A—e, A +¢€))]¢ = (1 — 1p_ente) © 1),
then ¢(s,n) = 0 for all (s,n) € X with s € (A—e, A+¢). It follows that if (s,n) € X
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with p(s,n) # 0, then h(s,n) =s & (A —¢e,\+¢), i.e. |h(s,n) — A| > ¢, and then
1= Nl = [ [1(a) = Allole) o)
2
- [ 1) = | @) duo)
{2€X: () £0}
= ()| dia@) = 2l
{z€X: p(x)#0}

(£.3) Let ¢ € D(M),) and ¢ := Pr[X,00))¢ = (1 — 1r o) © h)¢, then (s, n) =0
for all s < A, and then h(s,n) = s > A for all (s,n) € X with ¢(s,n) # 0, and

(0, M) = /X h(e) () du(z)

- | h@)le(o)f dula)
{reX: p(x)#0}

>\ / ()2 du(z) = Ao
{2€X: ()70}

(g) Remark that ||[1—caie)lle < 1 and I(a—cxje) — 1gny pointwise. By the
functional calculus (Theorem [3.11)) it follows that

s—limPr((A—e,A+¢)) =s— (l)i+m Loeente)(T) = 1oy (T) = Pr({A}). O

e—0t e—

Remark 3.22. In order to have a better “feeling” of the spectral projectors, let us
consider the most simple case. Let Q2 := (a,b) C R and assume that the spectrum
of T in € consists of N < oo eigenvalues a < A\; < --- < Ay < b. By Prop. 3.21|b,c)
one has

Pr(Q)) = Pr((a,\)) +Pr({\i}) + Pr((A, A2)) +Pr({Xa}) + ...

=0 =0

=

= ZPT({M})-

k=1

By (d), each operator Pr({\,}) is the orthogonal projector on ker(T" — \;): if ny :=

-----

then for any v € H one has

Pr({\})v = Z<@?:U>Sﬁf7 Pr(Q)v= ZZ@?WM?,

-----

the number of eigenvalues of T" in ).

Recall that Weyl sequences were defined in Proposition [2.5

71



Corollary 3.23 (Spectrum and Weyl sequences). Let T be self-adjoint, then
A € specT' if and only if there exists a Weyl sequence for .

Proof. If there exist a Weyl sequence for A, then A € specT by Proposition [2.5
On the other hand, let A € specT. For n € N denote I,, := (A — 27" A +27"),
then by (d) one has Pr(I,) # 0. By Prop.[3.21}(a) one can find ,, with |ju,| = 1 and
u, = Pr(I,)u,. By Prop.[B.21(f) one has u, € D(T) and ||(T — Nu,| < 27"|u|,
which shows that (u,) is a Weyl sequence for \. ]

Proposition 3.24 (Isolated points of the spectrum). Let \ be an isolated point
of the spectrum of a self-adjoint operator T', then:

(a) X is an eigenvalue of T,
(b) there exists ¢ > 0 such that ||(T — N)ul|| > c||u]| for alluw € D(T)Nker(T — )+,

Proof. (a) By Prop. [3.21{d) it is sufficient to show that Pr({\}) # 0. Let ¢ > 0
such that (A —e, A +¢) NspecT = {A}, then

(A—¢e,N)NspecT = (A, A +¢)NspecT = 0.

By Prop. M(e) we have Pr((A —¢e,A+¢)) # 0, and using to Prop. (b,c) we

arrive at

Pr({A\}) = Pr((A =&, A) +Pr({\}) + Pr((\M A +¢)) = Pr((A—e,A+¢)) #0.

=0 =0

(b) Recall that if P is an orthogonal projector on some closed subspace V', then
P+ :=1 — P is the orthogonal projection on V*. As already seen, P := Pp({\}) is
the orthogonal projector on ker(T — ), then P+ := I — Pr({\}) is the orthogonal
projector on ker(T'— A\)*+. Therefore, for any u € D(T) one has u L ker(T'— \) if and
only if u = Ptu. Asseen in (a), for some ¢ > 0 one has Pr({\}) = Pr((A—¢, A+¢)).

Now let u € D(T') with u L ker(T'—\), then u = Pru = [I—Pr((A—¢e, A +¢))]u,
and ||(T' — Nu| > e||u|| due to Prop. [3.21f(e.2). O
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4 Classification of spectra and perturbations

4.1 Discrete and essential spectra

In this section, let T" be a self-adjoint operator in a separable Hilbert space H. Up
to now we just distinguished between the whole spectrum (specT’) and the point
spectrum (specp T), i.e. the set of eigenvalues. Let us introduce another classification
of spectra, which is useful when studying various perturbations.

Definition 4.1 (Discrete spectrum, essential spectrum). The discrete spec-
trum specge I of T' is defined by

SpeCyige 1 := {)\ € specT : 3¢ > 0 with dimranPT(()\ —&, A+ 8)) < oo},
and essential spectrum specy, 1" is
SPeCyys I := spec T\ specy;s. T-

By definition, the discrete spectrum and the essential spectrum are disjoint. Let
us find equivalent characterizations for both of them.
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Theorem 4.2 (Characterization of the discrete spectrum).
Let A € R, then the following two conditions are equivalent:

(a) X € specgie T

(b) X is an eigenvalue of T of finite multiplicity and an isolated point of specT.

(Such eigenvalues are usually called discrete eigenvalues ).
Proof. (a=b) Let A € specg, T, then:
e for any € > 0 one has Pr((A — &, A +¢)) # 0 by Prop. [3.21{(e),
e for some 5 > 0 one has N := dimranPT()\ — g0, A+ 50)) < 0.

For 0 < e <&’ < &g one has ran Pr((A —e, A +¢)) Cran Pr((A —¢’, A +¢')) (Prop.
3.21(b)). In particular, the function

k:(0,60) > € dimran Pr((A —e, A +¢)) € {1,...,N}

is non-decreasing. It follows that there exist &1 € (0,e0) and k € {1,..., N} such
that r(e) = k for all € € (0,1), and then it follows that V := ran Pr((A —e, A +¢))
is the same for all € € (0,¢1) with dimV =k > 1.

Let P be the orthogonal projector on V', then P # 0. As orthogonal projectors
are unquely determined by their ranges, it follows P = PT(()\ -, A+ 5)) for all
e € (0,1), in particular, P =s — lim._,o;. Pr((A—¢, A+¢)) = Pp({\}) by Prop.|3.21]
and then A € spec, T by Prop. [3.21d).

Now pick any € € (0,1), then due to Pr((A —e,A+¢)) = Pr({\}) and

Pr((A—e,X+¢)) =Pr({A}) + Pr((A—,\)) U\, A +¢))
we obtain PT(()\ —e, UM+ 5)) = 0. Using Prop. |3.21{(b) again we obtain
{0} =ran Pr((A — e, ) U(N\, A +¢)) =ran Pr((A —¢,A)) +ran Pr((\, A +¢)),

which means ran Pr((A — €, \)) = ran Pr((\, A + ¢€)) = {0}, and by Prop. [3.21c)
this means specT N (A —e,\) =specT N (M A+¢) =0, ie Ais an isolated point
of specT.

(b=-a) Let A be an eigenvalue of finite multiplicity and an isolated point of the
spectrum. One has dimran Pr({\}) = dimker(7'—\) < oo by Prop. [3.21|(d), and for
some € > 0 one has (A—e, \)NspecT = (A, A\ +¢)NspecT = (). Using Prop. (c)
we obtain

Pr(A—e,A+¢)) =Pr((A =2, X)) +Pr({A}) + Pr((\ A +¢)) = Pr({A}),
=0 =0
and dimran Pr((A — &, A +¢)) = dimran Pr({\}) < co. O

Theorem 4.3 (Characterization of the essential spectrum).
Let A € specT, then \ € specy, 1T if and only if at least one of the following
three conditions holds:
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o A¢spec, T,
e )\ is an accumulation point of specT,
e dimker(7 — \) = c0.

Furthermore, spec. T s a closed set.

Proof. The first part just describes the points of the spectrum which are not eigen-
values of finite multiplicity or not isolated. For the second part we note that spec.,, 7'
is obtained from the closed set specT” by removing some isolated points. Each iso-
lated point is a relatively open subset, and any set of isolated points is again rela-
tively open (as the union of arbitrarily many open sets is open), so removing such a
set from the closed set specT" gives a closed set. O]

Example 4.4 (Essential spectrum for compact operators). If 7" is a compact
self-adjoint operator in an infinite-dimensional space H, then one easily sees that
specs I’ = {0}.

Namely, by Theorem for any € > 0 the set specT'\ (—¢, €) consists of a finite
number of eigenvalues of finite multiplicity, hence we have: spec, T \ (—¢,¢) =
0 and dimran Pr(R \ (—¢,£)) < oo (see Remark . On the other hand, by

Prop. [3.21|(b.3) one has
dimran Pr(R \ (—¢,¢)) + dimran Pr((—¢,¢)) = dimranH = oo

7

Vv
<o

which gives dimran Pr((—¢,¢)) = oo for any € > 0, i.e. 0 € specy T

Definition 4.5 (Purely discrete and purely essential spectra). Let T be a
self-adjoint operator and I C R some open interval. We say that T" has

e a purely discrete spectrum in I if spec, T NI =0,
e a purely essential spectrum in I if specy. T NI = 0.

If spec. T = 0, then we say simply that the spectrum of T' is purely discrete,
and for specg. T = () we says that the spectrum of T is purely essential.

Example 4.6. The spectrum of the free Laplacian in L*(R?) has [0, +o0), and it is
purely essential, as it has no isolated points.

Example 4.7. If T is a self-adjoint operator with compact resolvent, it has no
essential spectrum (each point of the spectrum is an eigenvalue of finite multilplicity,
and the spectrum has no accumulation points). In fact, one can easily show that
a self-adjoint operator has purely discrete spectrum if and only if it has compact
resolvent.

The main difference between the discrete and the essential spectra comes from
their behavior with respect to perturbations. This will be discussed in the following
sections.
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4.2 Relatively bounded perturbations

We have seen since the beginning of the course that one needs to pay attention
to the domains of unbounded operators. The aim of the present subsection is to
describe some classes of operators in which such problems can be avoided using the
idea that if one perturbs a “good” operator by adding a “small” operator, then the
result is again “goood”.

Recall that a linear operator T' is essentially self-adjoint if its closure is a self-
adjoint operator (or , equivalently, that the adjoint 7* is symmetric). In addition,
we say that a linear operator T is essentially self-adjoint on a subspace D C D(T),
if the closure of the restriction T'|p of T" on D is a self-adjoint operator. We already
know that an essentially self-adjoint operator has a unique self-adjoint extension.

The following simple result will be used several times:

Lemma 4.8. Let T be a symmetric operator and A € R\ {0}, then:
(a) ran(T + i)\) = ran(T + i),
(b) ran(T + i) is closed if and only if T is closed.

Proof. It is clear that (b) is a consequence of (a). To prove (a) we remark first that
for any x € D(T') we have:

(T + iNz||® = (T + iNa, (T +iM)z)
= (Tx,Tx) + \(z,z) + iA(STx, T) — <£L‘7Tl'>/)

TV
=0 as T' is symmetric

(4.1)
= [T + N[

Let y € ran(T +iA) and y,, € ran(T + ¢\) with y, — vy, then (y,) is a Cauchy
sequence in H. One has y, = (T + i\)z,, with some x,, € D(T'), and due to (4.1
the sequence (z,) is also Cauchy in H and converges to some x € D(T). As T is
closable, then the operator T + i) is also closable, which shows that x € D(T) and
y=(T+iNx=(T+i)Nz, ie. y€ran(T +1i)).

Now let y € ran(T + 4A), then y = (T + i\)z for some x € D(T). This means
that there are x,, € D(T) such that x — z in H and y,, := (T + iN)z, — y in H

Due to y,, € D(T) one obtains y € ran(T + i\). O

Theorem 4.9 (Self-adjointness criterion). Let T be a closed densely defined
symmetric operator in a Hilbert space H and X\ > 0, then the following three asser-
tions are equivalent:

(A) T is self-adjoint,
(B) ker(T* 4 i\) = ker(T* — i)\) = {0},
(C) ran(T +i\) = ran(T —i\) = H.
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Proof. (A=B) is clear, as a self-adjoint operator cannot have non-real eigenvalues.
(B=C). One has ran(T Fi\) = ker(T* + i\)* = H (Prop. [2.16), and the
subspaces ran(T + i)) are closed by Lemma [4.8(b).
(C=A). Let ¢ € D(T™*). Due to the surjectivity of T'—i\ one can find ¢ € D(T')
with (T — i\ = (T* —iX)p. As T C T*, we have (T* —i\) () — ¢) = 0. We have

ker(T* — i)\) = ran(T +i\)*" = H' = {0},

which means that ¢ = ¢ € D(T) and then T*p = Tp. This shows 7" C T, and T
is self-adjoint. m

By combining Theorem 4.9 with Lemma [4.§(a) we immediately obtain:

Theorem 4.10 (Essential self-adjointness criterion). Let T be a densely de-
fined symmetric operator in a Hilbert space H and A > 0, then the following three
assertions are equivalent:

(A) T is essentially self-adjoint,
(B) ker(T* 4+ i)\) = ker(T* — i\) = {0},
(C) ran(T + i) and ran(T — i)\) are dense in H.

Remark that for semibounded operators we have an alternative version with less
conditions to check, which is proved in a very similar way (exercise):

Theorem 4.11 (Essential self-adjointness for semibounded operators). Let
T be a densely symmetric operator in a Hilbert space H with T > 0 and let a > 0,
then:

o ran(T +a) = ran(T + a),
e ran(T + a) is closed if and only if T is closed,
and the following three assertions are equivalent:
(a) T is essentially self-adjoint,
(b) ker(T* + a) = {0},
(¢) ran(T + a) is dense in H.

Now we would like to apply the above assertions to the study of some perturba-
tions of self-adjoint operators.

Definition 4.12 (Relative boundedness). Let A be a self-adjoint operator in a
Hilbert space ‘H and B be a linear operator with D(A) C D(B). Assume that there
exist a,b > 0 such that

IBSIl < all Af[l + Ol f[| for all f € D(A),
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then B is called relatively bounded with respect to A or, for short, A-bounded. The
infimum of all possible values a is called the relative bound of B with respect to A.
If the relative bound is equal to 0 (i.e. if for any a > 0 one can find b > 0 such

that the above estimate holds), then B is called infinitesimally small with respect
to A. ]

Theorem 4.13 (Kato-Rellich). Let A be a self-adjoint operator in H and let B
be a symmetric operator in H which is A-bounded with a relative bound < 1, then

(i) the operator A+ B with domain D(A + B) = D(A) is self-adjoint.
Moreover:

(i) if A is essentially self-adjoint on some subspace D C D(A), then A+ B is
essentially self-adjoint on D,

(111) if A is semibounded from below, then also A+ B is semibounded from below.

Proof. We will only prove (i), and (ii) and (iii) will be discussed as exercises.
By assumption, one can find a € (0,1) and b > 0 such that

| Bu|| < al|Aul| + b||u|| for all « € D(A). (4.2)

Remark that A + B with domain D(A + B) = D(A) is at least symmetric. The
proof of (i) is now decomposed in three steps.
Step 1. Let A > 0, then as in (4.1) one obtains

(A + B £ idNul||> = |[(A+ B)ul|* + N?||ul|? for all u € D(A).
Therefore, for all u € D(A) one can estimate

QH(A—I—Bii/\)uH > H(A—l— B)UH + Al|ul|

(4.3)
> [[Aull = [[Bul| + Allull = (1 — a)[|Aul] + (A = b)|ul]-

Let us pick some A > b.

Step 2. Let us show that A+ B with D(A+ B) = D(A) is a closed operator.

Let (u,) C D(A) and f, := (A + B)u, such that both w, and f, converge in
‘H. By , the sequence Au, is Cauchy. As A is closed, the sequence u,, converge
to some u € D(A) and Au, converge to Au. By (4.2)), the sequence Bu,, is Cauchy
and converges to some v € H. For any h € D(A) one has (v, h) = lim(Bu,, h) =
lim(u,, Bh) = (u, Bh) = (Bu,h). As D(A) is dense, it follows that v = Bu, i.e.
lim Bu,, = Bu. So finally (A + B)u, = Au, + Bu,, converge to (A 4+ B)u, which
shows that A + B is closed.

Step 3. Let us show that the operators A + B + i)\ : D(A) — H are bijective
at least for large A. As previously, for any u € D(A) we have [|(A £ i\ul]* =
| Aul]? + A?|Jul|* and then

[Bul| < al|Aul| + b][ul]

<al|[(A+iNu||+ = [[(ALiNu|| = (a +



Let v € H, then u := (A4 i\)"'v € D(A), and the preceding inequality gives

B4 00l < (a+ 757 ol
As a € (0,1), we can choose A sufficiently large to have a+b/|\| < 1, then it follows
that || B(A +4i\)7!| < 1.

Now we represent A + B i\ = (I + B(A +i\)™')(A £ i)). Recall that the
operators A + i\ : D(A) — H are bijective. If X is sufficiently large, then the
operators I + B(A £4\)™' : # — H are bijections due to |[B(A £i\)7!| < 1.
Therefore, the operators A+ B=£i\ are bijective, in particular, ran(A+ B +i\) = H.
By Theorem [4.9] the operator A + B is self-adjoint. O
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4.3 Essential self-adjointness of Schrodinger operators

The Kato-Rellich theorem is one of the tools used to simplify the consideration of
the Schrodinger operators.

Theorem 4.14 (Kato-Rellich for Schrédinger operators). Let d € N,
d
p=2 ford<3, p>§f0rd24,

and V € LP(R?) + L= (R?) real-valued. Then the operator T = —A+V with domain
D(T) = H*RY) is self-adjoint in H = L*(R?). Moreover, it is essentially self-
adjoint on C=(RY) and semibounded from below.

Proof. We give the proof only for the dimension d < 3 (some comments on d > 4
are given at the end). For all f € C®°(R?), A > 0, z € R? we have, using the Fourier
inversion formula and the Cauchy-Schwarz inequality,

‘ 1

icx P 1 ~
(2742 /Rdef fe)dg| < W/Rd‘f(fﬂdg
1 1 ~
(2m)d/2 /Rd |§|2+>\(|§|2+)‘)‘f(§)’d5
1

|f ()| =

< (2742 H |€|21+ )\‘ 12 (I€1* + )\)J?’ L2
1 1 ) ~
= (27)d/2 H £]2 + )\‘ L2<H|§| ﬂ|L2 +)‘M|’|5>
=[IAFI2 5 =[I£12 5

= axl|Afl 2 + ball fll 2

with
C )\C)\

1
W= enyir NT anar T H|§|2+)\

Remark that the condition ¢\ < oo is equivalent to d < 3. Therefore,

[flloe < axl[[AFI+ OxlLFI; (4.4)

which extends by density to all f € H?(R?).
Let V = Vo + V., with V4 € L*(R%) and V., € L>®(R?). Using (4.4), for any
f € H*(R%) and any A > 0 we have

2

IVl = 1(Va+ Vao) flle2 < AVafllee + (Voo fll 22
< [Vallz2 ([ fllse + Vacllooll fll 2 < axlAFIF+ ball £,
a = [[Vallrzax, by = [[Val12ba + || Vool
As limy o ay = 0, the operator of multilplication by V' is infinitesimally small

with respect to the free Laplacian, and all the claims follow from the Kato-Rellich
theorem (Theorem |4.13)).
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The above proof uses that the function R? 3 & — (|¢]? + )\)_1 belongs to L*(R?)
for d < 3. For d > 4 it does not work, and one must use additional results stat-

ing that H*(R?) are continuously embedded in L(R?) for suitable combinations of
k7 q’ d' D

Example 4.15 (Coulomb potential). Consider H = L*(R?) and T = —A +V
with the Coulomb potential V' (z) = ¢/|z|, ¢ € R. Let Q be any ball centered at the
origin, then

LoV € LA(R?), (1—1q)V € L®(R?), V =1qV +(1—1q)V € L*(R?) + L*=(R?)

and by Theorem the operator T is self-adjoint on H?*(R?) and essentially self-
adjoint on C°(IR3).

Let us mention some other results (of non-perturbative nature) allowing to show
the essential self-adjointness for a larger class of potentials .

Theorem 4.16 (Essential self-adjointness for locally bounded potentials).
Let H = L*(RY) and let V € LZ(R?) be real-valued such that T = —A +V with
domain D(T) = C>(R?) is semibounded from below (remark that we require the
semiboundness of T and not the semiboundedness of V). Then T is essentially

self-adjoint on C°(R?),

Proof. By adding a constant to the potential V' one may assume that 7" > 1. In
other words, using the integration by parts,

/Rd (}Vu(x)]2 + V(@‘“(@F) dr > /Rd ‘u(x)fdx (4.5)

for all u € C>°(R?), and this extends by density at least to all u € HL _(R?), where

comp

H!  stands for H' functions vanishing outside a compact set. By Theorem it

comp
is sufficient to show that ran T is dense in H.

Let f L ranT, which means that f € L*(R?) and (f, (~A+V)u) =0 for all u €
C>(R%). Note that T preserves the real-valuedness, and we can suppose without loss

of generality that f is real-valued (otherwise consider its real and imaginary parts
separately). We have at least (—A+ V) f = 0 weakly, and then Af =V f € L2 _(R?)

loc

(this uses the assumption V' € L ). The elliptic regularity theorem (Theorem [1.54)
shows that f € HZ (R?).
For any real-valued o, u € C°(R?) one has

[ 5en) V= [ (Vo4 oV o+ oV s
= /]Rd <’V30|2fu+gov¢. (fVu+uVf) +<P2Vf~Vu> de
N /Rd <|W|2f“ + Ve (fVu - qu)> do

+ / <2¢Vg@u + ©*Vu) - Vfdz.
Rd
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Using the definition of weak derivatives one transforms the last summand:

/Rd (290Vg0u+¢2Vu)-Vfdx — /Rd (V(QOQ)U—HOQVU) YV de

= [ V() Vidr= / Su(—Af) da,
Rd

Rd
and then

/Rdv(sof)-v(w) dz = /R (|Vs0!2fu+wgo-(fvu—uw)> dx—i—/R o*u (—Af)dz.

d

It follows that for any u € C°(R?) one has
/ V(ef) - Vipu) dx+/ Vofpudr
Rd Rd

:/ <|V<,0|2fu+90Vgo-(fVu—qu)> dx+/ O’u (A +V)f do
R R —_——

=0
= [ (196RFu+ ¢ (19u=uvp) o

which then extends by density at least to all u € HL_(R?). In particular, one can

loc
take u := f, then fVu—uVf =0 and
2
[ (9@nf+vier?)as= [ [volsds
R4 Rd
Using (4.5 for u := ¢f we arrive at
[ 19ebrar= [ jorpas (4.6)
Rd R

for all real-valued p € C>°(RY).
Let ¢ € O%(R?) be real-valued such that p(x) = 1 for all |z| < 1 and p(x) = 0
for all |z| > 2. Consider ¢, : © — p(z/n), then (4.6) gives

/}V@n‘2f2dx2/ ©2f*dz, neN.
R4 R4

Recall that f € L*(R?) and ||V, [ = = V|l Furthermore, if N > N, then for
all n > N one has ¢, =1 on By(0), and then

/ f2d:1:'§/ goidexg/ Ve|” 2 da
By (0) Rd Rd

1 —_—
< IVenllLllfllze < — IVelZlflz: =30,

which shows that f =0 in By(0) a.e. As N € N is arbitrary, one has f = 0. ]

Remark 4.17. Theorem still holds if one replaces the assumption V' € L (R?)

loc
by the weaker assumption V € L% _(R?), but then one needs more advanced ma-
chineries for the proof.
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4.4 Stability of the essential spectrum

We have seen above that the spectrum of a self-adjoint operator can be characterized
using Weyl sequences (Proposition [2.5). The following theorem gives a description
of the essential spectrum in a similar spirit.

Theorem 4.18 (Weyl criterion for the essential spectrum). For any self-
adjoint operator T' in a Hilbert space H the condition \ € spec. T is equivalent to
the existence of a sequence (u,) C D(T) satisfying the following three properties:

(a) ||un|| > ¢ with some ¢ > 0,
(b) w, converge weakly to 0,
(c) (T — Nu, converge to 0 in H.

Such a sequence will be called a singular Weyl sequence for A\. Moreover, it will be
shown in the proof that the conditions (a) and (b) above can be replaced by the single
condition

(AB) w, form an orthonormal sequence.

Proof. Let W (T') be the set of all A for which one can find a singular Weyl sequence,
then we need to show that W(7T') = spec. T". Remark first that

W(T) C specT C R,

because any singular Weyl sequence is also a Weyl sequence.

(a) We first show the inclusion W(T') C spec,T. Let A € W(T) and let (u,)
be an associated singular Weyl sequence. We know already that A\ € specT’, so
assume by contradiction that A € specgy,. 7" and let IT := Pr({\}) be the orthogonal
projector on ker(7'— X). Recall (Prop. that one can find ¢ > 0 such that

(T — XN (I —Iu|| > ¢||[(I — M)ul| for all u € D(T). (4.7)

The finite-rank operator II is compact, hence, Ilu, converge to 0 in H. Therefore,
the vectors w, := (1 — I)u, satisfy ||w,|| > % for large n. On the other hand, the
vectors (T — Nw, = (1 — II)(T — A)u,, converge to 0 in H, which contradicts ([4.7).

(b) Now we pass to the proof of spec, T C W(T). Let A € spec., T, then there
are two possibilities.

(b: Possibility 1) Assume that A is an isolated point of specT. Then it is an
eigenvalue of infinite multiplicity, and any infinite orthonormal family in ker(7" — \)
forms a singular Weyl sequence and A\ € W(T).

(b: Possibility 2) Assume that A is an accumulation point of specT. Consider
the intervals I, := (A — e, A+ ¢), then for 0 < & < ¢ one has I, C I., which yields
ran Pr(1l./) C ran Pp(I.).

Now we prove the following claim: for any € > 0 there exists ¢’ € (0,¢) such
that ran Pr(I.) # ran Pr(l.). Assume the opposite, i.e. that for some € > 0 one
has ran Pr(I./) = ran Pr(I.) for all &’ € (0,¢). Then Prop. 3.21|(g) gives

Pr(I.) = lim Pr(lo) = Pr({\}),
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and due to Pr(I.) = Pr({\}) + Pr(I. \ {\}) we have Pr(I. \ {\}) =0, and

{0} =ran Pr(L. \ {\}) =ran Pr((A — e, \) U(A\, A +¢))
=ran Pp((A —&,\)) +ran Pr((\, A +¢)),

which shows ran Pr((A — €,\)) = ran Pr((A\,A + ¢)) = {0}, and it follows that
specTN(A—e,\) =specTN(\ A+e) =0, i.e. that \is an isolated point of specT.
This contradiction proves the above claim.

It follows from the claim that there is a strictly decreasing sequence ¢, > 0
with lim, ,.. e, = 0 such that for the intervals J, := (A — &,,\ + €,) one has
ran Pr(J,41) C ran Pr(J,) and ran Pr(J,,41) # ran Pr(J,) for any n € N. In view
of Juy1 C J,, and of the orthogonal decomposition (Prop. [3.21|(b))

ran Pr(J,) = ran Pr(J,1) +ran Pp(J, \ Jui1)

we have Pr(J, \ Jny1) # 0 for any n, and we can find u,, € H with ||u,|| = 1 and
Pr(Jn \ Jps1)tyn = uy,. As the sets J,, \ Jp41 are mutually disjoint, the vectors u,
form an orthonormal sequence (Prop. [3.21[(b)) and, in particular, converge weakly
to 0. Due to w, € ran Pr(J,, \ Ju41) C ran Pr(J,) we have by Prop. [3.21|f)

un € D(T), (T = Nun|| < nllun] =2, =30,
This shows that (u,) is a singular Weyl sequence for A and A € W(T). O

The following theorem provides a starting point to the study of perturbations of
self-adjoint operators.

Theorem 4.19 (Stability of the essential spectrum). Let A and B be self-
adjoint operators such that K(z) := (A—2)"'— (B —2)"! is a compact operator for
some z € res ANres B, then spec,, A = spec, B.

Proof. Let A\ € spec,, A and let (u,) be an associated singular Weyl sequence.
Without loss of generality assume that ||u,| = 1 for all n. We have

1

—Z

tim (A~ 2)7" — 5= Jun = lim ! (A= =) (A= N =0, (4.8)

z —

As K(z) is compact, the sequence K (z)u, converges to 0 in H, and

lim

(B—\)(B - 2)"'u, = lim ((B -7 -5 i Z)un

1

—Z

1
zZ— A

= lim ((A —2)7t - 5 )un —lim K (2)u, = 0.

Now denote v,, := (B —z)"!u,, then the preceding computations already shows that
(B — A)v,, converge to 0 in H. As u, weakly converge to 0, for any h € H one has

(h,v,) = (h, (B — 2) " un) = (((B—2)"")"h, un) 30,
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showing that v,, converge weakly to 0. In addition we have

1 1
U=y e = (B 2)
1
= (A —2) " u, - un, — K(2)u, — 0,
N A—2z L, =
0 k;yr —0
which gives
1 1
lim [|v,, || = lim —— — > 0.

PR e

Therefore, the vectors v, (with sufficiently large n) form a singular Weyl sequence
for B and A, and A € spec.y, B due to the Weyl criterion (Theorem [4.18)).

The above argument shows spec,,, A C spec., B, and by interchanging the roles
of A and B one obtains spec, A D spec. B. ]

Remark 4.20. (a) a simple algebra based on the resolvent identities shows that if
K(z) in Theorem is compact for some z € res A Nres B, then it is compact for
all z €resANresB.

(b) The simplest situation in which the assumption of Theorem is satisfied
is B = A+ K with a compact self-adjoint operator K: in this case one has that

(A+i)"'—(B+4)"! = (B+i) ' K(A+i)~! = bounded-compact-bounded = compact.

But this does not exhaust all possibilities: the assumption can be satisfied even for
B = A+ K with some unbounded K: this is what we are going to discuss.

Definition 4.21 (Relatively compact operators). Let A be a self-adjoint op-
erator in a Hilbert space H, and let B a closable linear operator in H with
D(A) € D(B). We say that B is relatively compact with respect to A (or simply
A-compact) if B(A — 2)7! is compact for some z € res A.

Remark 4.22. Tt follows from the resolvent identitites that if B(A—2z)~! is compact
for some z € res A, then it is compact for all z € res A. If B is compact, then it is
relatively compact with respect to any A.

We first show that relatively compact perturbations are covered by the Kato-
Rellich theorem:

Lemma 4.23. If B is relatively compact with respect to A, then it is also infinites-
imally small with respect to A.

Proof. We show first that

lim ||B(A—i)\)7|=0 (4.9)

A—+400

Assume that (4.9)) is false, then one can find a constant « > 0, 0 # u,, € H and
Ap > 0 with lim A, = +o00 such that ||B(A —i\) " u,|| > afu,| for all n. Consider
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vp = (A —i\,) " tu, € D(A), then ||Bu,|| > /(A — i\)v,||. Taking the square on
both sides and using [[(A — i/\n)vnH2 = || Av,||* + A2||v,||* we arrive at

1Bl > || Ava|[* + a®A7 [loa]|*.
Without loss of generality assume the normalization ||Bv,| = 1, then:
(i) the sequence Av, is bounded and (ii) v, converge to 0.

Let z € res A, then (A — 2)v, is also bounded and, therefore, it contains a
weakly convergent subsequence (A — z)v,,. As B(A — 2)~! is a compact operator,
the vectors B(A — z)"'(A — 2)v,, = Bu,, converge in H to some w with |Jw| = 1.
As v,, converge to 0, the closability of B implies w = 0. This contradiction shows
that is true.

Let a > 0, then one can find A > 0 such that ||B(A — i\)"tu|| < alju|| for all
u € H. Taking u := (A — i\)v with an arbitrary v € D(A) we see that

| Bv|| < all(A —iXv|| < al|Av|| + aA||v]| for all v € D(A).

As a > 0 is arbitrary, we get the result. O
Now we arrive at the main result of this section:

Theorem 4.24 (Essential spectrum under relatively compact perturba-
tions). Let A be a self-adjoint operator in a Hilbert space H and let B be symmetric
and A-compact, then:

e the operator A+ B with D(A+ B) = D(A) is self-adjoint,
o if A is semibounded, so A+ B is also semibounded,

® spec. (A + B) = spec, A.

€ess

Proof. The self-adjointness/semiboundedness of A + B follow by the Kato-Rellich
theorem [4.13] (which is applicable due to Lemma [4.23). One has

[ AN

(A+i) ' —(A+B+14) ' =(A+ B+i)"' B(A+i)"! = compact,

TV
bounded compact

A+ B) = spec.g A by Theorem [4.19] O

and spec,.(
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4.5 Essential spectra for Schrodinger operators

Definition 4.25 (Potentials of Kato class). Let d € N and
d
p=2ford <3, p>§f0rd24

(i.e. p are the same as in the Kato-Rellich theorem for Schrédinger operators,
Theorem . A measurable function V : R — R belongs to the Kato class on
R? if for any € > 0 one can find real-valued V,, € LP(R?) and V,, € L>(R?) with
V=V,+Vsand ||Vsl|le < e

Theorem 4.26 (Essential spectrum for Kato class potentials). IfV is a Kato
class potential in R, then V is compact with respect to the free Laplacian in L*(RY),
and the essential spectrum of T = —A 4V is equal to [0, 00).

Proof. First remark that V' is covered by Theorem [4.14] so T is uniquely defined.
We give the proof for d < 3 only.
Let F and Ty be the Fourier transform and the free Laplacian in L?(R?). Then
Ty = F ' M¢2F and for any z ¢ spec Ty one has
(Ty—2) ' =F "My —2) ' F=F 'M_, F,

1€12—=

i.e. for any f € L*(R?) one has
F(y =27 116) = = 1©) (4.10)
The function £ — (|€2] — 2z)~! is in L?(R?) and can be written as (27)
function h, € L*(R?). Then takes the form
F(Ty—2) ' f = (2m)2h:](6),

which means (Ty — 2)7'f = h, * f, where * is the convolution productﬁ and

u~
2 h, for some

(To—2)""f= [ hz—y)f(y)dy.

Rd

Let € > 0 and let V = Vo + V,, with V5 € L*(R?Y) and ||V |leo < . Then V(T —2)~!
is an integral operator,

Vo(To —2) "' f(x) = | K(z,y)fy)dy, K(z,y)=Va(a)h.(x—y).

]Rd
One has

/ |K(w,y)\2dxdy=/ \%(%‘)!2/ (e = )| dy da
R4 JRd R4 Rd

(substitution s :=z —y) = / }Vg(xﬂ2 / |hz(8)‘2d8 dz = ||[Va||Z2]|R: |72 < oo,
Rd Rd

50ne easily checks the identity f/@ = (2m)¥/ Qf?] for “good” functions f and g, which is then
suitably extended using appropriate limit passages.
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which means that V.(Ty — z)~! is a Hilbert-Schmidt operator and, therefore, is
compact, see Subsection 2.3 At the same time we have the estimate

Vool To = 2) | < [Vasllocl[(To = 2) M| < ell(T = 2) ).

Therefore, V(Ty — 2)™' = Vao(Ty — 2)7 1 + Vo (Ty — 2)7 1, the first summand is a
compact operator and the second summand is a bounded operator whose norm can
be made arbitrarily small, which shows that V (T, —2)~! is also a compact operator.
It follows by Theorem that specy, T = spec 1o = [0, 00). ]

Example 4.27 (Coulomb potential). The previous theorem easily applies e.g.
to the operators —A + ﬁ. For any R > 0 one has

I Y e
|| || 2]

the first summand is in L*(R?) and the second summand is bounded and its sup-
norm can be made arbitrarily small if one takes R sufficiantly large. So the essential
spectrum of —A + ¢/|z| is always the same as for the free Laplacian, i.e. coincides
with [0, +00).
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5 Min-max principle and applications

5.1 Min-max principle

The min-max principle is one of the main tools in the spectral analysis of semi-
bounded self-adjoint operators. It has numerours applications, in particular, it
allows one to obtain various inequalitites for the eigenvalues and to compare the
spectra of operators acting in different Hilbert spaces: we will see some applications
in the subsequent chapters.

Throughout this subsection let T" be a lower semibounded self-adjoint operator
in an infinite-dimensional Hilbert space H. We denote

inf spec. T, if specy T # 0,
00, otherwise.

Y =3X(T) = {

Theorem 5.1 (Min-max principle: operator version). Introduce the
min-max numbers of T as follows:

A, =A,(T)= inf  sup M, n e N,

VeD(T
di;V(:)lsoEpr#O (¢, )
then the sequence (A,,) is non-decreasing, and we are in one and only one of the

following situations:

(a) For any n € N there holds A,, < X.

Then T has infinitely many discrete eigenvalues in (—oo,X), and A, (T) is
exactly the n-th eigenvalue of T, if one counts them in the non-decreasing
order and takes the multiplicities into account.

(b) There exists N € Ny such that A, <X for alln < N with and Ay > 2.

Then T has exactly N discrete eigenvalues in (—oo, X)), and the number A,, is
exactly the nth eigenvalue of T for each n € {1,..., N}, while A, =% for all
n> N+ 1.

Remark that the case N = 0 is possible: this means than A, > % for alln € N,
and T has no discrete eigenvalues in (—oo,X).

Proof. For any W C D(T) with dimW = n + 1 one can find V' C D(T) with
dimV =nand V C W, and then

T T T
sup . Te) sup . Te) o sup (9. Tp)
peW, o0 (P, @) eV, o0 (5 9) I G eV, o0 (0, 0)
It follows that
T T
Apyr =  inf sup 2, ) > inf ‘}nIfV sup . T0)
dinK%VD:(TZLFJ)rl peW, o0 (P5 ) divn[j%VD:(g}AdimCV:n eV, o0 (5 P)
T
> inf sup M:An.
VeD(T) pevigro (p: )
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By assumption, the spectrum of 7" in (—o0, X) is purely discrete, and the discrete
eigenvalues in (—oo, ) may only accumulate to 3 (as any accumulation point of
the spectrum belongs to the essential spectrum). Hence, all these eigenvalues can be
enumerated in the non-decreasing order (one counts according to the mutliplicitieis):
we denote them by Fj and denote by v, associated eigenvectors, k € {1,..., N}
and N € NU {oo}. We may assume without loss of generality that vy form an
orthonormal family, i.e. (vj,vy) = d;4.

Letn € {1,...,N}and V,, = span(vy,...,v,), then V,, C D(T) with dim 'V}, = n.
For any ¢ € V,, we have

n n

(0, T) = <i<vj,so>vj,Ti<vj,so>vj> = (D (s 0hvis (v, 0 By )

Jj= j j=1 j=1
=Y Eille.v)? < E. > _[{p, v = Eallell?,
j=1 j=1

and it follows that A, < E,,.

Now let n € {1,...,N}, V be any n-dimensional subspace of D(T), P be the
orthogonal projector on V,,_;. If one has the strict inequality E, 1 < F,, then
Ey, ..., E,_1 exhausts the whole spectrum of T"in (—oo, E,,) and one has the equality
P = PT((—oo,En)), see Remark If £,y = E,, then choose the largest
k < n-—1with £y < E,, then Fi,..., E), exhausts the whole spectrum of T" in
(—o0, E,), and ran PT((—oo, En)) = Vi C V,,_1 = ran P. Therefore, in all cases one
has the inclusion ran Pr((—o0, E,)) C ran P.

Remark that due to dimV = n > n — 1 = dimran P one can find a non-zero
¢ € V with Py = 0. The condition Py = 0 implies ¢ L ran Pr((—o0, E,)), which
is equivalent to ¢ € ran Pr([E,, +00)), see Prop. |3.21(b.3). Then by Prop. [3.21(g)
we arrive at (¢, Tv) > E,||¢||*. Therefore,

wp 27O WTY)

PEV, p#£0 (o) — (W, )

As V' was an arbitrary n-dimensional subspace of D(T'), this proves A, > E,.

The above discussion shows that A,, = E,, for any n € {1,..., N}. Now consider
two cases:

(Case 1) N = oo, then we have already A,, = F,, for all n € N.

(Case 2) N < oo. We have already A,, = E,, for any n € {1,...,N}. Let us
show that A,, =X for alln > N + 1.

First remark that dimran Pr((—o0,%)) = N (see Remark . Let n > N+1
and V' be any n-dimensional subspace of D(T'), then there is a non-zero ¢ € V
with ¢ L ran Pr((—oo,X)), which means that ¢ € ran Pr([2,00)) and implies
(¥, T) > S[||>. Then

T
sup (0, Tp) >

W.Te) o
©EV, p#£0 (¢, 0)

W) —

and A,, > ¥ due to the arbitrary choice of V.
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On the other hand, let € > 0, then W = ran PT((E —&, X+ 8)) if an infinite-
diemsnional subspace of D(T') (as ¥ € spec. 1) and contains an infinite orthonor-
mal family (u;)jen. Then

W, :=span(ui,...,u,) Cran Pr((X — e, X +¢)) C D(T)
is an n-dimensional subspace. For any u € W,, we have |[(T' — X)ul| < ¢|ju|| and
[ (u, Tu) = Su, w)| = |(u, (T = R)yu)| < [ul [(T = Z)ul| < el|ull?,

in particular, (u, Tu) < (X + ¢)|Jul|*>. Therefore,

T T
A, = inf sup<u’—u> < sup M <XY+e.
VCD(T) uev <u7u> ueWp <u7 u)
dim V=n u#0 u#0

As € > 0 was arbitrary, one has A, < ¥ for any n € N. Together with the above
estimates one obtains A,, = ¥ for alln > N + 1.

We now see that the case 1 corresponds to the situation (a) of the claim, while
the case 2 corresponds to the situation (b) of the claim, and this covers all possible
situations. O

For some operators the domain is not given explicitly (or has a very complcated
description), and would be preferrable to work with the sesquilinear form instead of
the operator. Hence, the following reformulation is useful:

Theorem 5.2 (Min-max principle: form version). Lett be the closed sesquilin-
ear form of T and D C D(t) be a dense subspace with respect to (-,-);. Then for
any n € N one has

t
A (T)= inf  sup (e, 90). (5.1)
din%/Zn eV, p#0 <(107 (p>

Proof. Denote by p, (D) the quantity on the right-hand side of , then the stan-
dard density argument shows that p,(D) = p,(D(t)). We know by Theorem @
that D(T) is dense in D(t), therefore, p1,(D(T)) = p,(D(t)). For ¢ € D(T) we
have t(¢, @) = (¢, Tp), which shows that p,(D(T)) = A, (T). O

It is clearly of interest to have more candidates for D in Theorem (suitable
D are often referred to as test subspaces). The following assertion can be useful:

Proposition 5.3. If T' is essentially self-adjoint on some subspace D C D(T), then
D is dense in D(t) and can be used as a test subspace in (5.1)).

Proof. Without loss of generality assume 7" > 1, then (u,v); = t(u,v) = (u,Tv) for
all u,v € D(T). Let u € D(T), then there exist u,, € D with u,, — v and Tu,, — T'u
in H, and

n—oo

— )} = (u = up, T(u —up)) < |Ju— up| [|[Tu — Tu, || == 0.

This shows that any w € D(T') can be approximated by vectors from D in D(t). As
D(T) is dense in D(t), the claim follows. O
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For what follows it will be convenient to introduce the following notation: if T
has N eigenvalues in (—oo, ), then for n € {1,..., N} one denotes

E,(T) := the n-th eigenvalue of T (if enumerated in the non-decreasing order
with multiplicities taken into account).

The following assertions are obvious cosequences of Theorem [5.T}

Corollary 5.4 (Min-max and existence of eigenvalues). The following rela-
tions hold:

(a) lim,,_ o Ap(T) = X(T),
(b) for each N € N the following two assertions are equivalent:

— T has at least N eigenvalues in ( — oo, X(T)),
— AN(T) < X(T).

If one of these conditions is satisfied, then for any n € {1,..., N} one has
E.(T) = A,(T).
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5.2 Comparison of operators

It is important that with the help of the min-max principle it is sometimes possible
to compare the spectral properties of two operators even if they acs in different
Hilbert spaces. The assertions of this section are simple corollaries of the min-max
principle, but they will play a central role in what follows.

Corollary 5.5 (Min-max for perturbations). Let T be a lower semibounded
self-adjoint operators in H and A = A* € B(H), then

| AW (T + A) = A (T)| < ||A]l for any n € N.

Proof. For any v € D(T) with u # 0 one has (u, (T + A)u) = (u, Tu) + (u, Au)
and |(u, Au)| < || A]| [|lu]|?, therefore,

(u, (T + A)u)

[

{u, Tu)
[

< + 1Al

Therefore, for any subspace F' C D(T') one has

T+ A T
sup (o, (T + )90>S (2 T9)
YEF, ¢#0 <907 90> PEF, p#£0 <<Pa 90>

+ 1Al

and taking the infimum over all subspaces F' with dim F' = n first on the lef-hand
side and then on the right-hand side one shows A, (T + A) < A, (T) + || A||. Writing
T = (T + A) — A one obtains A,,(T) < A, (T + A) + || A]]. O

Corollary 5.6. If T is a lower semibounded self-adjoint operator with compact re-
solvent and A = A* € B(H), then

|E(T + A) — E,(T)| < ||A|| for any n € N.
Proof. From the equality

(T+A+) ' =(T+i)) ' —(T+A+i)"A(T+i)7!
———  ~ s ——

~
compact bounded compact

it follows that 7'+ A has compact resolvent, and then E, = A,, for any n and for
both T and T + A, and the inequality follows from Corollary [5.5] O

Corollary 5.7 (Min-max spectral estimates). Let T and T be lower semi-
bounded seml-adjoint operators in Hilbert spaces H and H such that

An(T) < Ay(T) for alln € N, (5.2)
then the following assertions hold true:
(a) £(T) < %(T),

(b) if for some X € R the following two assumptions are satisfied:
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— the spectra of both T and T in (—o00, A) are purely discrete,
— T has N eigenvalues (counting the multiplicity) in (—oo, \),

then:

— T has at least N eigenvalues in (—oo, A),

— for anyn € {1,...,N} one has E,(T) < E,(T).

(c) if for some XA € R the spectrum of T in (—oo, ) is purely discrete and consists
of N eigenvalues (counting with multiplicities), then:

— the spectrum off in (—oo, \) is also purely discrete,

— T has at most N eigenvalues (counting the multiplicity) in (—oo, \).

Proof. The claim (a) follows from Corollary [5.4(a). For (b) we remark that under
the assumptions made one has A < min{Z(T),E(f)} and Ay(T) < A, and it
follows (Corollary (b)) that E,(T) = A,(T) for any n < N. Due to (5.2) we have
AN(T) < An(T) < a < S(T), which means that T' has at least N eigenvalues in
(— 00, %(T)), and then E,(T) = A,(T) for any n < N. Finally, for any n < N we
have E,(T) = Ap(T) < An(T) = E,(T).

(¢) By assumption we have A < ¥(T') = lim,, oo A, (7). Due to we also
have A\ < lim,,_,o An(TV ), which shows that the spectrum of T in (—o0, A) is purely
discrete. We are now in the situation of (b), and the number of eigenvalues of T in
(—o0, A) cannot exceed N. O

Let let us discuss situations in which the main assumption (5.2)) of Corollary
is satisfied. One of the most frequently used constructions is as follows:

Definition 5.8 (Comparison of operators via an identification map). Let
T and T be lower semibounded self-adjoint operators in Hilbert spaces H and ﬁ,
generated by closed sesqulinear forms ¢ and . Let DC D(t) be a dense subspace
(with respect to |- ||;) and assume that there exists a linear map (identification map)
J : D — D(t) such that for any ¢ € D one has:

[Tollw = llellg,  t(Je, Jo) < tle, @),

then we write _
T <T via J.

In the subsequent chapter we will see several types of very specific identification
maps, but their main application is as follows:

Corollary 5.9 (Min-max inequality via an identification operator). Let T

and T' be lower semibounded self-adjoint operators in Hilbert spaces H and H such
that T < T wia some identification map J. Then A,(T) < A, (T) for alln € N (in
particular, all assertions of Corollary hold true).
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Proof. Let t and f be the sesquilinear forms for ¢ and ¢ Let D C D(t) be a dense
subsset and J : D — D(t) be an identification map. Then J is injective, and
dim J(V) = dim V for any subspace V' C D. Then one has

t
A(T)= inf sup He. ¢) < inf_ sup 0, 0)
VD) wev (P @)u — v=d(V) eV (P, P)n

dim V=n p£0 VeD p#0
dim V=n
= inf sup,—— - HJ¢, J9) < inf sup He, 9) = A (7). O
VCD ¢€V <J¢7 J¢> vcD ¢€\~/ <¢7 ¢>ﬁ
dim V=n ¢#0 dim V=n ¢#0

Definition 5.10 (Comparison of operators). Let T and T be lower semibounded
self-adjoint operators in a Hilbert space H. We write

T<T

if T < T via the identity map, which means more precisely that the closed sesquilin-
ear forms ¢ and ¢ of T and T satisfy

D) C D(t),  t(p, ) < tlp, ) for all p € D(?).
By applying Corollary [5.9 one arrives at:

Corollary 5.11. Let T cmd T be lower semibounded self-adjoint operators in H with
T <T. Then An(T) < An(T) for alln € N (and all assertions of C’orollary hold

true).

Remark 5.12 (Spectral properties of direct sums). The preceding comparison
results will be often used for the case when one of the operators is a direct sum. So
let us look at this case more attentively.

(A) Let @ and @' be self-adjoint operators in Hilbert spaces H and H'. Recall
that their direct sum @ ® @' is the self-adjoint operator in H x H' given by

D& Q) =D(Q) x D@Q), (Q&Q)(u,u)=(Qu,Qu).
As discussed in the exercises, one has
spec(Q @ Q') = spec Q Uspec ',  spec,(Q @ Q') = spec, Q Uspec, Q.
(B) Remark that a number A belong to specy..(Q ® Q') if and only if
e it is an isolated point of spec(Q @ Q') = spec @ U spec @',
e and dimker (Q ® Q' — \) < oo.
Due to

dimker ((Q ® Q" — ) = dim (ker(Q — X) x ker(Q" — X))
= dimker(Q — \) + dim ker(Q" — \)
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we conclude that A € specy;.(Q @ Q') if and only if it is in the discrete spectrum of
one of ), " and not in the essential spectrum of the other operator, or, equivalently,

SpeCeSS(Q @ Q/) = SpeCeSS Q U SpeCGSS Q/'

(C) Recall that if both @ and @' are semibounded from below and ¢ and ¢ are
closed sesquilinear forms for (Q and ', then Q @ )’ is also semibounded from below
and its closed sesquilinear form ¢ & ¢’ is given by

D(g®q)=D(q) x D(¢), (¢®¢)((u,2),(u,u)) = q(u,u) + ¢ (u,u).

(D) Furthermore, if for some p € R one has ' > u, then @' has no spectrum if
(—o0, i), and the spectrum of Q & Q' in (—oo, i) coincides wit the spectrum of @) in
(—o0, i) (this also holds for the discrete and the essential spectrum). In particular,

if Q' > p, then A,,(Q & Q) = A,(Q) for any n € N with A,(Q) < u.

5.3 Basic inequalities for Laplacian eigenvalues

In this section we discuss some application of the general spectral theory to the
eigenvalues of the Dirichlet and Neumann Laplacians. Let us introduce the precise
setting.

Let 2 C R? be a open set, then By definition, the Dirichlet Laplacian TP = T2
and the Neumann Laplacian TV = T} are the self-adjoint operators in H := L?(2)
associated with the sesqulinear forms tp = t5 and t respectively,

tD(u,v):tg(u,v):/QW-Vvdx, D(t?) = Q(T?) = H} (),
tN(u,v):tg(u,v):/QW‘Vvdx, DY) = Q(TN) = H*(Q).

If T% resp. Ty have compact resolvent, we consider their eigenvalues Consider their
eigenvalues

EP(Q) := E,(T) 1esp.EN(Q) := E,(T), neEN,

n

enumerated in the non-decreasing order and taking into accound the multiplicities.
These eigenvalues are clearly non-negative (as T N 2 0), and they are usually
referred to as the Dirichlet resp. Neumann eigenvalues of €2 (the presence of the
Laplace operator is assumed implicitly).

We would like to discuss various inequalities between these eigenvalues their
relations to the geometric object ). In view of the min-max principle one has

EDPIN(Q) = An(Tg/N) for any n € N, (5.3)
which delivers the principal method of study.

Proposition 5.13 (First Neumann eigenvalue). If Q is a open set of
finite measure, then
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(a) 0 is an eigenvalue of the Neumann Laplacian T, and it is the lower edge of
spectrum,

(b) ker T3 is spanned by the locally constant functions,
(c) dimker TY =the number of connected component of €.

(Remark that no compact embedding and no assumption on the boundary are required
for the above statements.)

Proof. We abbreviate T := T and t := t$}. Due to T > 0 we have specT C [0, 00).

Let v be a function which is constant on each connected component of €2, then
Vv = 0. Due to |Q| < oo such v belongs to L*(2), and due to Vv = 0 one has
v € HY(Q). For any u € H*(Q2) we have

t(u,v):/w-Vde:/W- Vo, dr =0 = (u,0)pe,
Q 0 ~

=0

which means that v € D(TY) with Tv = 0. This shows that ker T’ contains all locally
constant functions (remark the dimension of the space of local constant functions
on (2 is exactly the number of connected components of €2).

On the other hand, let u € ker T, then Tu = —Awu weakly. If Tu = 0, then the
elliptic regularity (Theorem [1.54] gives u € C*°(£2). Furthermore,

0= (u,Tu) =t(u,u) = / |Vul*dz =0,
Q
i.e. Oju = 0foreachj € {1,...,d}, which shows that u is constant on each connected

component of €. O

Proposition 5.14 (First Dirichlet eigenvalue). If the Dirichlet Laplacian on Q
has compact resolvent, then its first eigenvalue is strictly positive.

Proof. Let T :=T% and t := t$}. Let E be the first eigenvalue, then due to T > 0
we have at least £ > 0. Let v € ker(T — E) C D(T) C D(t) = H(Q2) with
|lv|lz2 = 1, then

E = E|v|3: = E(v,v)2 = (v, Tv) 2 = t(v,v) = / |Vo|? d.
Q

Assume that £ = 0, then Vo = 0. Let v be the extension of v by zero to R?, then
(Prop. [1.67) we have v € H'(R?) with V& = 0 and [0/ z2gey = 1. Then for any
u € H'(R?) we have

Vu- VU, dz =0 = (u,0)2pa),

d
R -0

which shows that ¥ an eigenfunction of the free Laplacian in R? for the zero eigen-
value .This is a contradiction, as the free Laplacian in R? has no eigenvalues. O
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Proposition 5.15 (Domain monotonicity for Dirichlet). If Q C Q and the

embedding H}(2) — L%*(Q) is compact, then Ts and Ty have compact resolvents,
and EP(Q) > EP(Q) for alln € N (i.e. “smaller domains have higher eigenvalues”).

Proof. Let J : L2(Q) — L*() be the operator of extension by zero and J
L(Q) — L*(Q) be the operator of restriction to . Then for any u € HZ(Q) we
have [|ul| ;2 = [[Jul|r2(0) and Ju € Hi(Q) with and J9,u = 9;Ju, which shows

2 (Ju, Ju):/|V(Ju)\2d:v:/JVU\de:t%(u,u).
Q Q

In other words, J : HY(Q) — HL(Q) is an isometry (and then continuous), and the
embedding Hj(Q2) < L*(Q) can be decomposed as

J (embedding H(Q) < L*(Q)) J = compact.

Vv
compact

Therefore, one has compact embedding Hj < L? for both  and ﬁ, which gives
the resolvent compactness for T and T g. Furthermore; the above equalities means
that T5 < T2 via J (Deﬁnition , and the min-max argument (Corollary
shows that A, (T5) > A, (T%) for all n € N, and in our case E, = A,, as we deal
with operators with compact resolvents. O

Remark 5.16 (No domain monotonicity for Neumann). The inclusion Qcn
does not imply any inequality between the respective Neumann eigenvalues. E]
(a) Let @ = (0,1) x (0,1) and Q = (0,1) x (0,2), then Q C  and

2

EN(Q) =% > % = EN(Q).
(b) Let ¢ € (0,1) and € be the rectangle with the vertices (,0), (0,7), (1 —¢,¢)
and (1,1 —1t), then the side lengths of Q are v/2t and v/2(1 — t). To be definite,

assume that ¢ < 5. The eigenvalues of the Neumann Laplacian in Q are

2,,2 2,,2 2

wm ™n L N T
57 +2(1—t)2’ m,n € Ny,  which gives E, (Q):m

On the other hand, Q C (0,1) x (0,1) =: Q and EV(Q) < 72 = EN(Q) if ¢ is
sufficiently close to 0.

"In fact, the resolvent compactness of T’ ﬁ does not imply the resolvent compactness of Tg (will
be considered in the exercises).
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Nevertheless, we mention at least one important case for which the domain mono-
tonicity for the Neumann case still holds.

Proposition 5.17 (Restricted domain monotonicity for Neumann). Let
Q,Q C R be open sets such that Q C Q, the embedding H () — L*(Q) is compact
and |Q\ Q| =0, then:

(a) the embedding H*(Q)) — L*(Y) is also compact,

(b) for any n € N one has E,(2) < E,(Q).

Proof. For a function u defined on © denote by w its restriction on Q. Due to
|\ Q| = 0 the map J : L*(Q) > u — u € L*() is an isometry, in particular,

continuous. Furthermore, for v € H'(Q2) one has u € H'(Q) with Vu = (Vu)lg,
which means that J also defines an isometry H'(Q) — H'(Q). Finally, if J denotes

the extension by zero from Q to ), then J is also an isometry. The embedding
HY(Q) — L?(Q) can be decomposed as

J (embedding H(Q) — L*(Q)) J

(. J
-~~~

compact

and, hence, is a compact operator, and this shows (a). For any u € H'(2) we have
A (@, 7) = /~ VP de = / IVl dz = 12 (u, u)
Q Q

which means that Tg} < T3 via J, and (b) follows by the comparison principle

(Corollary [5.9). O

Finally we obtain the following classical result:

Proposition 5.18 (Neumann < Dirichlet). If the embedding H'(Q) — L*(Q) is
compact, then the Dirichlet and Neumann Laplacians in € have compact resolvent,
and for any n € N one has EY (Q) < EP(Q).

Proof. The embedding HJ(Q2) < H'(Q) is always bounded, which implies the
compactness of the embedding HJ(2) C L*(Q) and the resolvent compactness for
both T§ and T§. The sesquilinear form of the Neumann Laplacian extends the
sesquilinear form for the Dirichlet Laplacian, so T < T3 (Definition , and the
claim follows by the min-max principle (Corollary . [

Remark that if d = 1 and Q = (0,¢) with ¢ > 0, then E,(T¥) = 0, while

71_2

B (TY) = —F = E,(T5}) for any n € N,

which is much stronger than the statement of Prop. In higher dimensions, there
are very few () for which the eigenvalues can be computed and compared explicitly,
but, in fact, an even stronger inequality can be proved:
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Theorem 5.19 (Friedlander’s inequalit. Let d > 2 and Q2 C R? be an open
set such that the embedding H' () < L*(Q) is compact and |Q| < oo, then

EN (Q) < EP(Q) for anyn € N.

The proof is accessible but will not be discussed in detail here.

5.4 Weyl asymptotics for Dirichlet Laplacians

In this subsection we will discuss some aspects of the asymptotic behavior of the
Laplacian eigenvalues EP () as n becomes large.
For Q C R? satisfying the “compactness assumption”

the embedding H*(Q) — L*(Q) is compact (5.4)
one introduces the counting functions A — Np,n (A, ) as follows: for each X € R,
Np/n(A, Q) = the number of n € N for which EP/N(Q) € (—o0, AJ.

Clearly, Np/n (A, Q) is finite for any A, and the function A — Np/n(A, Q) in non-
decreasing, with values in Ny (there it is piecewise constant), and has a jump at
each eigenvalue of Tg N (the jump is equal to the multiplicity of the eigenvalue).
Our main result is:

Theorem 5.20 (Weyl asymptotics for Dirichlet eigenvalues). For any
bounded open subset Q C R? with |0 = 0 we have

Np (A, Q)

1- Y wd
im =
Atoo  \§ (2m)

d ‘Qla

where wy denotes the volume of the unit ball in RY.

To keep simple notation we proceed with the proof for the case d = 2 only. Due
to we = m we are reduced to prove

: 5.5
A—r+o0 A AT (5:5)
The proof consists of several steps.

Lemma 5.21. If Q) is a rectangle, then

m —)0 = —.
A—+00 A 47

8The result was first proved in the paper L. Friedlander, Some inequalities between Dirichlet
and Neumann eigenvalues. Arch. Rat. Mech. Anal. 116 (1991) 153-160 for domains with smooth
boundaries. The proof we present here is from the paper N. Filonov, On an inequality between
Dirichlet and Neumann eigenvalues for the Laplace operator. St. Petersburg Math. J. 16 (2005)
413-416.
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Proof. As the spectra of T} /N are invariant under isometries of €2, without loss of
generality consider 2 = (0,a) x (0,b) with a,b > 0. As discussed in the exercises,
the Neumann eigenvalues of ) are the numbers

o= (S ()

a
with m,n € Ny, and the Dirichlet spectrum consists of the eigenvalues \(m,n) with
m,n € N. Denote

2 2 A
SA::{(x,y)ERQ: x_+y_<_

S w_ﬁyxzayzO}

then Np(X, Q) = #5, N (N x N) and Ny(A, Q) = #5, N (Np x Np).
First, counting the points (n,0) and (0,n) with n € Ny that lie in S\ we obtain
the upper bound

Na(\, Q) = Np(\, Q) < “+b\/X+2, 2> 0.

™

At the same time, S contains the union of the unit squares [m — 1,m] x [n — 1, n]
with (m,n) € SyN (N X N). As there are exactly Np(\, Q) such squares, we have

Aab

Np(\, Q) < |8, = o

We also observe that Sy is contained in the union of the unit squares [m,m + 1] x
[n,n + 1] with (m,n) € Sy N (Ng x Ng). As the number of such squares is exactly
Nn (A, Q), this gives

Aab

N ()\ Q) > |S)\’ 47‘(‘

Putting all together we arrive at

Aab b Aab b
A NN Q) < N Q) + 0 R 2 < 4“ LV )

4m T T T
Then
a_b<NN(>\,Q) ab a+bi+2
A7 — A ~ A T VA A
a_b+a+bi+z < Np(A, Q) < a_b’
4w T VA A A 4
and it remains to recall that || = ab. O

Remark 5.22 (Dirichlet-Neumann bracketing). Now let us discuss in greater
details the behavior of A/ (/\ Q) with respect to Q.

(A) By Proposition one has Np(A, Q) < Ny(A, Q).

(B) The domain monotomclty shows that Np(\, Q) < Np(A, Q) for Q C Q.

(C) Let Q4,5 be two disjoint open sets, then
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o TEUY% s unitarily equivalent to T @ T52,
o TiY% s unitarily equivalent to TH' @ T2,
In fact, if one introduces the unitary map

O : L*(Q) — L*() x L*(Q), Ou:= (uy,up) with u; := ulg,

R

then
OD(tEY2) = H'(Q, UQy) = HY(Q) x H'(Qy) = D(tY @ 7)),

t%luﬂz(u’ u) = / ]Vu|2 dr = |VU\2 dz + ]Vu’Z dx
Q1UQ2

Q1 QQ
= / |V, [*dz + / |V |? de = £ (uy, uy) + t32 (ug, uy)
Ql QQ
= (ty' @ t%)((“h@% (ur,uz)) = (t2 @ t¥)(Ou, Ou),

which shows the unitary equivalent for the Neumann case, and the Dirichlet case
is considered in the same way. In particular, if for both €2; and €2y satisfy the
compactness assumption (5.4, then the same holds for ©; U €25 too, and

ND()\, QIUQQ) - ND(/\, Ql>+ND()\, Qg), ./\/'N(/\7 QlLJQQ) == NN()\, Ql)+NN<)\, QQ)

(D) Now assume that €, 2y are disjoint open subsets of €2, both satisfying ,
such that |Q\ (€2, UQs)| = 0. Then using the above considerations and the restricted
domain monotonicity for the Neumann eigenvalues (Prop. we arrive at the so-
called Dirichlet-Neumann bracketing

ND()\,Ql) +ND()\,QQ) :ND<)\, QU Qg) < ND()\,Q) < NN()\, Q)

< NN(A QL UQ) =Ny (N, Q) + Nu(A, Q2), (5.6)

which will be our main argument below. By iterations this extends to finitely many
disjoint unions.

Definition 5.23 (Open sets composed from rectangles). We say that an open
set 2 is composed from rectangles if there exists a finite family of disjoint open

rectangles Q; = (a;,b;) X (¢j,b;) CQ, j =1,... k, such that ’Q \ Ule Q;| =0.

We remark that the unions and intersections of finitely many open sets composed
from rectangles are again open sets composed from rectangles. Furthermore, the
discussion in Proposition [5.17] and Remark shows that any open composed
from rectangles satsfies the compactness assumption ((5.4)).

Lemma 5.24. The Weyl asymptotics (5.5)) holds for Q@ composed from rectangles.
Proof. Let Q;, j =1,...,k be rectangles as in Definition [5.23] then

k
\Q\Uszjzo, e %] = (9.
j=1
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Using the Dirichlet-Neumann bracketing ([5.6)) we obtain the chain

NpA, Q) 4+ + NN, Q) Np(AQ U---UQy) < Np(A, Q)
A N A - A
< NN()\,Q) < NN(A, QU U _ NN()\,Ql) + - +ND()\,Qk)
- A - A A ’
and it remains to use

N (A ) acrree [

A 4T

Lemma 5.25 (Approximation by rectangles). Let 2 be bounded with |02 = 0.
Then for any € > 0 one can find two bounded open sets 2. C ) C Qe, both composed

from rectangles, such that |\ Q.| < e.

by Lemma [5.21} O

Proof. Let € > 0, then the condition |0€| = 0 means that one can cover 02 by a
family of rectangles w; = (aj,b;) x (¢j,b;) with Y277, w;| < . As 0 is compact
(because €2 is bounded), there is a finite subcovering, so let n € N with

002 C ij = w, Z|wj| <e, then |w|<e.
j=1 j=1
Pick R > 0 such that the square S := (=R, R) X (—R, R) contains {2 and w.

The open set W := S\ @ is composed from rectangles, so let Wy, ..., Wy C W be
mutually disjoint rectangles with [WW\{Jr_, Wi| = 0. Note that none of W}, intersects

. . . . . =C . . .
0 and, moreover, each Wy, is contained either in Q or in Q0 (if the intersection of
W), with each of these two sets is non-empty, then W} becomes a disjoint union of
two non-empty open sets, which is impossible as W}, is connected). So let

K:={ke{l,...,N}: W, cQ}, K :={1,...,N}\K,

then
Q.= JWw,cacs\ [ m=q.

keK keK’
The three mutually disjoint open sets

Uw. o U

keK keK’

exhausts S up to zero measure sets (recall that the boundaries of sets composed
from rectangles have zero measure), which means that |, \ Q.| = |w| < e. O

Proof of the Weyl asymptotics (Theorem [5.20)). Let £ > 0. By Lemma [5.25]

one can find two bounded open sets €. C 2 C (2., both composed from rectangles,
such that |\ Q.| < g, then |Q] — e < Q] < Q] < Q] < |Q] + . Due to the
domain monotonicity one has, for any A > 0,

ND(Aa?ZE) < ND()\aQ) < ND(>UQ€)
A - A - A '
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The terms with ﬁs and (). are covered by Lemma and one obtains

47 47 A——+oo Aotoo A 47 47
As e was arbitrary, the theorem is proved. O

We note that the Weyl asymptotics also holds for the Neumann Laplacian if the
domain is sufficiently smooth, which can be proved using suitable extension theorem
for Sobolev spaces. The Weyl asymptotics is one of the basic results on the relations
between the Dirichlet /Neumann eigenvalues and the geometric properties of the do-
main. It states, in particular, that the Dirichlet eigenvalues contain the information
on the dimension and the volume of the domain. There are various refinements
involving lower order terms with respect to A, and the respective coefficients contain
some information on the topology of the domain, on its boundary etc.
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5.5 Discrete spectrum of Schrodinger operators

As seen above in Theorem [4.26] if V is a Kato class potential on R?, then the
associated Schrodinger operator T'= —A+V in L?(R?) acting is semibounded below
with specy, T = [0,400) and ¥ = 0. It means for the spectrum of 7" in (—o0,0)
(which is usually called negative spectrum) there are only three possibilities:

e the negative spectrum is empty,

e the negative spectrum spectrum consists of finitely many eigenvalues of finite
multiplicites,

e the negative spectrum consists of infinitely many eigenvalues of finite mul-
tilplicities, and these eigenvalues form a sequence converging to 0 (no other
accumulation point is possible, as any accumulation point of the spectrum
belongs to the essential spectrum).

In this section we discuss some conditions on V' allowing one to understand which
of these options is realized. We remark first that the condition V' > 0 (for V' from
a Kato class) excludes the existence of negative eigenvalues: in this case one has
T > 0, which finally gives specT = [0, 00), so the above questions only make sense
if V' takes negative eigenvalues.

For the existence of negative eigenvalues we make first a very simple observation:

Lemma 5.26. Let T be a lower semibounded self-adjoint operator generated by a
closed sesquilinear form t. If there exists 0 # u € D(t) with t(u,u) < X||ul?, then
T has at least one eigenvalue in (—oo, X).

Proof. One has
t(u,u)

I

which shows that A;(7) is the first eigenvalue of T'. O

A(T) <

<y,

We have a simple sufficient condition for the one- and two-dimensional cases.

Theorem 5.27 (Existence of negative eigenvalues in 1D and 2D). Let d €
{1,2} and V € L*(RY) N LY (RY) be real-valued such that

/ V(x)dx <0, (5.7)

then the Schrodinger operator T = —A + V' has at least one negative eigenvalue.

Proof. The potential V' is in the Kato class, which shows that the operator T is
semibounded from below and its essential spectrum is [0,00), see Theorems m
and [£.26] and X(T) = 0. In view of Lemma it is sufficient to show that there
exists u € D(T) with t(u,u) < 0.

Case d =1. Let ¢ € C(R) with ¢(0) = 1 and

u: : R 2 x+— plex).
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Then u. € C°(R) C D(T), and due to |V|[u|* < |V]||l¢]|% € L'(R) the dominated

convergence gives

+

/}RV(QJ’”UE(ZL‘)‘de:AV(x)‘w(ex)‘de EaN /RV(x)dx<0,

while

/ ’u'e(gzz)}2 dz = 52/ ‘(p'(sx)lz dx Substitution y = ex
R R

1

’ 2 /
—el / R|¢'(y)]" dy = ]|z = OC),

which shows that
Hu 1) = / |u’s(x)|2dx+/V(x)|u5(x)|2dx LNV
R R

and t(ue, u.) < 0 if € > 0 is sufficiently small.
Case d = 2. Pick ¢ € C*(R) such that ¢(t) =1 for all t < 1 and ¢(t) = 0 for
|t| > 2. Then the functions

u. : R* 3z — p(cln|z|)

belong to C=(R?) ¢ D(T) with u.(x) = 1 for |z| < €'/¢ and u.(z) = 0 for |z| > e/=.
As in the case d = 1 one easily obtains

lim V(z)|ue(x)]? do = / V(z)dz <0,

e—=0t JRe2 R2
Furthermore,
er; 9 2, 2
Oju. () = ng (eln|z]), Vu.(z)|” = T2l ¢ (elnlz])| |
1 2
/ |Vu€(:c)|2dx:52/ 3 go'(aln]:cD‘ dx
R2 R? ||
= 82/ 1 ¢ (e1n|z|) de
61/5§|x|§62/5 |[E|2
e2/¢ ’ 2 e2/e
1 d
(use polar coordinates) = 27752/ ' (emr) dr < 27r\|<p’]|gos2/ il
el/s el/s T
The last integral can be directly computed:
< dr e 2011
— = [lnr} ===,
Qe T r=e e € ¢

which gives

/R? |Vu.(2)]* dz = O(e).
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It follows that
t(ue, us) = Vu(z)|* do +/ V(z)|ue(x)|? do =0 / V(z)dzr << 0,
R2 R2 R2

and t(ue, u:) < 0is € > 0 is chosen sufficiently small. O

Remark 5.28. The assumption can be satisfied for very small V. For example,
if holds for some V, then it also holds for AV with any A > 0. It follows that
for any A > 0 the Schrodinger operator —A 4+ AV has the essential spectrum [0, 0o)
and at least one negative eigenvalue.

It is remarkable that Theorem cannot be extended to higher dimensions:
Proposition 5.29 (Absense of eigenvalues for small potentials in higher
dimensions). Letd > 3 and V : R? — R be bounded and such that

1
V(z) = O<W) as |x| — oo.

For X\ € R consider Ty :== —A + AV in L*(R?). Then there is Ao > 0 with
spec Ty = [0, +00) for all A € (—Ao, \o)-

Proof. Due to the assumptions on V' one can find a constant C' > 0 such that

‘V | H for all z € R?.

Remark first that T} is essentially self-adjoint on C>°(R¢). For R > 0 one has the
representation V = 1,<gV + 1;;;=zV in which the first summand is in L*(R?) and
the sup-norm of the second summand is < C'/R? and can be made arbitrarily small
by choosing a sufficiently large R > 0. This shows that AV is in Kato class and
SPeCegs T = [0, 00) for any A € R (Theorem [4.26]). It remains to show the inclusion
spec Ty C [0,00) if A is sufficiently small.
Recall the Hardy inequality (Proposition [L.81)): for any u € C2°(R?) we have
2 2
(d-2) / [u(z)] dz < |Vu(x)|? da.
4 re |7 R4

Let \g := (d —2)?/(4C) and X\ € (=)o, \o). For any u € C>°(R?) we have

(u, Thu) = / ‘Vu )‘de—l—/\/Rd V(x)‘u(x)‘%ix

> [ Ivu@fde -l [ Vi) !u(@fdw
z/Rd\vu |d — \()\\C/ le

d—2)2

) ‘Vu(ac)|2dx— d— 1 2)° /Rd [u(@)F dz > 0.

|2

the inequality extends to all uw € D(T)). Hence, Ty > 0 and spec Ty C [0,+00). O
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loc

semibounded from below and let E € R be such that the set S = {z : V(z) < E}
18 bounded.ﬂ Then the spectrum of T'= —A+V in (—oo, E) is purely discrete and
consists of (at most) finitely many eigenvalues.

Proof. The operator T is essentially self-adjoint on C>°(R¢), see Theorem and,
at the same time, it is generated by its closed sesquilinear form ¢ defined on H{ (R%):

Theorem 5.30 (Discrete spectrum for potential wells). Let V € L (R?) be

t(u,u) = /Rd (|Vul® + V]ul?) da.

Let B be an open ball containing the above set S. The idea is to “decouple” the
two sides of 0B and to compare T" with the direct sum of two operators acting in
the Hilbert spaces G := L*(B) and G’ := L*(R?\ B).

Consider the following closed sesquilinear form ¢ extending ¢:

T, u) :/ (1Vul® + V]uP) da,
RNOB
D(t)={ue H'(R*\ 0B) : / Vl§u|*dx < oo},
Rd

and let T be the self-adjoint operator generated by ¢. Then T<T (see Defini-

tion [5.10) and A,(T) < A,(T) for any n € N. B
Remark that R?\ OB consists of two connected components B and R? \ B.
Consider the unitary transform

O: LQ(Rd) — G X g/, Ou = (U|B,U|Rd\§>,
then one easily sees (Remark [5.22) that OT0© ! = Q & ', where:
e () is the self-adjoint operator in G given by its sesquilinear form

q(u,u):/B(|vu|2+V|uy2) dz, D(q) = H'(B):

we recall that V' is bounded on B,

e () is the self-adjoint operator in G’ given by its sesquilinear form

q (u,u) = / (|Vu|2 + V|u!2) dz,
RANB

D(¢) = {u e H'(R?\ B) : /

RNE

Vul* dz < oo},

and then A, (T},) = A, (Q & Q). So we have proved that
A(T) > A(Q & Q') for any n € N, (5.8)

Now remark that:

9In quantum mechanics one says that V is a finite potential well below E.
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e the operator () has compact resolvent, as D(q) is compactly embedded in G.
Then A, (Q) is the nth eigenvalue of @, and the eigenvalues converge to +o0,
and the number N of eigenvalues of @) in (—oo, F) is finite.

e in R?\ B we have V > E, which gives Q' > E, and @’ has no spectrum in
<_OO7 E)

It follows that the spectrum of Q @ @’ in (—o0, E) consists of exactly N eigenvalues
(=the first N eigenvalues of @), which gives Ay,1(Q @ Q') > E. By (5.8) one has
An41(T) > E, and the spectrum of 7" in (—o0, ) consists of at most N eigenvalues.

[

Corollary 5.31 (Compactly supported potentials). Let V € L®(R?) be real-
valued with compact support and T = —A +V in L*(R?), then spec,, T = [0, 00),
and T has at most finitely many negative eigenvalues.

Proof. The potential V' is in Kato class, hence, spec,, H = [0, +00) (see Subsec-
tion , and the finiteness of the discrete spectrum follows by Theorem with
E=0. m

In fact, one can show the finiteness of the negative discrete spectrum under a
weaker assumption that the potentials decay “rapidly” at infinity (the condition
to have a compact support in an “extreme” version of such a decay): this will
considered in the exercises.

Theorem 5.32 (Potentials producing infinite discrete spectrum). Let V' be
a Kato class potential in R and T = —A + V in L*(R?). Assume that for some
R>0,c¢>0 andp € (0,2) one has

Viz) < ——

< for all x € R* with |z| > R.
|z [P

Then specy T = [0,+00) and T has infinitely many negative eigenvalues.

Proof. The equality for the essential spectrum is already proved (Theorem |4.26]),
and one simply needs to show that A, (7)) < 0= 3(T) for any n € N.

Pick any ¢ € C°(RY) withsupp ¢ C {z € R : R < |2] < 2R} and ||¢||r2(ray = 1.
For t > 1 consider the functions o, (z) = t~%2p(z/t), then ¢, € C*(RY) with
loell 2y = 1 and supp ¢, C {z € R?: tR < |z| < 2tR}. We compute

1 T |2
2 = R — — g i — g
/Rd|Vg0t| d:}:—/Rd i (Vgp)(t)’ dz = (Substitute = = ty)

1 9 a
== dy = =
tQAdlvw(y)\ y L
=:a>0
1 T\ |2
=g [ vele(p)f e
[ Viekds = @|e(5)[ aa
tR<|z|<2tR
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1 2
S 1d / < - @) “P(%)‘ dz = (Substitute z = ty) =
tR<|z|<2tR
c 1 2 be
= —— — dy = ——.
tp / |y|p {@(y)’ Yy w
R<|y|<2R
—5>0

As p < 2, one can choose s > 1 sufficiently large to have

(1, Teor) =/ (IVee]? + Vig]?) dz
]Rd

b — bet?P
:%_t_j:%<0forautzs.

Now for n € N put ¢, := @an,, then 9, have mutually disjoint supports and,
therefore, form an orthonormal family, and

(Y, Tthy) = 0 for m #n, A, = (b, Tth,) < 0.

Let N € N and consider F' := span{ty,...,9¥n}, then dim F = N. If
N
YEF, Y=Y &, {=(,...,&n) €CY,
n=1
then [[¢[|> = 32,1, [&]” and

N N N
(W, TP) = Y Enbanlthm, Tn) = Y Mal€2] S max{ Ay, ..., A} > 1€ = pw[9]]*
n=1 h

m,n=1

=:un<0 n=1

Therefore,

(6, T
An(T
v S Sup )

while N € N was arbitrary. O]

S,UN<07
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6 Some asymptotic aspects

6.1 Definitions and preliminary observations

In the present section we proceed with a more detailed study using the mix-max
principle. Let us introduce a general framework, which will cover a variety of situa-
tions.

Throughout the whole chapter, let Q C R? be a non-empty open subset. Fur-
thermore, let V € L2 (Q) be a real-valued potential. We consider the negative and

loc

positive parts of V|
Vo :=max{-V,0}, V, :=max{V,0},

then V =V, —V_ and |V| =V, 4+ V_. We will make the rather general “smallness”
assumption for V_

for any a > 0 there is b > 0 such that

/V_|u|2dx < a/ |Vu|2dx+b/ u|? dz (6.1)
0 v 0
for all u € C°(Q).

Remark that this assumption holds if V' is semibounded from below: then V_ € L*°
and one takes b := ||Vl and any a > 0), which covers a large class of reasonable
situation. But some unbounded V_ can be included as well: if d = 3, the computa-
tion of Example show that holds if V(z) > —q/|z| for some ¢ > 0. Many
further examples are possible.

Now consider the operator

T:C®0N) 3 u— —Au+ Vu e L*(Q) (6.2)

and remark that (6.1) guarantees that T is semibounded from below in L2(Q): if
one chooses b > $ such that

1
/V\u|2dx§ —/ |Vu\2dx+b/ lul? dz,
0 2 Ja Q

for all u € C°(Q), then for the same u one has

(u, Tu) :/ﬂ(—AquVu) dx:/|Vu|2dx+/V+|u|2dx—/V_|u|2da¢
Q Q 0 Q

>0
2 1 2 2
Z/IVu] dx—(—/\vm da:—l—b/]u\ dx)
Q 2 Ja Q
1
:—/ |Vu|2dx—b/ lu|? du,
2 Ja Q
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and one obtains
- |
(u, Ty + 2b][u2 > -/ |Vu|2dx+b/ uf? dz

(6.3)
/|Vu\2dm+/\u|2dx = - ’uHHl(Q > 0.

Now we denote
T(2,V) := the Friedrichs extension in L*(f2) of the operator (6.2)

and let #§* be the sesquilinear form for 7'(Q2, V). By construction we have
2 (u, u) = (u, Tu) = / (|Vul® + V]ul?) dz for all u € C*(Q),
Q

and the inequality extends by density to all u € D(#{}). The inequality
shows that D(#{}) C H3(Q2) and, moreover, the embedding D(#}) < HL() is con-
tinuous. As the embedding H}(Q) < L*(Q) is compact for bounded € (Prop. [2.36)
one concludes by Theorem that

if Q2 is bounded, then T'(€2, V') has compact resolvent. (6.4)

Furthermore, if u € D(#§}) and h € C*°(Q) such that h and Vh are bounded, then
hu € D(#}): if u, € C>(Q) converge to u in D(#{), then a simple computation
shows that hu, is a Cauchy sequence in D(t{}) and hu, converge to hu in L*(Q),
which gives the result (see Prop. [1.73).

In fact, the most important cases for us are:

e O =R4 then T(Q,V) is the usual Schrodinger operator —A + V in L2(R9),
o V=0, then T(2,V) is the Dirichlet Laplacian in €2,

but many further situations are possible.

Remark that the precise description of the domains of the operator T7'(€2, V') and
the form # will not be very important: as C°(Q) is dense in D(¢{}) due to the
construction of the Friedrichs extension, due to the form version of the min-max

principle (Theorem one has

2 (u u)
ATV f tyltnu) N. 6.5
(T(,V) = rel o Tl "€ (6.5)

We also remark that if the main assumptlon ) holds for a pair (£2,V), then
it also holds for (Q AV) for any open subset () C T and any A > 0, which gives rise
to the associated operators T'(€2, AV). The inclusion C°(Q) € C>(2) immediately
gives

the domain monotonicity: Q € Q@ = T(Q,V) < T(Q, V), (6.6)

which holds for any admissible V.
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6.2 Truncated operators and IMS partitions
The open set 2 and the potential V' will be fixed this section. For R > 0 we denote
Qr=Qn{zeR?: [z| <R}, O%:=Qn{zecR?: |z| > R}, (6.7)
T:=TQ,V), Tr:=TQ%YV), T5:=TQ5%V),

and denote by t, tg, t$ the sesquilinear forms for T', Tx, Tf.
Remark that for any R > 0 one has Qx C Q and Q% C Q, and the domain
monotonicity shows that

A (T) < Ay (Tg) and A, (T) < A, (Tf) for any n € N and R > 0. (6.8)

Furthermore, if R becomes larger, then Q2 becomes larger but Q% becomes smaller,
and the domain monotonicity shows that

R +— A, (TRr) is non-increasing for any fixed n € N,
R — A, (T) is non-decreasing for any fixed n € N, (6.9)

which holds for all R such that Qg resp. Q% are non-empty.
We are going to compare our operator T with the direct sum of two other oper-
ators using the following identity:

Lemma 6.1 (IMS formuld). Let u € H'(Q) and x,X € C®(Q) be real-valued
functions such that:

® X, X, VX, Vx are bounded,

o X’ +X*=1,
then
[1vupde= [ V0P e+ [ [VEuPds~ [ (VxP+TT) fuf de,
Q Q Q Q
Proof. We have
V(xw)|” = [uVy + xVul* = [(VX)u|” + 2R(TxVx - Vur) + 32Vl
= ‘(Vx)u|2 +R|uV(x?) - Vu] + | Vul?

and similarly

V()| = [(VOul* + R T V(T?) - vu} + 2|Vl
It follows that -
|V ()| +|V (Rw)
= (VP + V) |ul? + R [TV + 1) - V] + (£ D)Vl
1

‘ 2

=1

= (IVxI* + [VXP) [ul? + [Vul?,

and the integration over () gives the result. O]

10The IMS formula is usually attributed to Ismagilov, Morgan, Simon, Sigal.
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Now we make some special choice for x and X (it will be used several times):

Remark 6.2 (IMS partition of unity). Let x, Y : R? — R be C*®-functions such
that x> + X2 = 1 and

x(z) =1 for [z| < Z, X(z) =1 for |z| >

| =3

For any R > 0 consider the C*™-functions g, Xr : R? = R,
L - L —).
XR X R) XR X R

For R > 0 we have x% + X% = 1, and if u € C°(Q), then
Xru € C&(Qr), Xru € CF(QR), (6.10)
lullZ2() = xRl Z2(0,0) + XA 0 '

In addition, the function |Vx|?+|Vx|? is smooth and supported in the bounded set
{z € R?:1 < |z| < 2}. Therefore, it is bounded, so we denote

B:=||Vx|*+ |V%|2HOO < 00.
For any x € R there holds then
~ 1 - T B
(IVXl* + V%) @) = 5 (W + V3% (£ ) < =5

Lemma 6.3 (IMS decoupling). Let xgr, Xr and B be as in Remark then for
any u € D(t) and any R > 0 such that both Qap and Q% are non-empty one has

t(u, 1) > tar(xru, XrW) + t5(Xru, Xrw) — BR7?|ul|72(q).
Proof. One has
t(u,u)—/|Vu\2dx+/V|u|2dx
0 Q
(Lemma [6.1) :/|V(XRu)|2dx+/ |V(5{Ru)|2dx—/ (IVxE)* + [VX&]?) u]? dz
0 0 0
—l—/V!XRu]de%—/VWRu\de
0 0

= | (VOaP + VixeR) do+ | (V@) +VIReal) da
2R

R
- / (IV X1 + IVTRP) [l d
9]
> tar(Xru, Xru) + tR(XrU, Xru) — BR7?||ul[2(q). o

Corollary 6.4. For any R > 0 such that both Qo and Q% are non-empty and any
n € N one has
A(T + BR™?) > A (Tor ® T5)

with B > 0 independent of 0, V and R.
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Proof. In view of (6.10) and Lemma [6.3| the map
J: CCOO(Q) DU (XRU,SZRU) < D(tQR) X D(t%) = D(t2R D tICpL)
can be viewed as an identification map: one has

tar(XrU, XRrU) + t5(Xru, Xru) = (tar ® ;) ((Xru, XrY), (XRU, XRU))
= (tQR @ t%)(JU, JU),

and the result of Lemma [6.3 means that
(tar ® t5) (Ju, Ju) < t(u,u) + BR_2HUH%2(Q) for all u € C°(2).

In the language of Definition one has Top ® T < T + BR™2 using J, and the
min-max principle (Corollary shows that for any n € N one has

A (Tor ® TS) < A (T + BR™?).
It remains to remark that the choice of x and Y (and then the value of B) are

independent of {2, V and R by construction. O]

6.3 Persson theorem for the essential spectrum

As the first application we prove the following result:

Theorem 6.5 (Persson theorem for the bottom of the essential spectrum).
If Q is unbounded, then

inf spec,, T = Rlim inf spec T (6.11)

—+00
The formula has at least two curious aspects:

e the essential spectrum appears explicitly only on the left-hand side,

e there is no “limit” of 0% as R — 400 (the set Q% escapes to infinity).

Proof. Remark first that infspec T = A;(TF) for any R > 0. The monotonicity
of R — A(T§), see (6.9), shows that the limit

T . C_ 1 C
A= REEI}OO inf spec T; = RETOO A (Tg)

always exists (can be equal to +00).
(a) Let us show first that infspec, T < A. If A = +o00, then the inequality
holds. Now let A < oo. Our strategy is as follows: we take ¢ > 0 and show that

A (T) < A+ ¢ for any n € N. (6.12)

Then inf spec. T' = lim,, o0 Ay (T) < A + € for any € > 0, which gives the result.
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It remains to show ([6.12). As R+ A;(T5) is non-decreasing, one has A (T5) < A
for any R > 0. The definition of A; shows that for any R > 0 we have
£ t
MTH = me www g Hww)
ueCe (@), ur0 [[Ullfaqey  nece @) uro [|ullfa g,

< A.

Pick any Ry > 0, then one can find u; € C®(Qf,) with |lui[|72q) = 1 such that
t(ur,u;) < A+e. Let Ry > 0 with suppu; C Bg,(0), then one can find a function
uy € C*(QF,) with Hu2||%2(m = 1 such that t(ug,us) < A +e. Take Ry > 0
with suppus € Bpg,(0) and continue similarly. We obtain an infinite sequence of
functions u; € Cg°(€2) with mutually disjoint supports such that ||u;|12(q)=1 and
t(uj,u;) < A+ ¢ for all j € N. In particular, ¢(u;, ux) = 0 and (u;, up)r2() = 0 for
all 7 # k.

Let n € N and F := span{uy,...,u,}, then FF C C*(Q) with dim F = n. If
u € F, then one has the unique representation u, = &u; + - -+ 4+ &,u, with some
& € C, and then

Jul* = Z 617 tHu,u) = Z & Entuy, up)
=1

G k=1
= 1§ty ) < (A +2) D 1G17 = (A + &) lul®,
j=1 j=1

which gives (6.12) and concludes the part (a).
(b) Let us show the reverse inequality infspec,, T > A. By Corollary we
have A, (T) + BR™? > A,(Tor & Tf), and for n — oo we obtain

inf spec., T + BR™? = inf spec. (T + BR™?) > inf spec . (Tor © TF).

The operator Tyi has compact resolvent (as Qs is bounded), so spec, Tor = 0 and

(Remark [5.12))

inf specy(Tor ® 1) = inf( spec

ess

o Tor U spec, ) = infspec,, T > inf spec T,

=0

so we arrive at infspec,, T + BR™2 > infspecTg, and one arrives at the sought
conclusion by taking the limit R — oo. O]

Corollary 6.6 (Eigenvalues in truncated domains). Let Q2 be unbounded and
N e N.

(a) if En(Tg) < infspec., T for some R > 0, then T has at least N eigenvalues
below inf spec, . T'.

(b) if T has at least N eigenvalues in (—oo,inf spec., T'), then
1
EN(TR) = EN(T) + O(ﬁ) as R — +00,

in other words, the eigenvalues of the “finite part” Txr of T below inf spec T
approximate the respective eigenvalues of T as R — oo.
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Proof. (a) Use the domain monotonicity:
AN (T) < AN(TR) = EN(TR> < inf SPCCegs T;

and this shows that Ay (T) = Ex(T).
(b) Recall that for any n € N we have E,(Tr) = A,.(Tr) and

A(T) < Mp(Tor), Au(Top ®TS) < A(T) + BR™2. (6.13)

By assumption one has Ay (T) = En(T) < inf spec,, T

Take any F with Ay(T) < E < infspec,,T. Due to Persson theorem, for all
sufficiently large R one has Ay (T)+BR™2? < E < Ay (T§), and the second inequality
in gives Ay(Tor ® Tx) < E.

We claim that Ay(Tor) < E. In fact, if one assumes that Ay(Tor) > E, then
using T > E one obtains that the spectrum of Thr & Tg in (—oo, E) consists
of at most N — 1 eigenvalues, which then shows Ay (Tor @ TI%) > FE and gives a
contradiction.

Due to Ax(Thr) < E and T > E we obtain Ay(Tor @ T%) = An(Ter), and
using the both inequalities one arrives at

An(Tor) — BR™? < AN(T) < An(Tar)

for all sufficiently large R, and one recalls that both Ay are actually Ey. O]

117



6.4 Strong coupling asymptotics

We will continue to work with the truncated domains Qg and Q% defined in (6.7)
but prefer to use the “full notation” 7'(2, V') as both © and V' will be varying.

We are interested in the behavior of the spectrum of T'(2, AV)) when €2 and V
are fixed but A — +o0o. The constant A (measuring the “strength” of the potential
term) is usually referred to as the coupling constant, and the case A — +oo is
referred to as the strong coupling.

Theorem 6.7 (Strong coupling asymptotics at first order). Assume that V
is semibounded from below and denote Vi, = essinf V.. Then for any fired n € N
there holds

An (T(2,AV) = ViuinA + 0(A) as X — +o0.

Proof. During the proof set Ty := T(Q, AV). Without loss of generality assume
that Viyin = 0. Then V' > 0 a.e. and T\, > 0 for all A > 0. This gives A, (Ty) > 0 for
all n € Nand A > 0.

For the upper bound remark that the spectrum of My (the operator of multipli-
cation by V) is purely essential, so 0 = essinf V' = inf spec,, My and A, (My) =0
by the min-max principle. One easily shows that it is essentially self-adjoint on
C>(Q), and for any n € N one can find an n-dimensional subspace U of C°(Q)
such that

(o, My o) = / V0p)? dr < 5||<p||2Lz(Q) for all p € U.
Q

As U is finite-dimensional, there exists C' > 0 such that

/|V<p|2dx
o < Cforall peU\ {0}

”SOH%Q(Q)
Then
/ |V|? dz + )\/ V]pl* dz
A (Ty) < sup 22 - <O+ 2
@€, p#0 ||90||L2(Q)
As e > 0 is arbitrary, this shows that A, (Ty) = o()) for large A. O

Remark 6.8. If 2 is bounded, then in Theorem one can replace A, by F,, as
T(Q, V) has compact resolvent. For unbounded 2, it may happen that all A,, are
the same, and no eigenvalues are present (e.g. for Q = R and V = 0). Nevertheless,
one can guarantee the existence of eigenvalues by an additional assumption on V.

Corollary 6.9 (Existence of eigenvalues in the strong coupling regime).
Assume that 0 is unbounded and that V is semibounded from below and denote

Vinin := essinf V, Voo := liminf V' (z).

|z| =400

If Vipin < Vo, then for any n € N:
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o there exists A\, > 0 such that T(Q, A\V') has at least n eigenvalues below the
bottom of the essential spectrum for all X > A\,

e there holds E,, (T(Q, )\V)) = Viin A + 0(A) as A — +o0.

Proof. In view of Theorem one simply needs to show that A,, is the nth eigen-
value, i.e. that it lies strictly below the essential spectrum (Corollary .

Take any ¢ with Vi, < ¢ < V. By assumption there is R > 0 such that
V(z) > ¢ for all z € Q%, then T(QE, A\V) > ¢\ for all » > R, and Persson theorem
shows that

inf spec., T(Q,AV) = lim T(QS,AV) > cA.

r—00

For large A one has A, (T(Q,AV)) = ViinA+0(A) < eX < inf specgg, T'(Q2, AV), which
gives the result. O]

We are now interested in more precise asymptotic expansions for the eigenvalues
E.(T(Q, )\V)) for large A. This problem has no general solution: in fact, the asymp-
totics depend on the way how V' attains its minimum: it can be reached e.g. at a
single point, or on a submanifold, or on an open set, and the respective eigenvalue
asymptotics are different. We only consider the “generic” case when the minimum
is attained at a single point.

Theorem 6.10 (Detailed strong coupling asymptotics). Assume that:
e 0 € Q s the unique global minimum of V' on €Q,

e for any r > 0 there holds essinfoc V' > V(0)
(in other words, V' does not approach the value V(0) at other places),

e V is C3-smooth near 0 and its Hessian matriz V" (0) in 0 is non-degenerate.

Denote

Ui, -, Jg := the eigenvalues of V" (0),

d
E := the disjoint union |_| { Z 2n; — 1) U },
7j=1

€p = the n-th element of E.
Let n € N, then for A — 400 the operator T(2, \V') has the n-th eigenvalue, and
E.(T(2,AV)) = V(O)A + £,V A + O(A5).
As a preparation for the proof consider an explicit example.

Example 6.11 (Multidimensional harmonic oscillator). Let Ay be a positive
definite d x d real matrix with eigenvalues a;,...,ay > 0. Consider the potential
Vo : R4 > 2+ 2 - Agzr and the Schrodinger operator Hy := —A + AV in L?(RY)
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with A > 0. Let us show that spec H can be computed explicitly (remark that V;
is in the class covered by Theorem .

There exists an orthogonal matrix 6 with =140 = diag(ay, ..., aq) =: A, and
for any x € R? one has

d
Vo(0x) = 0z - Az = - (7' Agf)z = - Ay = Zaj@"? =: Vi(z).

j=1

Consider the unitary transform © : L2(R%) — L*(RY) defined by (Ou)(z) = u(fz)
and the Schrodinger operator Gy = —A + AV} = —A + Aagz? + -+ + Aadxz in
L*(RY). For any u € C°(RY) one has

(GAOu)(x Za u(0z) + AV (z)u(fz)
Z 0:10;1,0%u(02) + AVo(0z)u(fx).

We have 22:1 ;10 = (00");; = 0;;, which gives
(GAOu)(z) = —Au(bx) + Vo(0x)u(fx) = (OHyu)(z),

ie. ©71G,O = Hy on C>*(RY). As both G and H, are essentially self-adjoint on
C>(RY), this extends to the whole domain and shows that ©71G,\0 = H,, so G,
and H), are unitarily equivalent and have the same eigenvalues.

We know that the eigenvalues of the one-dimensional harmonic oscillator

d
T=—— +wi?

72 w >0,
x

are (2n — 1)w with n € N and the respective normalized eigenfunctions ,,,, form
an orthonormal basis in L?(R) (for any fixed w > 0). Then the functions

\Ij(nl ----- ng) - (Il’ s ,l’d) = 1/)711,\/)\041 (xl) et wnd,\/)\ad<xd)7 (nla v 7nd) € Nd7

form an orthonormal basis in L?*(R?), see Lemma [2.29, and

G)\\If(nl ..... nd)=(£2n1—1) )\Oé1+...+(2nd—1)\/)\0401)\1’(”1 77777 na)

i.e. each W(,, ., is an eigenfunction of G with eigenvalue a(ny,. .., nq), and these
eigenvalues exhaust the whole spectrum of G and of the unitary equivalent Hy. So
we note that the spectrum of H) consists of the eigenvalues

(2m = Dvar+ ...+ 2ng— D)vaa) VA, (... ng) €N,
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Proof of Theorem[6.10] Without loss of generality assume that V(0) = 0. Consider
the matrix Ag := % V"(0), whose eigenvalues are & and the potential V; : © +— x- Aoz
(=the quadratic approximation of V near 0). The operator T'(R%, \Vp) is exactly
the harmonic oscillator Hy from Example and £,V/)\ is its n-th eigenvalue (for
any A > 0). We are reduced to prove that for any n € N there holds

A (T(2,AV)) = A, (T(RE, AVp)) + O(A3) as A — +o0. (6.14)
Let s > 0 (to be chosen later) and n € N. Using the domain monotonicity and
the IMS constructions (Corollary [6.4] with R := A~*) we obtain with some B > 0:
A, (T(QQH, AV) & T(QS.., AV)) — BA*

< A (T(QAV)) < A (T(Q20-5, AV)),  (6.15)

~_ —

Now let us fix n € N and look at A, (T(Q2x-,V)). Using the Taylor expansion
of V one finds ¢ > 0 such that |V (z) — Vo(z)| < c|z|® as @ — 0. It follows that for
sufficiently large A > 0 one has

[V (2) = Vo(x)| < 8cA™ for all x € Qoy—.
Let My _y, be the operator of multiplication by V' — Vj in L?(-:), then
My v || <8A™*, T (Qar-s, AV) = T(Qx—, AVo) + AMy _y,,
and the min-max principle for perturbations (Corollary gives
A (T(Qar-5, AV)) = A (T(Qap—s, AVD)) + O(A2). (6.16)
Now we apply the IMS estimates for V, and R?. Denote
B, :={z eR’: |z| <r} =R, BS:={zeR?: |z| > r} = (RHE.
then (Corollary [6.4] with R := \™%)
A, (T(Bws, AVp) & T(BS., /\V0)> _ B
< A (TR AVG)) < A (T(Boa-+, AVp)). (6.17)
One has A, (T(R%, A\Vp)) = enA2 = O(A2). Remark that Vo(z) > co|z|? for all 2 € R

. . C —2s
0 ) —s =
(with some fixed ¢y > 0), and it follows that for x € By, one has Vj(x) > oA

and then T(BS,, A\Vp) > coA! 2.

From now on assume that s < }1, then % < 1 —2s and for all sufficiently large A
one has A, (T(R%, A\Vy)) < infspecT(BS_.,AVp). Then (Remark [5.12)

A, (T(Bws, AVp) & T(BE.., )\VO)> = A (T(Bay—s, \VR)).
For large A\ one has Byy-s = (2955, and then the estimate (6.17]) shows that

A, (T(Qw, /\VO)> = A (T(Byy—s, \Vy)) = A, (T(R? AVp)) + O(A2).
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The substitution into (6.16|) gives
A (T(Qar-5, AV)) = Ay (T(Bor-5, AVp)) = Ay (TR AVp)) +O(N 72 +2%). (6.18)

-~

1
EnA2

Assume additionally that s > 5, then 1 —3s < 3 L and
A (T(Qap—5, AV)) = 2,02 + O(A73 4 A%) = O(A3).

Using the Taylor expansion of V we find r > 0 and ¢; > 0 such that V(z) > ¢ |z|?
for all z € §2,. By assumption one can find a > 0 such that V(z) > a for a.e. z € QS.
For large A one has

ess inf V = min { ess inf V, ess mf V}
S ¢__nQ,

—s

V(z) > ci]z)? > et A for 2 € Q,C\fs NQ,, V(z)>a>0forazeqf,

which gives essinfoc V' > ¢; A7 and (using again s < 1)
A—S

inf spec T(Q5-., AV) > Aess inf V > el A% > Ay (T(Qar-+, AV)) = O(A2)

Q5

and then A, (T(Qoy—+, AV)BT(Q5_.,AV)) = A (T(Qa3-+,AV)). Using this equality

in (6.15)) one obtains

A(T(2AV)) = Ay (T(Qpme, AV)) + 000Z) B A (1(RE A1) + O3 1 22).
1
4

Recall that thls estimate holds with arbitrary s € (g, ;). We optimize the remainder
by taking s = 5 and arrive at the sought estimate (6.14]). [

Remark 6.12 (Semiclassical asymptotics). In the quantum mechanics one often
considers the Schrodinger operators in L*(R9) of the form —h2A + V with h — 0.
This asymptotic regime is usually referred to as the semiclassical asymptotics. This
case is equivalent to the strong coupling: if one denotes h := )\’%, then

E,(=A+\V) = AE,(—h*A + V),
and under the assumptions of Theorem [6.10} for ~ — 0% one obtains
En(—R2A + V) = V(0) + e,h + O(h3).
For d = 1 one has

V//(o)
2 )

V//(O)

[S31[}

= (2n—1) E,(=R*A+V)=V(0)+ (2n — 1)/ ——2h + O(h53),
and the last formula is often referred to the WKHE asymptotics for the eigenvalues.
We remark that the remainders in the above asymptotics can be improved with the

help of different approaches.

HWKB= Wentzel, Kramers, Brillouin
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