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Abstract

We consider a class of infinite weighted metric trees obtained as perturba-
tions of self-similar regular trees. Possible definitions of the boundary traces
of functions in the Sobolev space on such a structure are discussed by using
identifications of the tree boundary with a surface. Our approach unifies some
constructions proposed by Maury, Salort, Vannier (2009) for dyadic discrete
weighted trees (expansion in orthogonal bases of harmonic functions on the
graph and using Haar-type bases on the domain representing the boundary),
and by Nicaise, Semin (2018) and Joly, Kachanovska, Semin (2019) for fractal
metric trees (approximation by finite sections and identification of the bound-
ary with a interval): we show that both machineries give the same trace map,
and for a range of parameters we establish the precise Sobolev regularity of
the traces. In addition, we introduce new geometric ingredients by proposing
an identification with arbitrary Riemannian manifolds. It is shown that any
compact manifold admits a suitable multiscale decomposition and, therefore,
can be identified with a metric tree boundary in the context of trace theorems.
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1 Introduction

In the present paper we discuss some aspects of the trace theory for Sobolev spaces on
infinite metric graphs. By a metric graph we mean a geometric configuration which
arises if one replaces the edges of a discrete graph by intervals, and one introduces a
differential operator on such a structure by defining a differential expression on each
interval and by imposing a gluing condition at each node. A metric graph together
with a differential operator on it is often called a quantum graph. While quantum
graphs represent by now a well-established theory ,|§|,, the most attention was
concentrated on the study of regular configurations with suitable lower bounds on the
edge lengths and other parameters: in that case it is known that gluing conditions
at the nodes are sufficient to define a self-adjoint operator or a non-self-adjoint one
with good properties [26]. More recent papers [13|[14,[17,20}24}[36}/40/[54] initiated
the discussion of the most general quantum graphs, which shows that in many cases
additional “boundary conditions at the external boundary” must be imposed. It
should be noted that the notion of boundary for general graphs is not obvious,
which is a well-known issue for both metric and discrete infinite graphs [14,[31]
37,141,[58]; we recall that metric and discrete graphs show a number of common
features , , ,, and in case of equilateral metric graphs even a kind of
unitary equivalence between respective Laplacians can be established . If
the boundary is naturally defined (for example, for a tree, the set of infinite paths
starting at a fixed vertex can be naturally viewed as the boundary), one arrives
at the question of the description of possible boundary conditions, which requires
a construction of suitable function spaces at the boundary as well as a rigorous



definition of boundary values for functions defined on the graph. For some classes
of infinite trees, the abstract boundary can be endowed with a metric structure,
which gives rise to Sobolev-type spaces and associated trace theorems: we refer
to [719,14,34,]35] for related results. On the other hand, if a tree models a structure
embedded into a space, then in many cases the boundary can be naturally identified
with a surface. The aim of the present work is to define the boundary traces on
metric trees using such an identification.

Our work is mainly motivated by the papers [30,42,47,55] dealing with the
analysis of Dirichlet-to-Neumann operators and wave equations on trees viewed as
a model of human lung. In particular, our main object (geometric tree) is directly
borrowed from [30]. The paper [42] deals with weigthed discrete Laplacians on an
infinite dyadic tree, and it established a trace theorem for discrete Sobolev spaces by
identifying the boundary with a Euclidean domain. The works [304/47,55] proposed
a modified model with the help of the continuous weighted Laplacians, and an
identification of the boundary trace with an interval was addressed. Moreover in [55]
the Sobolev regularity was partially studied. The notion of the boundary trace
was then used as a theoretical tool in [47,55] in order to establish the equivalence
between various definitions of the Sobolev spaces on the fractal trees, which further
surved for numerical approximation of infinite trees by their finite truncations when
solving the wave equation [27-29,32]. It should be said that the approaches of [30]
and [30,47,55] to the definition of the boundary trace were quite different: the
paper [42] uses an orthonormal basis of harmonic functions (so that the definition of
the boundary trace of an arbitrary function is recovered from its expansion in this
basis), while [30,/47,55] used more explicit approximations by finite truncations. As
a by-result of our analysis one obtains that the both approaches are equivalent. In
addition, we discuss for the first time an indentification of the boundary with general
Riemannian manifolds (in particular, Fuclidean surfaces), which goes beyond the
Fuclidian domains considered in previous works.

We now describe our configuration and the main results in greater detail. Let
p € N with p > 2 be given and a root o be given. We glue to o an edge e
represented by an interval of length /¢, the second vertex of e o will be called X .
If all e, and X, 5 with n € Ny and k£ € {0,...,p" — 1} are already constructed,
then to each X, ; we attach p new edges e,41 ks, With j € {0,...,p — 1}, having
lengths ¢, 11 pr+;, and the pendant vertices of e,,41 i+, to be denoted by Xy, 11 pi+5,
will be viewed as children of X, ;. This process continues infinitely, which creates
a infinite rooted metric tree T. The subtree of T starting at X, ;, i.e. the subtree
spanned by the offsping of X,, ; (the children, the children of the children etc.), will
be denoted by T, . See Figure [L.1]

For subsequent constructions it will be useful to introduce coordinates on 7.
Denote by L, the distance between the root o and X, ;, i.e. the length of the
unique path between o and X, ; obtained by summing the lengths of all edges in
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Figure 1.1: (a) The tree T. (b) A subtree T,

the path. Then by (n,k,t) with ¢t € [L,x — nk, Lok we denote the point of e,
which is at the distance L, ; — ¢ from X, ;. In this notation,

Xog =k, Lyg) = (n+1,pk+j,Lyy) for any j € {0,...,p—1}.

Let w : T — (0,00) be a locally bounded measurable function, which will be used
as an integration weight: for f : T — C one defines

o Pl p,
[raw=Y"% ["" " joktywin ko,
T n=0 k=0 Ln,kfgn,k

then

AT ={f:T=C: [fld = A F2dp < oo},
Due to the above definition the set of vertices has zero measure. Therefore, each
measurable function f: T — C can be identified with a family of functions (f, ),

fn,k = f(n, ]{}, ) . (Ln,k — gn,k’ Ln,k) — C, n e No, k ¢ {0, . ,pn — 1}

Then f = (f,x) belongs to L*(7) if and only if
Ln,k

e =3 3 [

2
f"ﬁ@)‘ wn,k(t) dt < o0.
n=0 k=0 Y Lnk—Llnk

If f = (fur) such that all f,  are weakly differentiable, we denote f":= (f; ;). The
first Sobolev space H!(T) is then introduced as

HYT):={f € L*(7) : f is continuous with f' € L*(7)},
||f||12m(7) = ||f\|%2(7) + ||f/|’%2(7)‘
Moreover, we denote

HYT):={f € H'(T) : there exists N € N such that
fok =0 for all (n, k) with n > N},
H}(T) := the closure of H!(T) in H*(7).

One arrives at the following quite natural questions:
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Figure 1.2: The boundary of T viewed as a surface €2

(a) Do we have H}(T) = HY(T)?

(b) If not, can we characterize the functions in Hj(T) by their “behavior of infin-
ity”, i.e. by the behavior of f = (f.1) € H'(T) for n — 0o?

(c¢) Can this “behavior at infinity” be characterized by a function defined on some
set € viewed as the “boundary” of T?

Remark that the H'-norm on 7 represents the sesquilinear form of the Neumann
Laplace operator A, which is important for the study of various diffusion processes
on T. One can also consider first a thickened version J; of T (i.e. one embeds T in R
and takes the e-neighborhood) and consider the associated Neumann Laplacian A,
then one has a suitably defined convergence of A, to A as € — 0, see [52,53]. The
above problem (a) is related to the question whether the boundary of T is penetrable,
i.e. whether one can impose alternative boundary conditions at the tree boundary;,
and the problems (b) and (c) are closely related to a concrete representation of
such conditions and to the existence and uniqueness of solutions of the associated
boundary value problems.

We provide answers to the above questions by identifying the abstract boundary
07 with a geometric object, more precisely, an open set {2 with compact closure in
a d-dimensional Riemannian manifold (in particular, €2 is allowed to be an arbitrary
compact Riemannian manifold), see Figure The main assumption on €2 is that it
admits a special decomposition: there exists €2, C Q, n € Ny, k € {0,...,p" — 1},
constructed as follows. One sets {2y := (2. If some €2, ;, is constructed, one chooses
p non-empty disjoint subsets 2,11 pk+j C Qug, J € {0,...,p— 1}, such that

p—1
‘Qn,k \ U Qn+1,pk+j - 07
7=0




Qo Qo3

) )

Qoo Qoo

Figure 1.3: An example of a multiscale decomposition (for p = 2)

and this process continues infinitely (Figure . In addition, one needs to im-
pose some geometric conditions on €2, for large n: informally, all €2, ;, must have
approximately the same volume, and their shape is not allowed to become “too
complicated”. A decomposition satisfying all necessary assumptions will be called a
reqular strongly balanced p-multiscale decomposition of Q (we refer to Subsection
for rigorous definitions concerning Euclidean open sets and to Subsection for an
extension to the case of manifolds).

Remark that the combinatorial structure of the family (€2, ) repeats the com-
binatorial structure of the family of substrees (T, x): for arbitrary (n, k) and (n', k')
one has

o Qi C Qe if and only if T, C Ty i,
b ka N Qn’,k’ 75 Q) if and OIlly if {In,k N Tn’,k:’ 75 (Z),

and this observation is used to create a link between the functions defined on T and
those defined on ). More precisely, one imagines that the boundary of 7T is glued
to ) in such a way that the boundary of each 7T, is glued to 2,, ;. In this case, if
a function f on 7 has a constant value «, ; along some T, ;, and is zero on all other
subtrees T, ; with j # k, then it natural to identify the boundary trace of f with
the function ankla,, (Figure . It appears that this somewhat naive definition
can be given a rigorous form, and a part of our main results can be summarized as
follows:

Theorem 1.1. Assume that there exist constants a« >0, 0 < ¢ <1 and ¢ > 1 such
that for any n € Ny and k € {0,...,p" — 1} there holds

< Uy <", ctat < wyy < cal (1.1)

Then HY(T) # HY(T) if and only if

1
(< ap< 7 (1.2)

Assume that (1.2)) is satisfied and let §) be a non-empty open set with compact
closure in a d-dimensional Riemannian manifold of bounded geometry. We denote



Figure 1.4: Identifying T, ; with €,

by H*(2) the associated fractional Sobolev spaces of order s > 0 and require that

Q admits a regular strongly balanced p-multiscale decomposition (2, k) as defined in
Subsection |3.4]. Denote

1 log ¢ —
O.::(l_ogfloga>>0
log p

and let 0 < s < % such that s < od, then for any f € H*(T) there exists the limit

pN-1

’ng = J\ll—{noo Z f(XNJ()ILQN,K € HS(Q)
K=0

The embedded trace operator defined by ~3, - H*(T) — H*(Q) is a bounded linear
operator with ker v, = H} (), and

W (H'(T)) = H™(Q) if od < ;

Remark 1.2. If Q) is a Euclidean open set, then one can show that the linear map
v& given by the same expression is bounded and surjective as a map from H'(7T) to
A4(Q) for any value of o, where A%4(Q) is a so-called approximation space (which
happens to coincide with H¢ if od < %) we refer to Subsection for more
detailed formulations. This settles the open question |47, Sec. 5, Question 2] about
the range of the embedded trace operator for our class of metric graphs, even for a
more general geometric trace realization.

For d = 1 our result is very close to the construction of the bounded trace
operator in [55, Thm. 5.4.13] and [30} Sec. 3.1-3.2], but even in this case our result
is stronger (for the class of trees we consider) as we show its surjectivity for a range

of parameters.

A large part of the paper is devoted to the proof of the assertions of Theorem
for the case ¢ = 1 in ([1.1)). For this special case, the tree T will be denoted by T
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and called geometric tree following the convention proposed in [30]. The advantage
of the geometric tree is that it allows for a decomposition into a direct sum of one-
dimensional problems, and trace theorems in one dimension are much simpler to
study. Such a decomposition is well-known [46,52], but we need a number of explicit
formulas for various intermediate transformation operators, which are missing in the
existing literature, so we opted for a self-contained presentation in Section [2] This
part of analysis is concluded by constructing an abstract trace operator in Subsection
2.5, which maps H'(T) into a discrete ¢*-type space inherited from the direct sum
decomposition.

In Section |3| we introduce approximation spaces A”(2), which consist of the
functions defined on €2 that can be “well approximated” by linear combinations
of indicator functions of some subsets of 2. In Subsection [3.1] we recall the most
important constructions for fractional Sobolev spaces which are used in the anal-
ysis. In Subsection |3.2| we introduce special decompositions of Euclidean domains
and define the associated approximation spaces. In Subsection [3.3| we show that in
some important cases the approximation spaces coincide with the usual fractional
Sobolev spaces. The constructions of Subsections and are an adaptation of
the respective 2-adic spaces in [42], which were in turn motivated by more general
considerations coming from the wavelet analysis [16,43]. In Subsection 3.4 we trans-
fer these constructions to the case of open sets on manifolds using the traditional
approach with local charts. We note that Sections [2] and |3 are independent from
each other. They also contain a lot of introductory material and we hope that they
can be of independent interest beyond the immediate scope of the present work.

In Section [4] we make last steps in the construction of the embedded trace oper-
ator. First, in Subsection we identify the /2-space from the construction of the
abstract trace operator with the approximation spaces A”(£2) using an identification
of suitable bases. The embedded trace operator is then obtained as the superposition
of this identification with the abstract trace operator, and the resulting properties
are summarized in Subsection At this point, all assertions of Theorem [I.1] are
proved for the geometric tree T, and in Subsection 4.3] we transfer them to the
general T using a coordinate change.

All preceding results require the existence of decompositions of open sets or
manifolds into pieces with special properties; it seems that these questions were not
addressed in sufficient generality in earlier works. In the last Section [5| we show
that such decompositions exist for large classes of €2, in particular, for all convex
polyhedrons, all convex smooth domains and all compact manifolds. This is done
by adapting the existing results from very diverse areas of analysis to the context of
multiscale decompositions.

We consider the present work as an initial component for the systematic analysis
of boundary value and transmission problems on infinite metric graphs, which will
be continued in several directions. A key role in our analysis is played by the



decomposition of trees into a direct sum of one-dimensional problems. It was noted
in [10] that such decomposition actually exists for a much larger class of metric
graphs, so we hope that at least some elements of our analysis will be useful beyond
the context of trees. The possibility of the identification of the tree boundary with
a prescribed surface gives a possible approach to describe the interaction between
fractal trees touching each other along some interface and to include fractal building
blocks in the so-called hybrid spaces, [2,/11,/12,/18,50]. Such applications will be
covered in ongoing works.
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2 Analysis on geometric trees

2.1 Tree structure and function spaces

In this section we analyze in greater detail the “ideal” case ¢,, ; := ¢" and w,, , = "
for all (n,k), i.e. with ¢ = 1 in (L.I). The corresponding tree will be denoted T
(as opposite to T for the general case) and called a geometric tree. The geometric
trees have a lot of symmetries, which will be exploited for the analysis, and some
expressions can be written in a slightly different form.

Remark that the underlying combinatorial graph is G := (V| F), with the set of
vertices V' and the set of edges E given by

Vi={o} U{Xu: neNy, ke{0,1,....p" —1}},
E={ea: neNy, ke{0,1,....p" —1}},

(0,X070), n = 0,
Enk =
(Xn—l,[logpk]vXn,k>> n Z 07

where [t] stands for the integer part of ¢ € [0,00), i.e. the largest integer not
exceeding t. Remark that each edge e, , connects each X, ;, with its uniquely defined
parent, which is Xn—l,[logp k) for n > 1 and o for n = 0. All vertices except the root
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have the degree p + 1 (i.e. have p + 1 neighbors: p children and 1 parent), and the
degree of the root is 1. For p = 1 the graph G is simply a half-infinite chain, so we
assume from now on that p > 2.

Consider the numbers

- _ - k 1
tg =0, tn_;)e, n €Ny, L:= lim ¢, € (0,00]. (2.1)

By construction, the numbers t_; < tg < t; < ... subdivide (0, L) into the infinitely
many intervals (¢,-1,%,) of length (", n € Ny (Figure 2.1)). The combinatorial tree
G is related to the metric tree T as follows: we identify each e, j with a copy of
[tn—1, 1] using the convention that the endpoint of e, is identified with the initial
point of each of its children. In other words,

T := {((n, k’),t) :neNy, ke{0,....p" =1}, t e [tn_l,tn]}/ ~
for the identification ~ defined by
((n, k), tn) ~ (0 + 1, pk + 5), 1),

neNy, ke{0,....p" =1}, 7€ {0,...,p—1}.

o

weight= 1| T ° “} length = 1
Xoo 1=t
o (0% -

X / \ x } length = ¢

1,0 1,p—1 1+£:t1"

2 2 2 2
X2,0 X2,p—1 Xopp-1)  Xopro1 ty 1
L

Figure 2.1: The structure of a geometric tree
For what follows for z,y € T we write

o x <y if the path from o to y passes through x (equivalently one can say that
y belongs to the offspring of x),

e x<yifz <yandx #y.
We will also need to consider some special subgraphs of T. For n € N denote

T" := the tree truncated after the nth generation,

10



i.e. T" is composed of all edges e, with m <n. Forn e N, k € {0,...,p" — 1},
consider
Top={zeT: X, <z}

Remark that
p—1 .
_ J J P
Tps = J T s Tk = ent1ph+i U Tt it
=0

see Figure . By construction, each qu%k is a rooted metric tree (having the same
combinatorial structure as T itself) with X, being the root. The vertices of T, ;

are X, and X, gpmijpm—14, With m € Nand r € {0, ... pmh — 1}.

Xn,k
Tk Xn+1,kp o Xn+1,kp+(p—1)
T Tk

Figure 2.2: The subtrees T, ; and Tﬁ;’ k

The set T becomes a metric space if one considers the natural distance p,

p(x,y) := the length of the unique path between z,y € T,
|z| := p(x,0) for z € T,

which gives rise to the notion of a continuous function on T. The number L in ([2.1)
is usually referred to as the height of T, and

for all subsequent constructions we assume

L < or, equivalently, (< 1.

We consider the measure p on T which coincides with o™ dt along e, j,, where dit
is the one-dimensional Lebesgue measure and « > 0 is a fixed constant. A function
f: T — C is measurable if each of its components

fok : [tn-1,tn] 2t — f((n, k:),t) eC, fng = fle,, for short,

is measurable; in most cases we will identify f with the set of its components (f,, ).
The integral of such f over T with respect to u is then given by

[ran=> T JAREs

n=0 k=0

11



The above integration gives rise to the naturally defined space L?(T):

LA(T) := {f : T — C measurable : || f[|72) = /11‘ |fIPdu < oo},

oo pt—1

L= 3% allfuallio, e IatlEae,o = |

n=0 k=0 n

tn
-1

fur(®)] .

In addition we consider the Sobolev-type space H'(T) defined by

HY(T) := {f € L*(T) : for € H (tn_1,t,) for any (n, k),
f' = (fix) € L*(T) and f is continuous on ']I‘}.

n

Recall that H'(t,_1,t,) C C’O<[tn_1, tn]) due to Sobolev embedding theorem, so the
continuity of f on T in the above definition of H'(T) actually means the continuity
at the vertices,

fok(tn) = fas1pk+i(tn) for allm € Ng, k€ {0,...,p" — 1}, 7€ {0,...,p—1}.
We equip H'(T) with the scalar product (-, -) y1(r) defined by
(f,9) mery == ([, 9) 2 + (', 9') r2(m)

and the induced norm ||-|| y1(1), then one easily checks that H'(T) becomes a Hilbert
space. The following result is known from [30, Section 3.5], and it will be important
below:

Lemma 2.1. For any p € N, £ € (0,1), a > 0 the embedding H'(T) — L*(T) is
compact.

Now we denote

C

H}(T) := the closure of H}(T) in H'(T).

HXT) := {f = (fur) € HY(T): 3N € N such that f,;, =0 for n > N},

2.2 Orthogonal decompositions

All constructions in this section are essentially from the paper [46], but we need
several intermediate objects which did not appear there explicitly, so we prefer to
give a complete argument.

We now introduce several subspaces of L?(T) determined through additional
invariance properties. We start with the space of radial functions,

L2

rad

(T) := {f € L*(T) : for any z,y € T with |z| = |y| one has f(z) = f(y)},

which will be considered with the induced scalar product. Remark that f € L2 4(T)
means the existence of a function F' : (0, L) — C with f(x) = F(|z|) for all z € T,

12



which means that the components (f, x) satisfy f,x(t) = F(t) for all e, € F and
t € (th-1,t,). This yields

o0 p”—l tn
1 =D am S [
k=0 Ytn-1

n=0
[e%s) tn
for the weight function

q: (0,L)— (0,00), q(t)= (ap)" fort € (t,—1,t,).

F(t)fdt

9 oo p—1 tn
fn,k(t)’ dt =3 a" ) /t
k=0 /in—1

n=0

F(t)‘z dt = /OL ‘F(t)‘Z q(t) dt

The above computation shows that the map
Una i L*((0,L),q(t) dt) = LE4(T),  UwaF : T3z F(ja]),

is a unitary operator.
Furthermore, consider the roots of unity:

2mi

Os:=er”® se€{0,...,p—1},
and define, for e, € E and s € {1,...,p— 1},

Li7k7s(’ﬂ‘) = {f € L*(T) : f|T\Tn,k =0 and for any j,5' € {0,...,p— 1} and

x € Tiz,k: and y € ']I‘f;k with |z| = |y| one has 0,7 f(z) = Hs_jlf(y)},

Observe that each function f € L2, ,(T) is radial on each subtree T? ,, which means

n,k,s - Tnko
that f(z) only depends on the distance p(z, X, ) for all z € T}, ,. More precisely,
for some functions F; : (t,,L) — C, 7 € {0,...,p — 1}, there holds f(z) = Fj(|x|>
for all z € Tﬂ’k, and, in addition, F; = 62F; for each j € {0,...,p — 1}, so f is

uniquely determined by F' := Fj. By construction we have
00 pm71—1 ;
+m
2 _ n+m "
JRRTRTED SR S|
Tn,k m=1 r=0 tntm—1
00 pm—lil tn
+m
=Yy
r=0 tn+m71

2
fn_i_m,kpm _;'_jpmfl +r (t) ’ dt

Fj(t)fdt = i amrmpml / e ’Fj(z&)fdt
m=1

m=1 tn+m71
—n—1 - m fm 2 —n—1 L 2
= Y (p [ B[ =yt TR0 ) a,
m=n-+1 m—1 n

and

p—1
2d :/ 2d — / 2d
Jutdn= [ AfPde=3 [, 1 du

=S B awa - S [ e aoa
=:p-"-1?§%jgl\F%tﬂ2q<t>dt::p-"jgf\51t>f<xt>dt



This computation shows that the map

Uns : L2((tny L), p () dt) — L2, (TD),

n,k,s
HgF(]x\), if x € Ti,k for some j € {0,...,p — 1},

Un7k75Fi T —
0, otherwise.

is a unitary operator.
We further denote

1
H rad

(T) :== HY(T)N L2 4(T), H}

rad n,k,s

(T) :== HY(T)n L2, (T,

n,k,s

and note the obvious implications

feHWT) = feliyT), feH,, (T)= fel,(T). (22

rad n,k,s
Theorem 2.2 ( [46]). One has the orthogonal direct sum decomposition

L(T) = Ly e @ @ L2,,(T). (2.3

en,kEE s=1

Proof. (A) We begin with the orthogonality. Let f € L2, (T) for some (n,k,s),
then f = U, sF for some F € L2<(tn, L),p™"q(t) dt).
(A1) Let g € L2 4(T), then g = UyaqG for some G € LQ((O, L), q(t) dt) and

rad

p—1

=07 Tn x
p—1 oo pm—l-1 -
- Z o / Jntmppmtjpm=14r (t) Gntm kpm+jpm—1+r (t)dt
]:0 m=1 r=0 t’n+m71
p_l e pm71_1 tn+m [
=D ID SLED SR A A (I ORY
j=0 m=1 r=0 tn-&-m—l
p—1 oo - L
=3 Y eyt [ i Gl e
j=0m=1 tntm—1
p—1 ) . L
=>.p " Y (ap)™ / F(t)G(t)dt
Jj=0 m=n+1 tm—1
p—1 ] L 7
— (X8 [P0 Gman
=0 tn
while 1
o 1= 11
bi=1_9. =0 2.4
Z%S -0, 1-6, (2:4)

14



(A.2) Now let g € L2, ., ,(T) with (n,k,s) # (n/,k,s), then g = Uy vG for
some G € LQ((tn, L),p~™q(t) dt). We have three possiblities:

(A.2.1) None of X, < X,y and X,y < X, holds. In this case one has
T, NTo o =0, so f and g have disjoint supports and (f, g) 2ty = 0.

(A.2.2) One has X, < Xyyp or X, < Xy . To be definite assume that
X gy < Xp g, then T, C ']I‘i:,’k, for some j' € {0,...,p—1}.

p—1
oy = [ fadu= [ fgap=3" [ fgap
T Tnk =07 Tk
-1

p—l 0 tn+m
= Z Z Oé mtn Z / fn_;’_m kpm+]pm 1+’f‘ (t) gn+m k-pm_;’_me 1-‘1-7“ (t) dt
j=0m=1

r=0 tn+'m 1

By assumptions in each summand we have

-/

gn+m’kpm+jpm—1+T<t) - 6] G(t),

s/

fn-i-m,k’pm-i-jpm—l-i-r(t) = 9£F(t>,

so similarly to the preceding computation we obtain

p*loo mll mll

trnt+m -
(f, 9>L2(T Z mn Z 6]981 Z /+ t) G(t)dt
j=0m=1 tntm—1
p—1

©° . 1] tn m [
> o™t lelg / ’ F(t)G(t)dt
tn+m—1

7=0m=1
p=l oo . ftm -
=X X (e [ PG
7=0 m=n+1 Im—1
L
— p g Zey /F(t) D)q(t) dt = 0.
tn

DI
(A.2.3) One has X,,, = X,y . In this case s # ¢,

fn+m,kpm+jpm*1+r(t) - QﬁF(t% gn+m,kpm+jp’"*1+r(t) - Qg,G(t),

foralmeN, j€{0,....,p—1}and r € {0,...,p" ! — 1}, and

(f,9)12m) /fgdu / fodp = Z/ fgdu

— 0o pm 1 -1 tn+m
= Z Z Z / fn+m Jep™+jpm— 1+r( )gn+m kpm+jpm— 1+7”(t) dt
j=0 m=1 r=0 Jintm-1
p 1 o m ! —1 . tn+m JE—
SP 3P I W R A OLEOLT
j=0m=1 bntm—1

15



_ z_: f: i J/t"“” F(t) Gt dt

thrm 1

Jj=0m -
p—1 0 tim
=Y () X (et [ PGt
i—0 08’ — tm71
J m=n+1
p—1 95 j L
- pnljz:;) (08/) /tn F(t)G(t) q(t) dt,
while . 7R
gy 1= (3) 1o
(R) T % T _8 0,
j=0 S 951 93/
o (f,9)r2(m) = 0.

The orthogonality of the decomposition is completely proved.

(B) In order to prove the totality of the decomposition it is sufficient to show
that any function supported on a single edge belongs to the right-hand side of .
So let ey, € E and h € L*(t;,_1,t,). Define v € L*(T) by

- {h, (n,k) = (m,7),

0, otherwise,

then we need to show that v belongs to the right-hand side of (2.3)).
Consider the p™-dimensional subspace
S .= {uGLQ(T) tUpy € Chforn=mand k=0,...,p" — 1,
Up i = 0 for n # m},

then by construction we have v € S. In addition,

SNL2, . (T) = {O} for n > m and any (k, s),
dim (SN L2,4(T)) =
dim(SﬂLnks( )) =1 for n < m and any (k, s).

This yields

dim[Sﬂ(Lfad o @ @LMS )]

€n kEES 1
m—1p"—1p—1

— dim (Serad )+ZZZd1m(SﬂLnks( ))

n=0 k=0 s=1
"—1p—1

m— m—1
Z Z lel—k > ptp—1)=p" =dimS§,
n=0 k=0 s=1 n=0

16



which shows that

SCLrad @ @Lnks

enk€EE s=1

and due to v € S we arrive at the conclusion. O
By using the inclusions ([2.2]) we immediately obtain:
Corollary 2.3. One has the orthogonal decomposition
H (T) Hrlad @ @ n,k, s
€n, r€EE s=1
Corollary 2.4. The map
p—1
U .= Urad ) @ @Un,k,s
en k€L s=1
defines a unitary operator

L*((0,L),q(t)dt) & P @L2<tn,L p"q(t) dt)

€n, LEE s=1

—>Lrad @ @Lnks

en k€L s=1

In order to have a similar transformation for H'-spaces, we recall that for an
interval (a,b) C R and a piecewise continuous weight function v : (a,b) — (0, 00)
one usually denotes

H'((a,b),0(t) dt) == { f € L*((a,b),v(t)dt) : f' € L*((a,b),v(t) dt)}
which becomes a Hilbert space if considered with the scalar product

(f.9) ( Dol dt ) (s 2@y an + (9 12wt ar)

b - -
= [ (103 + F 07D )vie) .
In addition we make the following observations:
« if F e L*((0, L), q(t) dt), then:
— UpaqF' is continuous on T if and only if F' is continuous on (0, L),
— UnaF € HY(T) if and only if F € H'((0, L), q(t) dt),
— and in this case we have

| (Uraa Y IZ2my = [Uraa (F) 220y = 1" 12 (0.2 400) aty

17



e if e Lz((tn, L), p~™q(t) dt), then:

— UppsF is continuous on T if and only if F' is continuous on [¢,, L) with

F(tn> = 0>

— in this case Uy x,.F' € H(T) if and only if F' € H'((t,, L),p"q(t)dt),

— and in this case
(U e, F)Y 1220y = NUn ks (FOZ20ry = 1122 (00,25 ma0) at)-
Therefore, it will be convenient to denote
H'((tn, L),p"q(t) dt) := { f € H'((ta, L), p"q(t) dt) : f(ta) =0},
then it follows that

Usaa : H'((0, L), q(t) dt) — H}(T),
Uni s H' ((tn, L), p"q(t) dt) — H, , (T)

n,k,s

are unitary operators, which gives:

Corollary 2.5. The map

p—1
U .= Urad ) @ @Un,k,s
en k€L s=1
defines a unitary operator

H'((0,L),q(t)dt) & P @Hl(tn,L p"q(t) dt)

en k€L s=1

— ngad @ @ nks Hl(T)

en,kEE s=1

2.3 Embeddings and equivalent norms

We denote
HY(T) := {f € H\(T) : f(o) =0},
which is a closed subspace of H(T).

Lemma 2.6 (Poincaré inequality). There is a constant C > 0 such that

I fllz2emy < Clf' N c2ery for all f € HY(T).

18
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Proof. For ([2.5)) it is sufficient to show that the number

. 1F 2y
reinm), 520 1f 72

is strictly positive (then one can choose C' := 1/4/a). Remark that
ﬁl(T) X ﬁl(T) > (fa g) = <flag/>L2(T)

is a closed, symmetric, non-negative, densely defined sesquilinear form in L*(T), so
it generates a non-negative self-adjoint operator A in L?*(T), and the above number a
is the bottom of the spectrum of A. By Lemma [2.1|the embedding H'(T) < L2(T)
is compact, then A has compact resolvent, and a is its smallest eigenvalue due to
the min-max principle. In particular, the infimum in the definition of a is attained
on some eigenfunction F € H' (T). We have obviously a > 0. Assume that a = 0,
then || F” ||L2(T = 0. This means that F , = 0 for all (n, k), i.e. all F,, are constant.

The continuity of F' shows that F is constant on T, and F € H'(T) means that
F(0) = 0 and then F' = 0, which is impossible. Hence, a > 0. ]

In view of Lemma , the norm induced by the H'-scalar product

<fa g)ﬁl('ﬂ‘) = <f/7g/>L2(’]I‘)

is equivalent to the initial H'(T)-norm. Moreover, we have the direct sum decom-
position

El(T> Hrlad @ @ nks

enkEE’s 1

with

Erlad(T) = ' (T) N H,a(T) ={f € HL4(T) : f(o) =0},

Hy o o(T) i= H'(T) N Hy o o(T) = {f € Hy o o(T) = f(0) = 0} = Hy (T,

which is orthogonal with respect to both (-,-)z1(ry and (-, '>E1(T)'

We further remark that for F € H* ((0, L), q(t) dt) the inclusion Uaq F' € H. 4(T)
is equivalent to F'(0) = 0. So if we additionally denote
H'((0,L),q(t)dt) := {F € H'((0, L), q(t)dt) : F(0) =0},

then we conclude that the map

p—1
U=Una® P PUnks

en, k€L s=1

19



is an isomorphism between
H((OL ) D @Hl(tn,L D q()dt)
en, k€L s=1
equipped with the usual H' scalar products and

ﬁ1<T) E rad @ @ nks (26)

en, k€L s=1

viewed with the H' scalar product.
We will additionally introduce the space

HY(T) = {f € HX(T): f(0)
Hy(T) = {f € Hy(T) : (o)

0}, (2.7)
0}, (2.8)

then it is standard to see that HX(T) is the closure of H'(T) in H'(T). In particular,
H{(T) is a closed subspace of H'(T), so using the orthogonal decomposition (2.6])
we arrive at the decomposition

Hé (T) = H&|rad(T) D @ @ Hé\n,k,s(T) (29)
en, k€L s=1
with
Hé|rad<T) Hrlad(T) N H& (T)v
H&\n,k,s(T) H’rlzks(']r) N HS(T)7

which is orthogonal with respect to the H'-scalar product. Further remark that for
FeH! ((O, L), q(t) dt) the inclusion UqF € H!(T) is equivalent to
FeH(0,L),q(t)dt) = {F e H'((0, L), q(t)dt) :
Jda € (0, L) such that F(t) =0 for all ¢t > a}.

Recall that Usq is an isomorphism between H' ((O,L),q(t) dt) and H.
H. ,(T) N H'(T) is dense in ﬁé‘rad(']l‘), so it follows that

rad

(T), and

Ur;éﬁé|rad('lf) = the closure of ﬁcl(((), L), q(t) dt) in ﬁl((O, L), q(t) dt)
= Hy((0, L), q(t) dt).

Remark that the usual mollifying procedure shows that
H} ((O, L), q(t) dt) = the closure of C°(0, L) in H' ((O, L),q(t) dt),

20



which will be useful below.
Similarly one shows that for any (n, k, s) there holds

Un k sHé\n,k,s<T) = ﬁé ((tm L),p_nq(t) dt)
:= the closure of C2°(t,, L) in ﬁl((tn, L), p™"q(t) dt),

and we conclude that the map
p—1
U .= Urad ) @ @Un,k,s
en k€L s=1
is an isomorphism between

Hy((0,L),q(t)dt) & P @Hg(tn,L p"q(t) dt)

en, k€L s=1

equipped with the usual H' scalar products and

E& (T> = H/(%had(T) @ @ Ié H(}|n,k,s(T)

en’kGE s=1

viewed with the H' scalar product.

2.4 Harmonic functions

By construction, H(T) is a closed subspace of H'(T), so let us introduce the sub-
space
HA(T) := the orthogonal complement of H,(T) in H'(T).

We would like to understand the structure of this subspace, in particular, to con-
struct an orthonormal basis (recall that the orthogonality is understood with respect
to the H'-scalar product).

Remark first that in view of the orthogonal decompositions (2.6)) and . we
have the orthogonal decomposition

HX(T) = Hi|rad(’]r) ® @ @Hi\n,k,s(’]r) (210)
enkEE s=1
with
ﬁihad(T) := the orthogonal complement of ﬁ3|rad(T) in Hrad(T)

Hi‘n,kvs(']l") := the orthogonal complement of Hg, . (T) in H) , (T).
Let frad € HLg(T), then fraq € HYoq(T) if and only if
<f1:ad7gl>L2('JI‘) = <fradyg>ﬁ1('}1‘) = 0 for all g S ﬁéhad(T)' (211>
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We write fraq = UradFraq With Fr.q € H! ((O,L),q(t) dt) and g = U,.qG with G €

H3((0, L), q(t) dt) and recall that C(0, L) is dense in H{((0,L),q(t)dt), then it
follows that (2.11)) holds if and only if

<(UradFrad)/7 (UradG)/>L2(T) =0 for all G € C’;’O(O, L)
As (UradFrad), = Urad(F/

Y d) and (UpaqG) = Upaq(G') and Uy,g is unitary as an oper-

ator Lz((O, L), q(t) dt) — L2 4(T), this is equivalent to

rad

/ rad (t) de <Fr/ad7 G> L2((0,L),q(t)dt) — 0 for all G € 050(07 L)? (212>

which means that (¢F,4
that F’

rad —

) = 01in (0,L) in the sense of distributions, which shows
= ¢/q for some ¢ € C. We also recall that Fi,q must be continuous with
Frada(0) = 0, s0 Fl.q is completely determined by the value ¢ of its derivative in (0, 1):
for any n € Ny and t € (t,,_1,t,) one has

Fr,ad(t) = (a;)nv
Etoy o0k bty 1 (L)
Frad(t):C< op)" +k§(ap>>:6( ap)" o )

ap

It remains to check if Flq € H* ((0, L), q(t) dt), for ¢ # 0. We have

L 2 o tn 2
1Frale o aran = [ [Faa®f a®ydt = S (ap)y” [ |Fra(®)] dt
n=0 n—1
< 1P RN
= ap)” t, —th_1) = |c <) ,
> len) Gl lo) = 32 (5

which is finite if and only if ¢ < ap, which we assume from now on: in this case

/ -1
| FoallBaoraan = 1e?(1= ) (21

To compute ”FradH%Q((07L)7q(t) ar we first represent, for any n € No and ¢ € ({,-1,15),
t—t, 1) t—t, 1 (L) - (L)"\2
FaaF = e (et 2 ]

Pl 1-% T \1- 2L

ap

therefore,

/tn
tn—1

Fraui(t)’2 dt

I
o
(V)
A/~
w
—~~
(S
@
3
~
™)
N
—_
|
—
% ~
N—
~——
+
[
3
A/~
[u—
|
—
gl
—
3
S~
o
~_
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and

L 2 0 tn )
| FraallZ2((0,2).q0) at) :/o Frad(t)’ q(t)dt = Z(ap)”/t Frad(t)’ de
n=0 n—1

) B )

¢
n=0 7p

which is finite if and only if /3 < ap and apf < 1 (we recall that £ < 1 by the initial
assumption). For subsequent computations it will be useful to normalize Fl.q in

H ((0, L), q(t) dt), in view of ([2.13) this amounts to the choice

12
1_77
ap

and gives

Fraalt) = 1—€<t_t“+nf(£)k> t € (tao1,ty), nEN (2.14)
rad = ap (Ckp)n = ap ) n—1ytn), n 0- .

We summarize these computation as

1
(T) # H0|rad( ) if and only if ¢ < ap < -

o}
67

rad

1
T CUradFrada g < ap < PR
Hi|rad(']r) = ¢

0, otherwise.

The spaces ﬁi‘nm are studied in the same way. Let us fix an admissible
triple (n,k, s) and recall that Uy Co°(t,, L) is dense in Hg, , (T), then a func-
tion furs € Hy . (T) belongs to Hy, . (T) if and only if f, ke = Up.eFns With
F e H ((tn, L), p"q(t) dt) satisfying

<(Un,k,an,k S) , (UnksG) >L2 (T) = =0 for all G € Ooo(tn, L)
which can be equivalently rewritten as
<Un,k S(F/z k s) Un,k,S(GI>>L2(T) <F711 k,s» G/>L2(( ,L),p~™q(t) dt)

_p_n nks ()dt—o

for all G € C°(t,, L), which means (¢F

n,k,s

) =0in (t,,L). As F,, ;s can be chosen
independent of (k:, s) we write simply

Fn = Lnk,s-
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So we obtain F! = ¢/q in (t,, L) with some ¢ € C, and for t € (¢, 1m—1,tn1m) With
m € N one has

c
Fl(t) = ,
( ) (ap)n+m
t—tnime1 "l \ntk
) (ap)"tm o (ap)
m—1
(e« ()5
(ap)m+m ap -
In order to check if F, € H! ((tn, L), p~"q(t) dt) we again compute
bntm / n+m
A 2:/ [FA(8) 2 ()™t
n+m 1

n+m

_ ’c|2p—n Z:l €n+m(oép>—2(n+m)(ap)n+m _ 2 —-n Z ( ) ’

which is finite if and only if / < ap, and in that case

2 ¢ n+1 1
T 3 :|C|<) | 2.15
L Xy ) Ml (2.15)

Furthermore, in this case for t € (t,+m—1, tntm) With m € N one has

w1 (g)"

wuwﬁ=wﬁCT*“ml>+2u—%M%ﬁ(

2n+2m 2n+m+1 _ £
ap) ap) 1=
Z m
()
ap 11— P
therefore,
tntm 1 €3m+3n o En—H ai
/ F ( )’ dt = ’ ’2[ 2n+2m £2 i 2n+m+1 ( )f
tn+m—1 ( p) (ap) 1- ap
) m—1
pem(Ly )y
ap 11— a% ’
and

. 0 ntm tntm 2
1FllZ 0 2 mayany = 27" D_ (@)™ / ‘ at

m=1 thrmfl
m—1

n-+2m _ (L

‘CP 1 ﬁ n+m+ gz 1 (ap>
(Oép)n—&-l 1— £

Fu(t)

+ ety (LY (2 (‘i”)ewﬂ

24



is finite if and only if 3 < ap and apl < 1 (as one always has ¢ < 1). For what
follows we normalize F), s to have unit norm in H* ((tn, L), p~"q(t) dt): as follows
from ([2.15]), this means the choice

l
and then
a2z Jap—C [t —tnimo1 L0 \ntk
o= (3) R e B ).
=7 ¢ (ap)rtm kzl(ap) (2.16)
te (tn+m71,tn+m) with m € N.
Therefore,

— - 1
H717k78(T) + Hﬂllmlas(T) if and only if ¢/ < ap < 7

1
CUppslrn, {<ap< 7

Him,k,s (T> -
0, otherwise.

We summarize the preceding computations:

Lemma 2.7. One has H\(T) # {0} or, equivalently, HX(T) # H'(T), if and only
if

{<ap< 2 (2.17)

If this condition is satisfied, then the functions
brad = UradFrad and ¢p s = Up s Fn with e, € E and s € {1,...,p— 1}

with Fraq from (2.14) and F, from [2.16)) form an orthonormal basis in HX(T).

We remark that the criterion for HY(T) # H'(T) and, equivalently, for
H}(T) # H'(T), was already obtained in [30] (even for a more general configuration)
by different methods, but in our case it appears naturally as a by-result of the
construction of the orthonormal basis.

For subsequent constructions we will need the limits

F2 = lim Fog(t), FX:= lim F,(t). (2.18)
t—L—

" t—L—

As F,.q and F,, are increasing functions, we have

(2.19)




and, similarly,

% _ m n+k
F>* = lim F,(t,im) = lim p"(j) ap — ¢ Z <€) )

m—o00 m—00 Y = ap
Due to
i<€>n+k <£)n+1mz:1(€>k
= \ap)  \ap)  Z\ap
1 A"
o (€>n+1 B <Oép) m—oo (E)n-i—l ap
~\ap 1 i ap ap —/
ap
we obtain

o nfQ)\Z /ap—€<€)”+1 ap 14 (E)n
Fe = — — = — . 2.2
n =P (5) l ap ap — ap —{\« (2.20)

2.5 Abstract trace operator

Everywhere in this subsection we assume that

the inequalities (2.17]) are satisfied.

Now we construct the first version of the trace operator. We define
Z = {rad} U {(n,k,s) cenn€E se{l,....p— 1}}
and define
v:Z — {rad} UNy, v(rad):=rad, v(n,k,s):=n.
For numerical operations it will be useful to identify
rad := —1.

Recall that we have the orthogonal decomposition H'(T) = H(T) & HA(T) and
let P : HY(T) — HA(T) be the orthogonal projector. By Lemma , the map

©:*(2) 2 (a.) = > a.U.F, € HN(T)

z€Z

is unitary. Remark that the behavior of U,F, near the boundary of T is uniquely
quantified by z and the limiting values £, defined in (2.18). Therefore, it is
reasonable to consider the multiplication operator

M:(2) = (%), (az) = (p7 2 FLa.).
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The explicit expressions ([2.19)) and ([2.20]) show that the coefficients p_@FVOE’Z) are
strictly positive and uniformly bounded, therefore, the operator M is injective and
bounded. However, it is not surjective. Namely, for » > 0 introduce

2(2) = {(a:) € 2(2): (p"Pa.) € £(2)},

l(@)llee = || Pas)llee =2
Denote 1 ap 1 log ¢ — log a
~ S Y =2 gy ) 0
then
o) = ong— gp_"”(z) for all z € Z.

and it follows that M : (?(Z) — ¢%(Z) is a bounded bijective operator. This gives
the abstract trace operator

7= MO 'Px : H(T) — 2(2), (2.22)

which is a linear operator which is bounded and surjective by construction. Remark
that MO~ is injective, which shows that ker 7 = ker Po = H}(T). In addition we
extend 7 to H*(T): for any f € H'(T) set

fi=1f (2.23)
with any f € H'(T) such that f = f in T\ T" for some n € Ny.

Theorem 2.8. The abstract trace operator T : HY(T) — (2(Z) is well defined,
linear, bounded, surjective, with ker T = H}(T).

Proof. Let f € H(T) and f,§ € H'(T) such that f = f in T\ T" for some n € Ny
and f =g in T\ T™ for some m € Ny. Without loss of generality assume n < m,
then f =g in T\ T™, ie. f—g=0in T\ T™ This means that 7(f — §) = 0, i.e.
7f = 7. This shows that 7 is a well defined map.

Let ¢ : (0,L) = R be a C™ function such that ¢ = 0 in (0,3) and ¢ = 1 in
(3,L). For f € H'(T) the function [ : T > z + ¢(|z|)f (z) belongs to H'(T) and
coincides with f in T\ T so one has 7f = 7 f As f— f is linear, it follows that
the extended 7 is also linear.

To show the boundedness, it is sufficient to show the boundedness of the map

HYT)> f — f e HY(T). For any f € H'(T) one has the identities

J?o,o =of, .]?nk = fux for (n,k) # (0,0).
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This gives
(T S Y VAN P,

en,keE
= |f(l),o||%2(o,1) + Z (ap)n||ffz,k||%2(tn,1,tn)
enykEE
(n,k)#(0,0)

< IfoollZ2(0,1) + I1f Iz cm)s

and

||f6,0||%2(0,1) = ||90f(3,0 + SO/fO,OH%?(o,l) < 2||90f6,0||%2(0,1) + 2||90/f0,0||%2(0,1)
< 2llellZll o0l Z20.) + 201915 foollZ20.1)
< 2b]| fooll 0.1y with b= max{[loll%, l¢'l5},
so ome obtains 1712, . < 26l fosl3s o + £ ey < (25+ DIl 3, which gives
the result.
The map H'(T) > f — f € H'(T) is surjective, which shows that the range of

7 is the same as before.

If f € HJ(T), then there exist f, € H}(T) with JAECR f Then f, € H(T)
with f, HD, f,sofe ﬁ&(T) and 7f =7f = 0.

On the other hand, if 7f = 0, then 7f = 0 and f € ﬁé(']l‘) Then there exist
gn € HNT) with g, KON f. The function g : T 3 z — (1 - g0(|x]))f(ac) is
supported in TY and, hence, it belongs to H!(T). Therefore, g + g, € H}(T) with

HY(T) r3 1
g+gn—>g+f:f7S0fEHc(T) u

The above definition of 7 is involved due to the application of the orthogonal
projector and the expansion into an orthonormal basis. Let us show that it can be
recovered using more elementary operations.

Lemma 2.9. One has continuous embeddings
H'((0, L), q(t) dt) = C°([0, L]),
H' ((tn, L), p™"q(t) dt) — C%[tn, L)) for any n € Ny,
where the right-hand sides are endowed with || - || -

Proof. The continuity inside the respective intervals is clear due to the one-
dimensional Sobolev theorem, and it remains to establish norm estimates. Let

fe ﬁl((o, L), q(t) dt) and ¢ € (0, L), then

< ([l
) <[

2

—</or
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. . . 2 .
The second factor on the right-hand side is || f[|%, (O.L)a(t)dt) while

o0

[ oS (L) —aem

=0 n=0

Ast € (0, L) was arbitrary, this yields || flloc < vallfll 71 (0.1) g0 a0
If fe ﬁl((tn, L),p~"q(t) dt) with some n € Ny, then its extension to (0, L) by
zero f belongs to f € H* ((O, L), q(t) dt), and one uses the first part of the proof. [J

Lemma 2.10. Let 7' : HY(T) — (*(Z) be a bounded linear map such that
(a) T'f =0 for any f € HY(T),
(b) for any F € H* ((O,L),q(t) dt) one has

limy ,;- F(t), =z=rad,

(TIUradF)z = {

0, otherwise,

(¢) for any A € Z\ {rad} and any F € H' ((tu(,\), L), p7"WMq(t) dt) one has

hmt_)L— F(t), z = )\,
0, otherwise,

(T'"U\F), = p_%A) {

then 7" = 7. Moreover, these properties are satisfied by 7.

Proof. We first remark that the limits on the right-hand sides of (b) and (c) are
well-defined by Lemma [2.9} for (b) one uses the fact that F' coincides with some
function F € H' ((O, L), q(t) dt) in (3, L).

(i) The boundedness of 7" and the condition (a) give H(T) C ker7’. For any
A,z € Z we have

_v()

1imt~>L‘ FV()\) (t)p 2, 2= /\7

(T,¢A)z = (T/U)\Fu()\))z - {

0, otherwise.

— {Fz(/)(o)\)py(;)? = )\7

0, otherwise.

On the other side, by definition we have (©71¢,), = 0. (where d, , are the usual
Kronecker symbols) and, therefore,

_r)

0, otherwise,
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which coincides with 7/¢,. As the linear span of H}(T) and (¢))xez is dense in
HY(T) and 7’ is bounded, it follows that 7/ = 7 on H'(T).

(ii) Let ¢ : (0, L) — R be a C* function such that ¢ =0 in (0,3) a
(2,L). For f € HY(T) consider f: T >z = o(|z|)f(x) € H(T). A
T\ T° we have f — f € H(T), and

'f @ T/fg Tf Tf.
(iii) It remains to check that 7 satisfies the three properties. Remark that (a)

) and ¢
s f— f=

holds by construction. Let F' be as in (b), then one can represent F' := cFl.q + G
with ¢ € C and lim;_,;- G(t) = 0. By linearity we have

(TUradF)z = 7—(C(]raLdP;raLd + UradG)
CF30raaz + TUraaG = ( im F(£))draaz + 7UraaG-

t—L—

Therefore, to show (b) it is sufficient to show that 7U,,qG = 0. For that we take
@ € C(R) such that 0 < ¢ <1, with p(t) =1 for t <0 and p(t) =0 for t > 1,
and for n € N consider the functions
Op L gp(t _Z" 1), G = p,G € Hcl((O,L),q(t) dt).

As for any n there holds 7U,.q4G, = 0, it is sufficient to show that G,, — G in
Hl((O, L),q(t) dt) as n — 0o

The dominated convergence implies G, — G in L2<(0,L),q(t) dt) as n —
co. We have G, = ¢/G + ¢,G’ and the second summand converges to G’ in
Lz((O, L), q(t) dt) as n — oo. It remains to check ¢/,G — 0 in Lz((O7 L), q(t) dt) for
n — oo. We have

1 t—t,.
(G0 = 5 (= )Gl
and the function vanishes outside (¢,_1,t,) C (t,_1, L). If follows that

' lloe [£
10, GlZ2((0.L).q0 at) < 7on |G(t)[*q(t) dt.

tn—1

As G vanishes at L, for all t € (t,,-1, L) we have

/tLG’(s)ds - /t G'(s)

< [M16 Pt /L(S)<:\ faas [ 5

and we obtain

GH)* =

L
100,G 2 ((0.0).q(0) at) < Cn/t |G'(t)[*q(s) ds, (2.24)
n—1

[/l (= ds rE
C, = / ds.
€2n o1 Q(S) _— (](8) S
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In order to show the sought convergence it suffices to show that C), remain bounded
for large n. For that, using the explicit expression of ¢ and the relations (2.17)) we
compute

/tnL—l q((i; /tnL—l dle)ds = k:i::l(fap)k ‘ k:o:l <Ci7)k

= (bap)" (1 éap)l(oij)n_l (1 - oi))l
= (>2(1 mp)*l(1 - of;)_l’

which gives

S Ll ST A

i.e. C,, are independent of n. This concludes the proof of (b) for 7, and the property
(c) is proved in the same way. O

We complement the preceding observations by the following approximation re-
sult, which will be useful for the geometric interpretation of the embedded trace:

Lemma 2.11. For f € HY(T) and N € N let fx be the extension of flr~v by
constants, 1i.e.

f(x), r e TV,
f(XNJ(), X € TN,K, K e {0, .. ,pN — 1}

then fy 2= f in HY(T), in particular, Tf = Nmy_yee 7fn in (2(2).

Proof. Due to the one-dimensional Sobolev inequality for any N € N one can find
some By > 0 such that |f(Xyx)| < Byl fllarr) for any f € H'(T) and any
K €{0,...,pN —1}. We have

pN—1

2
W lecny = 1 Baemy + 3 [F )| [ 1dm,
K=0 TN, Kk

while
p—1 oo pt-1 . 00 " ©-17)
/ Ldp=> > > (a)"=p > (pal)" =: sy 0.
Tnx j=0n=N+1 k=0 n=N+1

It follows that
1N llZeemy < I FZ2ny + 2 Brsw | fll 3 < oo,
i.e. fx € L*(T) for any N. At the same time,

! n <N,

(fjlv)n,k = { wh

0, otherwise.
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In particular, | fy,| < |f'[, which yields || fy|lr2er) < || f]l22¢ry and fy € HY(T). In
addition,
N—00
Iy = Fllzzey = 1 2y — 0. (2.25)

Now let C' > 0 be the constant from the Poincaré inequality (2.5). By construction
one has fy — f € H'(T), therefore, due to (2.25),

N—oo
1fx = fllzzry < Cllfy = flle2m —— 0,

which concludes the proof. n

3 Approximation spaces

3.1 Excursus about Sobolev spaces

Let us briefly recall various definitions and basic facts related to fractional Sobolev
spaces H® with s € (0,1) on open sets and manifolds.

Let 2 C R? be a non-empty open subset and k € Ny, then the kth Sobolev space
H*(Q) is defined as

HYQ) = {f € L*(Q): 0°f € L*(Q) for all @ € Nf with |a] <k},
which is a Hilbert space if equipped with the scalar product

<f7 9>Hk(Q) = Z (aaf; aCYQ)L?(Q)-

o <k

For 2 = R? we obtain an equivalent definition via the Fourier transform. Namely
for s € [0, 00) define the sth Sobolev space by

HRY) = {f € LAR?): (§)°f € LA(RY)} with (&) := /1 + [¢]2,

where f is the Fourier tranform of f, which becomes a Hilbert space if equipped
with the norm

() s marn = (€ F46°9) 1y g

For s € Ny the two above definitions of H*(R?) coincide and the two norms are
equivalent.

Let Q C R? be a bounded non-empty open subset and s € (0,1), then the
sth Sobolev space on H*(2) is defined as the space of the restrictions on € of the
functions from H*(R?) with the quotient norm

/1

Hs(Q)x — inf _f Hg| Hs(Rd)-

geH*(R?), gla
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We will need various equivalent characterizations of these spaces as well as several
equivalent norms. Recall that €2 is said to be with Lipschitz boundary if for any
p € 0f) there exist € > 0, a > 0, a Lipschitz function A defined on the open ball
B.(0) € R4 with h(0) = 0 and |h(y1,...,ys-1)| < a for all (y,...,y4-1) € B:(0),
and Cartesian coordinates (y, ..., ¥,) centered at p such that

Qn {(yl, o ya) s (s yas1) € Be(0), |yal < Za}
= {(yl,...,yd) (Y1, Yas1) € Be(0), h(y1, -y Yae1) < ya < Qa}.

The first reformulation comes from the interpolation theory, see [56, Chapter 34].
Let X and Y be normalized spaces with X C Y and s € (0,1). Choose any b > 1
and for f € Y and ¢t > 0 define

K(ft) = inf (If = glly +tllglix ).

| | (3.1)
F? = (F*)jeny with F} =V K(f,b77),
then the interpolated space [Y, X]; is defined by
Y, Xl = {f €Y fl}x, = IF13 + |1 F % < oo}, (3.2)
and for any 0 < s < s’ <1 one has
HY Q) = [L*(Q), H ()] (3.3)

|

with an equivalence of the associated norms, see [16, Theorem 3.5.1]
If Q has Lipschitz boundary, then

H*(Q) = {f € L*(Q) : [fﬁ]s(m = /QXQ dedy < oo}, (3.4)

while the semi-norms f +— ||F*||,2 and [-]|gsq) are equivalent, see [56, Chapter 36].

Another group of equivalent characterizations comes from the theory of Besov
spaces, which we discuss following |16, Chapter 3]. For f € L?(Q) define its modulus
of smoothness by

w(f,t) == sup ||f(-+h) — f

|p|<t

L2, t>0, Q:=QN((Q+h). (3.5)

For s € (0,1) one defines the Besov seminorm [f]g s of f by
1 o dt
= [ £ 2u(f,02
0 t
then the Besov space Bj,(€2) is defined by

By,(Q) = {f e 19 : |If

By, = 152 + [flh, < oo}
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Let b > 1, then the substition ¢ := b~" gives
! —2s 2 de o 2sx —x\2
/ R = (logb)/ P ( f,b=")? de
0 0
and using the monotonicity of w(f,¢) in ¢ we obtain the inequalities
1 & sj —7 - sJ —j— .- g+l sx —x
672)62 Tw(f,p)* < 262 Tw(f, b1 < z/ Bw(f, b2 de
j: :
<zb2w+1 (10 <3 5l 07,

which shows that the seminorm

fre (3.6)

bIw(f,b7)],

is equivalent to the above Besov seminorm. If, in addition, the set € has Lipschitz
boundary, then

B3,(Q) = [LX(Q), H'(Q)] = H*(Q),
and the seminorms f +— [[b¥w(f,b77)| 2 and [f]ps() are equivalent.

We summarize the above considerations as follows:

Proposition 3.1. Let Q C R? be a non-empty bounded open subset with Lipschitz
boundary, 0 < s < s’ < 1. For f € L*(Q) define

W? = (W§)j€Na FS’S, = (FJ§7SI)jEN7
Wy = piu(f.pa), By = p K (),
Ko(f.t) = inf (I = gl + gl o))
gEH® (Q)

then || ||z2 +[1ns given by B-A) and f = [|f |2+ W*lle and [ = | fllz2+ [ F>||e2
are equivalent norms on H*(€2).

Remark that the definitions of W7 and Fjs’sl correspond to the choice b := pé in
and b:=0:= p%' in , respectively.

Flnally, recall that if Q is bounded with Lipschitz boundary and 0 < s < =, then
C°(9) is dense in H*(Q2), see e.g. Eq. (2.220) in [44].

3.2 Multiscale decompositions

Let © C R be a non-empty bounded open subset. OQur next aim is to decompose
in a very special (but still quite natural) way. We adapt the construction proposed
in [42] for p = 2, which is in turn a geometric realization of the approximation spaces
used in the wavelet analysis, see e.g. |16, Chapter 2] or |43, Chapter 2].

.....

of non-empty subsets of €2 such that
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(A1) Qo0 =19,
(A2) for any n € Ny the sets €, 0, ..., m_1 are mutually disjoint,

(A3) for any n € Ny and £k =0,...,p" — 1 one has

p—1

Quit sy C Qg for any j € {0,....p— 1}, \Qn,k\ U Quripiss
=0

=0.

The above conditions can be viewed as an hierarchical decomposition procedure:
one sets Qo = 2, and if for some n all €2, are already constructed, then one
decomposes each €, (up to zero measure sets) into p disjoint pieces 2,41 pit,
j €{0,...,p—1}. In order to have a control of the size of {2, ; we introduce further
classes of conditions.

A decomposition (€2, ) is weakly balanced if

(A4) there is Cy > 1 such that

1Y
—— < Q] <C
Cop”_| k| < Co

for all n € Ny and k € {0,...,p" — 1},

2]

pn

and is strongly balanced if it satisfies the stronger condition

Q
(A4*) |Qpk| = 2] for all n € Ny and k € {0,...,p" — 1}.

.
Finally, a decomposition (€2, ) is called regular if it satisfes the following two con-
ditions:

(A5) there exists ¢; > 0 such that for all n € Ny and k € {0,...,p" — 1} one has

diam Q, < ¢1p™ 4,

(A6) there exists ¢, > 0 such that for all h € R4, n € Ny and k € {0,...,p" — 1}
one has e
_n(d-1

Qi \ (e + h)| < ealblp

Very roughly, the last two conditions say that the shape of {2, ;, cannot become “too
complicated” for large n. For the rest of the subsection we assume that:

Q c R? is a bounded open set with Lipschitz
boundary which admits a regular weakly balanced (3.7)
p-multiscale decomposition O := (£,,x).

This covers a large class of {2: we refer to Section [o|for a more detailed discussion.
We are going to establish further properties of O.
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Lemma 3.2. Under the assumption (3.7)) there holds

K = sup #{j s dist (2,5, Q) < p‘g} < 00.
(nk)
Proof. Let us pick some (n,k). Recall that by assumption (A5) we have the in-
equality diam €2, ; < ¢;p~4 for all j. Now let j be such that dist(Q, , Qnx) < p~d,
then there exist x, ; € Q,; and @, € Q) with |2, ; — Tp k| < 2p~i. It follows that
for any x € 2, ; one has the inequalities

al3

|z — Tpi] < |x— x| + |0 — Tpp| < diamQ,, ; + op~d < (c1 +2)p d,

which shows the inclusion §,; C B(C1+2)p,%(xn7k). Using |Q,.;] > CytQp~™, the

number of possible j’s is bounded from above by the number

N
‘B(c1+2)p*%(x"7’“)‘ __Cor? ((Cl +2)p7) _ Cor? (e +2)¢ O
Co Qlp= rE+1) 19k rE+1) 19
For n € Ny define
V, :=spani1 ck=0,...,p" =1} C L}(Q),
pan {1a, , - 1p L) -

P, := the orthogonal projector on Vj, in L?(€2);

in other words,

p"—l 1
P.f= / dz1g ..
/ kz:;) D] S ! o

Due to the assumption (A3) for any n we have

p—1
lo,, = Z Lot phys 3-€1s
§=0

which shows that (V},)nen, is a strictly increasing sequence of closed subspaces. We
will be interested in approximating arbitrary f by P, f with large n.

Lemma 3.3. For any f € L*(Q) one has f = lim, o P, f.

Proof. This is an adaptation of [42, Lemma 4.5].

(i) Let g € C%(Q2) and ¢ > 0. As g is uniformly continuous on ), one can find
some 0 > 0 such that |g(z) — g(y)| < ¢ for all z,y € Q with |z —y| < 4. By (A5)
one can find some N € N such that diam €2, < ¢ for all n > N and all k. Now let
n > N and pick z,, ; € Q,x, then for any x € Q,; there holds ’g(x) — g(xnk)’ <e.

Therefore,
pr—1

19 = gnlloe < € for g, := > g(xar)la,, € Va,
k=0
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which yields lg— Pogllze) < lg—gallz2@) < l9—gal%y/19 < =/10 for alln > N.

This shows that ||g — Pog||z2) —— 0 for any g € C°(9).

(ii) Let f € L*(Q). Let € > 0, then there exists g € C°(Q) with || f — g|r2(q) < &
By (i) there is N € N such that ||g — P,g[/2(0) < € for all n > N. Then for all
n > N one has

If = Pafllez) < I = 9llez@) + lg = Pagllrz@) + [1Palg = 2
< 2[|f = gllz2@) + lg = Fagllrze) < 3e,
which shows the claim. O

We now introduce the approximation spaces A”({2) consisting of the functions

f € L*(Q) such that the speed of convergence in Lemma can be controlled in

some special way. The construction is standard, see e.g. [16, Sec. 3.5], but we need
to recall the precise role of various parameters.

Definition 3.4. Let r > 0. For f € L*(Q) set
5 = (£n>nENoa fn = p% diStLQ(Q)(fa Vn) = p% ||f - PanL?(Q)
Then the approximation space A"(£2) and its norm are defined by
AQ) = {feL2(Q): €€}, flh = NP + IEla (39)
Remark that
11 = 1 Pof 22y + 1ol = 1PofllZ2) + I1f — Poflliz@) = £ 172

We stress that the space A"(£2) depends on the decomposition (2, ), but it is
not reflected in the notation.

For what follows it will be useful to work with another equivalent norm on A" ().
Using the spaces V,, from (3.8)), for any n € Ny we introduce

Vo, n =0,
U, = (3.10)
V,NnVEt, n>1

n

By construction this gives the orthogonal decomposition L*(2) = @9, U,, the
orthogonal projector @),, on U, is given by

Qn — P07 n= 07
Pn — Pn—h n Z 1,
and for each n € Ny and f € L?(Q2) we have
k=0 k=n+1
while the summands on the right-hand side are mutually orthogonal. The following

result is a particular case of [16, Thm. 3.5.3], but we include it for the sake of
completeness.
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Lemma 3.5. Let r > 0. For f € L*(Q) set

C = (Cn)neNm Cn = p%”anHLQ(Q)

Then || - | ar) and f = ||C|le are equivalent norms on A™(Q).

Proof. Recall that by definition there holds
I v = 1907 I+ 32 1 = Puflfnap™¥-
We have
11 = 1Qof ae + i 1Qu o™

Q0 s+ 3= 1 = Paca ™

= 19 a0y + 1% 311 = Puf o™

< % (1Qu I + i I = Po s ) = 951 oy
At the same time,

11 @) = 1Qof 172 + D IIf = PuflZ2@p®
n=0

B11) x = nr
B 00 2oy + 3 S 1QuF (2

n=0 k=n+1

(e%S) k—1
= QoS 720 + 2 NQuflF2iy D P*T
k=1 n=0

2 - 2 PQ%T —1
= Qo2 + 2 NQrfllie 35—
k=1 pra—1
1 ke
< |Qof 122y + e Y0P Qrfl7
-

[e.9]

k

1 kr 1

< max (1, ) S P ¥ Qe ey = max (1, 5 Il O
pda—1/,3 p“d —1

5
3

3.3 Relating approximation spaces to Sobolev spaces

Now we are going to compare the above equivalent norms on A"(2) with suitable
Sobolev norms. All results of this section are suitable adaptations of respective
results from [42, Sec. 4] for p = 2 and for slightly different definitions of multiscale
decompositions and the spaces A".

Recall that the seminorm [-|ys was defined in ({3.4)).
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Lemma 3.6. For any 0 < s < 1 there exists B > 0 such that for any n € Ny and

ns

f e H*(Q) there holds || f — Puf|lr2) < Bp™ @ [flus(o)-

Proof. Let n € Ny and k € {0,...,p" — 1}. Recall that P, f is piecewise constant,

1
N p——— O
f(z) ] o, f(y)dy as x € Qpy,

Using Cauchy-Schwarz inequality we estimate

/Qn,k

1
@) =g ) W

Qn,k
1

2
1
< i, /
- /an ‘ka’Q | 7k| O

o o 1@ = s aray

For all z,y € Q, with 2 # y one has |z — y| < diam 2, x, which gives

‘[]n,k

2
dz

f@) = Puf@)[ da = |

f(@) ~ f)[ dydz

flx) = Pof(z)| do <

2
’ dz dy

(diam €, ;)42 ’f(f) - f(y)‘2
‘//Q,kaﬂn,k

[ |z —y[ T2

_ (diam Q)02

Recall due to the choice of €, ; (see Subsection and (A4) we have

diam Q,, ,,)¥+2 n Q
( lam ,k) < Clp_g7 |an| > |7|n7
|Qn,k| Cop
therefore,
(diam Qn,k>d+28 - C'O(Clp_%)d—"%pn _ Bp*z%7 5. Cocil+2s
L _2sm
resulting in ||f — Pull72q, ) < Bp~ ¢ [fli(q, ). Then
pr—1
If = Pufllize = D2 If = Pufliz,)
k=0
2ns br—1 2 ns
<Bp & Y i@ < B~ 7 | flla=0)- O
k=0

This allows one to show the first embedding result:

Theorem 3.7. Assume (3.7)), then H*(Q2) — A™(Q) for any 0 <r < s < 1.
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Proof. We equip H*(2) with the interpolation norm (Proposition

0<s<s <1.

is _as’ ()12
11 = 1 Fey + [ Ko (£,7°7) |

Let f € L*(Q). As P; are orthogonal projections, for any j € Ny and any g €
H(Q) C L*(Q) one has

If = Pifllza@) < IIf = Piglirae) < I = gl + lg = Piglle@

Using Lemma to estimate the last summand we conclude that one can choose
some C' > 1 such that

1f = Pif ez < I1F — gllzzc@) + O % |lgll v oy for all j € No,

which immediately gives

If = Pifllr2 < CKy(f, b_%) (3.12)
Now let f € H*(2), then
11y = [ Pof 122y + iop%"nf P
e HEYS (PR Wl A
= OISl + S K75 )
use r < s < C’(HfH%Q(Q) + Z()p?KS/<f,p;)2>

s’(f7_% )

2
= C(I1f 320y o) = Clf e O

In order to obtain embedding results in the other direction more work is needed.
Recall that the modulus of smoothness w(f,t) was defined in (3.5)).

Lemma 3.8. There exists C' > 2 such that for all n € Ny, t > 0 and f € V,, there
holds w(f,t) < Cp3at | f]|12(q)

Proof. Consider first the case t € (0,p~4) for some n € Ny. Let f € V,,, then

pr—1

f = Z fn:jﬂgn,j7 fn7] E (C7
j=0
pr—1 |Q| pr—1

1£1Z2 () = Z | frl 1] = Z | fril®, (3.13)
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where we used (A4) in the last step. Recall that by (A6) for any (n, k) there holds

n(d—1)

[ \ (s = B)| = [T, — To, 0, Selblp™ 7, heR!,  (3.14)

and by Lemma [3.2] for some K > 0 we have
#{j : dist(Qj, Qi) <p 4} < K for any (n, k). (3.15)

Remark that f(y) = f.x for any y € Q,, . In particular, if z € Q,, and 2+h € Q, 4,
then f(z 4+ h) = f(x). It follows that for any = € Q, ; one has

@+ h) = f(2)| = Lo, (z +h) = Ta, ()| - |f(z + h) = f(2)

3.16
= Lo, ,(2) = Lo, (2)| - | f(z + ) = f(2)|. 10

Now let h € R? with |h| < t. Then for any = € €, ), we estimate

9 p"—1 2
fa+h) = f@] =X faslo.,@+h) = fur
j=0
pt—1
< (1fuil + X sl (@ + 1)
j=0

<(furl+ X 1fl)

J: dist(Qn, 5,0, 1) <|h|

<(fusl+ X 1l)

jl diSt(Qn’j,QnJg)Sp d

use (3.15)) and Cauchy-Schwarz:
<KDl + X sl

Jrdist(Qn, 5, k) <p

als

Using this inequality on the right-hand side of (3.16)) we obtain

/Qn,k

2
fla+h) = f(2)| de < (K + DL, — Lo, 1@,

Y (YR SR

Jidist(Q Qi) <p” 4

_n(d-1)
we @I < (K + el (1Ll + X hl):

Jidist(Q Qi) <p” 4
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By summing over all & we arrive at

flx+h)— f(x)| de

/Q‘f(x—i-h) (x) dx—pZ/ ‘2

n

_n@-n ?
< (K +1)eo|h|p= "7 Z(|fn,k|2+ > Ifn,jl2)

k=0 J: dist(Qy 5,20 1) <p

n
d

use (3.15): < (K + 1)202\h|p‘n<d§1)

_n@-1) Cyp"
use (3.13): < (K +1)%cy|hlp 4 0] ||f||%2(9)
n Coca
< *pi Al ||f||%2(9)a c:=(K+1) Q-

The last estimate holds for all h with |h| < ¢, which yields

n

w(f,t) < epii 2 || f|22q for all t € (0,p7 7).

For t > p~i we simply estimate w(t, f) < 2||f|12(q) < 2p2a t2 | fll2(2y and obtain
the claim by taking C':= max(2,c). ]

Theorem 3.9. Let (3.7) be satisfied, then for any 0 < s < % and s < r one has
AT(Q) — H*(Q).

Proof. We equip H*(2) with the Besov norm

2

i _1
15 = 11 Fay + [T w70,

and recall that for any ¢ > 0 the modulus of smoothness w( f, t) satisfies the triangle
inequalty with respect to f. For each j we have

Z Quf + (f = Pif),

j .
Z (Qr,p™ %) +w(f — Pif,p~ 7).
Remark that Qrf € Vi, so by Lemma we estimate with some C' > 2

w(Qp,p 1) < Cpfkdi%HQkaL?(Q): w(f — Pif,p 1) <O\ f — Pifllzz

In addition, for £ > 1 we have P,P,_1 = Pj,_1, therefore,

1Qkfll2) = |1 Pef — Poo1fll2) = 1Pe(f — Poo1/) 2 < If = Peer fll 2
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and then (recall that Qg = Pp)
w(f,p~ 1) < Cp 2| Pofl| 120
J k7
+C Y pr || f — Paflle) + Cllf — Piflle
k=1
= Cp 2 || Py f 120y

J—1 ,
1 k3
+Cp2a Yy p2 || f — Pflliz) + Cllf — Pifllizo

k=0

. i .
_J kg
< Bp 3 ||Pof| 120y + B Y p2a 2| f — Pifll 120
k=0

with B := C’pﬁ > (. It follows that for any j one has
pTw(f.p ) < B(F) + ) (3.17)
with sequences I’ := (F) and F := (Fj) given by
Fj o= 45| Pofll @) = 9 24| Pof 120

o] i
o kg
Fji=pd Y p2 || f — Pufllr2.
k=0

Due to s < % we have

1F' % = S |F? = al| Pof|2aiq) with a := 3 p?6~ 91 < 0.
Jj=0 j=0

In order to control F; we represent it as

2
I
[~
3
alé
+
N
|
g‘i‘kn
|
a2
=3
a2
=
|
.
=
=~
AN
=

and arrive at

j e
Fy < S pC T p || f — Pof[l2e). (3.18)
k=0
Define « := (aj)jez and 3 := ﬁj)jez by
Oa .7 < 07 6 07 j < 07
a] = 1y ] j = rj .
pe=2a, >0, pillf = Pifllrz@, 720,
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then (3.18) takes the form F; < (a*/3); for any j € Ny, with * being the convolution
product. Using Young’s convolution inequality we obtain

[Flle < [la* Bllee@) < llalla@l|Blle
Then it follows by (3.17)) that

/]

sj j 2
3= |ptwlr,o )|, < 2BIF e + 2B F|1%
< 2Ba|| Pof 1220y + 2Bllellfuz) 1 81l72 2y -

Recall that || PofI720) + 1181 %) = I1f1I%- ), therefore,

/]

By combining Theorems [3.7] and [3.9] we obtain the following result.

2. < 2B max(a, |’Oé||?1(z))‘|fHA'r(Q) for all f € A"(Q). O

Corollary 3.10. Under the assumption (3.7) there holds

AT(Q) = H'(Q) for 0 < r < ;

3.4 Extension to open sets in manifolds

Let (S, g) be an d-dimensional Riemannian manifold of bounded geometry. For the
construction of Sobolev spaces H*(S) with s > 0 we refer to [23]. Let Q2 C S be a
non-empty open set such that Q@ C S is compact (the case Q = S is possible, if S
itself is compact). The Sobolev space H*(Q2) on € is then defined as the space of
the restrictions on € of the functions from H?*(S) with the quotient norm

Hs(Q),x —

/]

NPl

inf
FeH:(S), Flg
It follows from the general construction of Sobolev spaces that:
o for any open g C 2 the linear map H*(2) > f — f|o, € H*(Qp) is bounded.

o if for some local chart ® : R 5 O — O C S one has Q C O, then the map
[+ fo® is an isomorphism between H*(Q) and H*(Q), with Q := &~1(Q) C
R,

,,,,,

decomposition of €, if the following conditions hold:
(Bl) 9070 = Q,

B2) for any n € Ny the sets 2,0, ...,Q,,»_1 are mutually disjoint,
b 7p
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(B3) for any n € Ny and k =0,...,p" — 1 one has

p—1

Qn,k \ U Qn+1,pk+j

=0

Qi1 pktj C Qny for any j € {0,...,p— 1}, = 0.

This decomposition is called reqular and weakly balanced if it satisfies additionally:

(B4) For some is N € Ny each Oy x with K € {0,...,p" — 1} is covered by a local
chart @y x on S such that the sets

QN,K = (I)]_V}K(QN,K)
are bounded open sets with Lipschitz boundaries in RY,
(B5) for each K € {0,...,p" — 1} the sets
nykK = QN+n,an+k7 neNy, ke{0,....p"—1},
form a reqular weakly balanced p-multiscale decomposition of Q N.K >
and it is called regular and strongly balanced if one has in addition, for N from (B4),
(B6) |Qnx|=pNQ| forall K € {0,...,p" — 1},
(B7) for each K € {0,...,p" — 1} the sets
QQIICK = QNJFn,anJrk., neNy, ke{0,....p"—1},
form a reqular strongly balanced p-multiscale decomposition of Q NK-

For the rest of the subsection we assume that:

) C S is an open set with compact closure which admits
a regular weakly balanced p-multiscale decomposition (3.19)
(Qn,k)
and let N and €, be as in (B4)-(B5). Then the sets
Qi:{}f( = QN+n,p"K+k7 n e NO, k S {0, e ,pn - ]_}, (320)
form a regular balanced multiscale decomposition of Qu x for K € {0,...,p" —1}.

In addition, the decomposition (€2, %) gives rise to the projectors P, and the spaces
V,, and A"(2) defined in the same way as in the Euclidean case: for n € Ny define

V,, := span {ILQM ck=0,...,p" — 1} C L*(9Q),
Vo, n =0,
U, =
Vo,nVLi n>1. (3.21)
P, := the orthogonal projector on V,, in L*(€),
@, := the orthogonal projector on U, in L*(12).

Remark that Lemmas and are transferred directly to this new setting. We
establish several additional properties of the spaces A"(£2).
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Lemma 3.11. Let A"(Qy, K) be the approximation spaces associated with the de-
compositions ( ) from then for any r > 0 and N € N the map

pt—1
J: AQ) 3 f = (fox)keo,.pm-13 € D A (Ovik), v = flows
K—=0

is an isomorphism.

Proof. For f € L*(Q) denote

Qp g 1= dvol,,
K |an|/ f g

then

QNK| / e V0l = @
For n € Ny let PV'K be the orthogonal projector on
VK —span{ ke A{0,. ..,p"—l}} C L*(Qvk)

in L2<QN,K)7 then

p"—1

PTJLV’KfN,K: Z QNKl /NK [ dvolg HQ
k=0
—1

= Z aN+n,an+leN+n,an+k .

k=0
At the same time,
pN+n_1 pN_lpn_l
PN+nf = Z O‘n,j]]-Qn,j = Z Z AN fnprK+k ]]-QN+n7an+k
7=0 K=0 k=0
N_1
= Z (PrAiV’KfNK)]lQNK7
K=0
pN -1
f = fN,K 19]\7}(7
K=0
pN—1
f PN+nf: Z(fN,K_P fNK)I]'QNK
K=0

As the summands in the last sum have disjoint supports, they are orthogonal in
L*(9), and
pN-1

||f — PN_HZfH%z(Q) - Z ”fN,K - P?’]LV’KfN,K||2' (3'22)
K=
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For any » > 0 we have

oo p N-1 oo
dorrelf - PN+anL2(Q) 2 Z S| fue — PR fy?
n=0 K=0 n=0

o (3.23)
= > Ikl @ -
K=0
Therefore, if f € A™(Q), then
pN-1

B23) = nr
1JfII? = Z vy e = 2P = Pyinfllagq)

n=0

_oNr > nr Nr nr
=p i sz If = Pufllizq <p > zp2 1f = Pufll320)

_2N'r

= Hf”AT

which shows that .J is bounded, and it is clearly injective. For any fy x € A"(Qn k)
the function
V-1

f = Z fN,K ILQN,K
K=0

belongs to L*(Q2), and
11 @) ZPQMHf o720

= prllf PllZaa) + 177 Zp TN f = PyrallZzg)

n=0
p—l

N—1
nr N'r
use (B.23): = > p* 7 |f — Pulliz@ + 1" 7 Z 13, 1 )
n=0

which shows that f € A"(£2). Therefore, J is surjective as well, and it follows by
the closed graph theorem that J is an isomorphism. O]

Lemma 3.12. Assume that (B4) holds with N = 0, i.e. there exists a local chart
d:RED O OC S such that @ C O and the sets an = 0 Q) form a
reqular weakly balanced p-multiscale decomposition of Q= O~1(Q). Consider the
associated spaces AT(Q), then for any 0 < r < 1 the map

AQ)> frs f:=fode A(Q)
s an isomorphism.

Proof. Recall that there exists ¢; > 0 such that
diam Q,,, < é&p~ 4 for all n € Ny and k € {0,...,p" —1}. (3.24)
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For a function f defined on €2 and the function f := f o ® defined on Q one has

/ f(y) dvoly( / flu
Jo(u) = \/det (Q<I> (aj‘b(U% akq)(“))) .

and there exist by, by > 0 such that b < Jg(u) < by for all u € Q. Tt follows that
the map © : f — f defines an isomorphism between L?*(Q2) and L?(12),

(3.25)

bllO a5 < 10F 1) < bollOFI

2
12 (@) for all f € L*(Q),

in particular,

by | ie] < Q] < b2|Qie] for all (n, k). (3.26)
For n € Ny let P, denote the orthogonal projector in LQ(Q) on the subspace

V, = span{ﬂﬁn’k ke{0,...,p" — 1}},

then
P.f = Z|an|/ F(y) dvol, (y),

p"—1

use (3.25): OP,f(y) = (Pnf>(q)<y)> = Z

=0

|an|/nkf u)Jo(u)dulg |, ()

P.Of(y)

Pof(y) = u)duly (y).

p—l
k 0 |an| ”k

Therefore,

(0P.f - POf)( Z/ Flu (IQ k)| ! )duﬂﬁmk(y). (3.27)

| n,k|

As Jg is a smooth function on a neighborhood of the closure of Q, it is a Lipschitz
function, and one finds some a > 0 with

| Jo(u) — Jo(u)| < alu — | for all u,u’ € Q.
Pick any u,; € an and denote J, ; := Jo(Unx), then for any u € an there holds

| Ja (1) = Jnl = [Jo(uw) = Jo(unk)|

~
<alu—upgl <adiamQ,, < ap 4, a:=ac.

a3

We have

19nal = Jusdosl[ = | [ (o) = Jus) ]

Y
Qn,k

Jé(y) - Jn,k’ dy S ap_%|g~2n,lc|y
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and we can find a,; € [—a,a] such that |, x| = ( ikt Qo kD E)|§~2n7k|. Then for

any u € an we have

Jo(u) 1| [ Ja(w)[Qnk] = [kl
il Q] [ ]|
B ‘(JCI><U) —Jnk — an,kp_%> |
- |mu@m|
< @t lanel)p™@ €28 bp7 20
1 | 12, k| by

It follows from ([3.27)) that

©rf - Ponw| <Y 2

k0|Qk’ Qe

(w)|dulg ()=t~ (P.6If]) ().

It follows that
|1OP,f — P@f||2 ~ <b2 ~a

Lm) (3.28)
2 | _2n '
<vp el @) S by || fl72@)-

Now let f € A"(Q), then
rs D £l2 — B 2
|F = Puflg = OF = POSIE, 5
- H Of — OP.f) + (OP.f — P.of)| @
<20(f = Puf)l o, + 2110P.f — P,Of|2,
use (3.26) and (3.28): < 2b7'||f — PfHLz —{—262b1 P dHfHng),
1Pof 1122 = 10012, ) = IOFf — (O f — RO )}
<2(6Rf2, 5 T2lenf - Pof|?
use and (3.28): < 2by 1|\P0f|]L2 +26%07 | fll z2 (0

Therefore,

L2(Q)

L2(Q)

||f||2r(§) = ||ﬁ0f||i2(§) + ZPQ%“f - ﬁnf”fy(ﬁ)

gm(uwm + 3P - Poflf )

=1 1r o
2b2p-1( 1 - 21 (r—1) 2
+ 1 +>p £ 11720
oo <A 1%r @)

(25 + 267071 (1 + S)) Hf“AT(Q
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which shows that f € A"(Q) and that © defines a bounded operator A”(€2) — A"(Q),
and remark that it is injective by construction.

On the other hand, let f € A7(Q) and f € L2(Q) with f = ©f. Then

-
If = Pafloey < balOF — OPfI2, 5

= bs||(0f — P.0f) + (P.0f — 0P, -

use Of = f: < 2bo||f — Puf2, +2b2]|P of — @P fH

use (3:28): < 2bo||f — P f%, ) T 2020%0; T fl220
use (3:26): < 2bo||f — P f%, +2b2b2b1 pd I1£112,

||Pof|\iz(g> < b2||@PofH2

:bQHPo@f (P O f- o)’ @
use Of = f1 < 2o|| Fof 1725, + 202/ POf — OPfII7,

use I <2Z)2||P0f|| ~ +2b2l)2 1||f||L2(Q
use (3:26): < 2bof| B f]1%, +2be2 b 1 F1320-

Therefore,
1wy = B0y + S0 S — P

< 2 (WAl + 32 7717 - ﬁnf|\%2<m)

=72, &
+ 2 (14 2 p¥ 00 ) 2,
n=0 ——
=:5 <0 _HfH2

AT()
< (200 + 03527 (1 + ) 1% 5

which shows that f € A(2), and, consequently, that ©~' : A"(Q) — A"(Q) is
everywhere defined and bounded. O]

Now we can transfer the relations between A" and H® known for the Euclidian
case to the case of manifolds.

Theorem 3.13. Assume (3.19). Then for allr >0 and 0 < s < 1 there holds

A"(Q) = H*(Q) if s < ; and s <, (3.29)
H*(Q) = A"(Q) if 0 <r <s<1. (3.30)
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In particular,

A"(Q) = H"(Q) for any 0 <r < ;

Proof. As A"(Q) — A" (Q) for r > ¢/, it is sufficient to prove (3.29) under the
additional assumption r < 1. We first use the map

A"(Q)> [ (fN,K)Ke{o ..... pN-1} € @ A" Qnk), [k = f|QN,K,
which is an isomorphism by Lemma [3.11} For each K, the map

AT(QN,K) > fng fN,K = fnroPNk € AT(QN,K)

is also an isomorphism by Lemma , and A’"(QNJ() e fN,K — fN7K € HS(QN’K)
is an embedding by Theorem [3.9] In addition,

HS<QN,K) > fN,K = fN,K ° (I)J_v,lK = fvi € H*(Qnk)

is an isomorphism due to the construction of Sobolev spaces. Therefore, we have

shown that
pN -1

-----

K=0
is an embedding. We now recall that due to s < % the subspaces C° (QNﬁK) are
dense in H*({ly i), which in turn means that C2°(Qy k) are dense in H*(Qn k),

therefore, the operator Jy x of extension by zero from Qy g to Q extends by density
from C°(Qy k) to an embedding Jy x : H*(Qn k) — H*(S2). Then

PN -1 pN-1
J: P HQni) 2 (ONK) Kefo,...pN—1} +* > Inkeni € H(Q)
K=0 k=0

is an embedding, which finishes the proof of (3.29).
For (3.30) we consider the following maps:

pN -1
H*(Q) 5 f— (fvg)reo,.pv-13 € B H (Qn k)
K=0
with fx k= floy.x (a)
H*(Qn k)2 fvx — fN,K = fnrk o PNk € HS(QN,K>7 (b)
H* (v k) D fv = v € A(Qn ), (c)
AT(QN,K) > fN,K — fN,K ° (I)X;,IK = fnr € A" (v k), (d)
pN-1
@ A" i) 3 (fN)Keqo,. pyv-1) — [ € AT(Q). (e)
K=0
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The map (a) is an embedding due to the definition of Sobolev spaces (in fact, even
as an isomorphism due to the first half of the proof), (b) is an isomorphism due
to the definition of Sobolev spaces, (c) is an embedding by Theorem [3.7, (d) is an
isomorphism by Lemma , and (e) is an ismorphism by Lemma Taking the
composition one arrives at the conclusion. O

We discuss the existence of multiscale decompositions and the additional condi-
tion (B7) for some classes 2 in Section [5]

4 Embedded traces

4.1 Abstract trace space as an approximation space

Let Q be an open set in R? (as in Subsection or in a d-dimensional manifold
(as in Subsection admitting a p-multiscale decomposition (€2, ). We introduce
an operator of identification I between the functions defined on Z (see Subsection
and the functions defined on €2 as follows. First, for each z € Z consider the
basis sequences

€. = (0.¢)cez

Then we consider the linear map
Io: span{e.: z € 2} — span{lq,, : n €Ny, k=0,...,p" — 1},
1g, z = rad,

]Q tey p—1 (4].)
p2 O sy 2= (n,k,s).
j=0
Proposition 4.1 (Euclidean case). Let 2 C R? be a bounded open set with Lipschitz
boundary and the decomposition (2,x) be regular and strongly balanced. Then for

any r > 0 the map Iq extends by continuity to an isomorphism between (*() and

AT(Q).

Proof. (i) The linear span of e is dense in (*(2), and (e, ec)p(z) = p*™?é, ¢ for
all z,¢ € Z.

(ii) Now remark that Igeng € Vo and Ige, ks € Viy1. At the same time (using
the fact that the decomposition is strongly balanced),

o | Q] B2
3 [l ”f|29§:o,
=0

p—1
/ Ioenks(z)de = p2 Z 021 ph15] =
Qn ke =0 p j=

and for any ko # k one has

/ Igen s(x)de =0
Q

n,kg

52



as e, 1.« vanishes identically in €, x,. This shows that Ige, s is orthogonal in L?(£2)
to all 1o, , , ko € {0,...,p— 1}, in other words, Ine, ;s L V;,. Therefore, we have
shown that Igenq € Uy and Ige, i s € Upqy or, in other words,

Ine, € Uyzy4 forall z € Z. (4.2)

As the subspaces U; are mutually orthogonal in L?(€2), one has (Ige., Inec)r2@) = 0
for v(2) # v(¢). In addition, if z = (n, k1,s1) and ¢ = (n, kg, s2) with k; # ko, then
Ige, and Ine. have disjoint supports (contained in the disjoint sets €, 5, and €, , ),
so one has again (Ige., Inec)r2) = 0. Finally,

<]Q€n,k,sa ]Qen,k,s’>L2(Q) = pn Z Qggg/ |Qn+17pk+j|
=0

|Qn k’ L, (05 )j
- pn : Z e - pn|Qn,k|6s,s’~
P i O

Alltogether we obtain
<]Q€Z, ]Q€C>L2(Q) = |Q| 5270 2z, € Z. (43)

(iii) We will equip A™%(Q) with the norm
Hf”il,rd = szmHan”%?(Q)v
n=0

see Lemma [3.5] For N € N we denote Wy := span{e, : v(z) < N —1} C £3(2). Let
f € Wy, then

f= Z J-e., [.€C,

v(z)<N-1
N
_[Qf = Z Fn, Fn = Z fzfgez.
n=0 v(z)=n—1

Due to (4.2) one has Q,lof = F, for all n < N and Q,lof =0 forn > N + 1,
therefore,

N N
™ rn
19 = X2 IFule & 10l X 1P
n=0

n=0 v(z)=n—1

= p" 1> P OLP = p ()

Z€Z

2
2(2)

which shows that I is an isometry (up to a constant factor), in particular, it
is bounded and extends an isometry between of ¢2(Z) and some closed subspace
ran I C A™(Q).
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(iv) It remains to show that ran I = A™(Q). Remark that by construction we
have dim Wy = p™. At the same time, IoWyx C Vi, so we obtain

PV = dim Wy = dim Io(Wy) < dim Viy = p",

which shows that Io(Wy) = Vi for any N. As N can be arbitrarily large, ran Iq
contains any finite linear combination of 1, ,. As these linear combinations span a
dense subset of A™(Q) and ran Iy is closed, we have ran Ig = A™(0Q). O

Proposition 4.2 (Manifold case). Let Q2 be an open set with compact closure in a
manifold of bounded geometry and the decomposition (§2,x) be reqular and strongly
balanced. Let 0 < s < 1 with s < rd, then the map Io extends by continuity to an
embedding (2(Q) — A*(Q). For s =rd < 1 this embedding is an isomorphism.

Proof. Let N, ®y x and Q,; be as in (B4)-(B5).

(i) If N = 0, then the map In: & — (Ig€) o ®g is covered by Proposition
and defines an isomorphism between £2(Z) and A™(Q), for Q := Qg = B o(Q).

If rd < 1, then it follows by Lemma that I is an isomorphism between
2(Z) and A™(Q2), and A™(Q) < A%(Q) for 0 < s < rd.

If rd > 1, using A™(Q) — A5(Q) we obtain I : £2(Z) — A%(Q), and Lemma
gives I : (2(Z) — A%(Q).

(ii) Now assume that N > 1 and consider

Wy :=span{e, : v(z) < N — 1},
Oy :=span{lq, , : K=0,...,p" — 1},

then by construction one has In(Wy) C Oy. We will equip A™(2) with the norm

11 = D P 1Qn fll72(0y,
n=0

see Proposition [3.11] The computations (i)-(iii) in the proof of Proposition [4.1| show
that

1o f1%,,a = 2719 (£2)

in particular, Ig : Wy — Oy is injective. As both Wy and Oy have the same

2
2@ for any f € Wy.

dimension p”, the map I, : Wy — Oy is a linear isomorphism, and one can find a
basis %, ..., 07" 1 in Wy such that
Igb" = p%]lgN,K for each K € {0,...,p" —1}.
(iii) For & € £2(Z) define €N € Wy by

P

é.]\[ L {627 U(Z) S N — 17

0, otherwise,
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and let yx(€), K € {0,...,p" —1}, be the coordinates of £V in the basis (b'). Now

we consider the map
pN -1

V@) 3E) =0 T e @ B,

, z = rad,
x_ Jle) Kefo,. .. p¥—1}.
5N+n,p"K+k,s; &= (na k7 5)7
By construction W is an isomorphism, with U~ given by
pN -1
Z T]lgdb§7 V(Z) < N — 17
K=0

o0 h) =
( (n 1 ))Z nfL{fN,kfp"_NK,S’ Z = (n7 k78)7 n 2 N7
P NK <k <pN(K+1).

One computes
bE, N=rad, v(z) < N —1,

U10,....0 0,....0 = = = "
( (0,...,0,€y,0,..., ))Z 1, AX=(nk,s), z=(n+ N,p"K +k,s),

K—1 times 0, otherwise,

or, equivalently,

—1 i, A = rad,

\Ij (0,...70,6)\,0,.,,’0):

K—1 times C(neNprK+ks), A= (n,k,s).
Due to the definition of I one has then
p%HQN’Ka )\ - I‘ad,
IoU(0,...,0,ex,0,...,0) =& x4
K—1 times p = Z;] egHQN+n+1,pn+lK+pk+g’
J:

N
=p2 Inrlay ke,

where

» Jn x is the operator of extension by zero from Qy i to €2,

o Ioy,  2(Z) = A™(Qy k) is the identification operator for the decomposition

(QN 4k prK-+k)nk, Which is already covered by (i).

(iv) The above computations show that Io¥U~! acts as
N N P!
]Q‘I’_I(WO7 s ﬂ?p _1) =p? Z JNJ(]QN,K??K-
K=0
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By (i), each I, , is an isomorphism (for s = rd < 1) or an embedding (for all other
cases), and it follows by Lemma that

PN -1
IoU~': P 2(2) — A™(Q)
K=0

is an isomorphism (for s = rd < 1) or an embedding (for all other cases), and then
Io = (IgU 1)U preserves the same properties. O

4.2 Embedded trace operator

For all assertions in this subsection, let 2 be an open set with compact closure
in a d-dimensional manifold of bounded geometry S admitting a regular strongly
balanced p-multiscale decomposition (§2,, %) as described in Subsections and .
Recall (Theorem that we have constructed an abstract trace operator
7 HY(T) — %(2)

with

1 ap 1 log@—loga)
= —=—(1—-———]>0
“ 2logp %87 2( logp 7

which is bounded and surjective with ker 7 = H}(T). We recall that p € N with
p > 2 and that the parameters « and ¢ satisfy

(4.4)

1
0<l<1, €<Ozp<z, (4.5)

see Lemma . We define the identification/embedding operator
Io : 2(2) — A%(Q)
as in Propositions and [1.2] This gives rise to the embedded trace operator
Yo = Ior : HY(T) — A*(Q),
with the following options for s:

o if Q is a d-dimensional Euclidean open set (as in Subsection , then g is a
bounded linear operator for any 0 < s < od, surjective for s = od,

o if 2 is an open set in d-dimensional manifold (as in Subsection , then vq
is a bounded linear operator for any 0 < s < 1 such that s < od, surjective
for s = od < 1.

In all these cases one has by construction
ker vg = ker 7 = Hy(T).

In addition, using the identification between the approximation and Sobolev
spaces (Theorem [3.13)) we obtain:
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o if €} is an open set in d-dimensional manifold, then
1
Yo : HY(T) — H*(Q) forand 0 < s < 3 with s < od.

In particular,
1
Yo(H'(T)) = H(Q) if od < 5 (4.6)

Remark 4.3. It is useful to check that the condition od < % in (4.6) can really be
satisfied under the restrictions (4.4) and (4.5)). In view of (4.4) the condition can be

rewritten as

d ap ap 1
log— <1 — < pd
log p %87y Re TSP
so together with (4.5) we arrive at
ap N S
0<li<l, 1< A <m1n{€—2,pd}.

Therefore, if one fixes arbitrary ¢ € (0,1) and p € N with p > 2, the required

condition is satisfied for
<a< b i { L 5}
- <a<-min{—, ,
p p 2
i.e. for a non-trivial range of «.

Finally, we give a more illustrative description of the embedded trace operator,
which uses more classical terms:

Theorem 4.4 (Embedded trace using limit values). Let 0 < s < % with s < od,
then for any f € HY(T) there holds

pN -1

Yof = lim KZ:O FXNK) Loy i,

where the limit is taken in H*(2).

Proof. (i) Let f € H(T). For N € N consider fy : T — C defined by

f(x), x €TV,

fn(x) =
f(XNJg), ZEGTNJ(, KE{O,...,pN—l}.

In Lemma we have shown that fy € HY(T) with fy =% f in H'(T). Due to

the boundedness of v we have v fn Noeo, vaof in H?(Q2). Therefore, it is sufficient

to show that for any N € N one has

pN-1

Yofn = > f(Xnk) Loy k- (4.7)

K=0
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(ii) Let N € N be fixed. Pick a function F' € H! ((O,L),q(t) dt) such that
F(t) =0 fort <ty and F(t) =1 for t > tyy. Define ¢ := UqF € HY(T), i.e.
¢ : T > ax~ F(|z]), then ¢lr,, € H'(T) for any K € {0,...,p" —1}. We will
show that

Yo(plry ) = Loy for any K € {0,...,p" — 1} (4.8)

In fact, if (4.8) is proved, then (4.7)) follows directly: one has

pN—1
fn =3 f(Xng)elry, in T\ TV,
K=0
which implies
P! s
Yofy = > FXn)ve(elrg ) = 3 F(Xnx)lay
K=0 K=0

(iii) It remains to prove (4.8)). Consider
Sy :=span{plr, . : K=0,... ,pN —1} ¢ HY(T).

The functions ¢lr, . form a basis of Sy, so dimSy = p". Now we remark that
that for any z € Z one has the inclusion dim S N H!(T) c CU,F, and

1, n<N-1
dim (SN HL,(T)) =1, dim(SNH, (T))=4¢ "~ ’
( o(T)) ( 2s(T)) {07 Vo N
Due to the orthogonal decomposition H(T) = @, H(T) we conclude that
Sy =span{U,F : z € Z, v(z) < N — 1},

and the functions U, F with v(z) < N —1 form a basis in Sy. Recall that by Lemma
2.10| we have TU,F = p_@ez for v(z) < N — 1, and then, using (4.1)),

1q, z = rad,

VQUZF = p_y(;) Ige, = p—1 V(Z) 7é N — 1.
Z QgﬂQn+1,pk+j’ = (TL, k: 8)7
7=0

Recall that U,.qF = ¢ and that for (n,k,s) € Z with n < N — 1 one has

p—1
— J
Un:kﬁF - Z es(p]lTn+1,pk+j'
j=0

Now let us define a linear map R : Sy — L?(Q2) by

R(plry ) == lg, , for any K € {0,...,p" — 1}.
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Using the linearity one obtains

pN -1 N-1 pN-1

PN
R(UradF) = R((p) = R( Z QO]ITN’K) = Z R(()OHTN,K) = Z ILQN’K = ]le
K=0 K=0 K=0
and for any (n,k,s) € Z withn < N —1
Relrp) =R X ¢Txx)= % ReTw)
K: TNk CThi1,pktj K:TN kCThi1,pk+j
= Z HQN,K = Z EQN,K = ﬂﬂn+1,pk+j’
K: TN7KCTH+17pk+j K: QN,KCQn+1,pk+j
p—1 p—1
R(Un,k,sF) = Z 92R<901Tn+1,pk+j) = Z eg]lﬂnﬂ,pkﬂ"
=0 =0

which shows that R(U,F') = yqU.F for any z € Z with v(z) < N —1. As U, F form
a basis of Sy, it follows that R = 7qlg,. In particular, yo(¢lr, ) = R(plr, ) for
all K € {0,...,p" — 1}, which shows (4.8) and concludes the proof. O
Remark 4.5. In Theorem {4.4| one can also take the limit in A%(Q2) with any s such
that v : HY(Q2) — A*(Q) is bounded: the proof remains unchanged.

4.3 Proof of Theorem [1.1]

By now we have proved all assertions of Theorem for the special case T = T.
Recall that in Theorem |1.1{ we require the condition (1.1)), i.e.

4, Wy,
C_l S J S C7 C_l S J S C) (49)
o ay,
and that T corresponds to ¢ = 1. In order to cover the case of general T we employ
a suitable bijection between T and T. Namely, define ¢ : T — T by
t—t,_
Sp(n7 ka t) = (nv ]{Z, Ln,k — gn,k + /n ! En,k)a
then ¢ maps the vertices X, on T to the same vertices on 7, the restrictions ¢|

€n.k

are dilations by constant factors, and both ¢ and ¢! are continious.
If f:T— C, consider g := foyp: T — C. Remark that f is continuous if and
only if g is continuous. Furthermore, if f = (f,x) and ¢ = (gnx), then

oo pt—1
1l =3 S

n=0 k=0 Ln,kfen,k

Ln,k:

fn,k(s)‘anyk(s) ds,

oo pt—1 tn 9
lglem = 32 3 o [ [gan(t)] at
n=0 k=0 tn—1
oo p"—1 n =t 9
g Z Z an/ g?’l,k (’I’L’ k’ Ln’k - gnJ{; + gn’k> dt
n=0 k=0 tn—1 o
o0 p”fl én Ln,k 9
= Z Z a"r/ gmk(s)‘ ds.
n=0 k=0 n,k Ln,k_gn,k
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In view of (4.9) we have

-2 gn —1 n n 2 n gn
c'—<c o Sw,y <ca <o —,
én,k gn,k
and we infer
2lglzzm < 11220 < Ellgllzem- (4.10)

In addition, f, ; is weakly differentiable if and only if g, is weakly differentiable,
and then

En,k
Q;L,k = éﬁ(f/ 0 O )n k-
By (4.9) It follows that ¢t f" o | < |¢'| < ¢|f’ o ¢|, and then

_ ~
NNz < 2N e elliemlld izm < Elf oelizm < I 1)

It follows that the linear operator © : f — f o ¢ is an isomorphism between
L*(T) and L*(T) as well as between H'(T) and H'(T). In addition, it is bijective
from H}(T) and H}(T) by construction, so it is also an isomorphism between Hj(T)
and H}(T). This shows that H'(T) # H}(T) if and only if H(T) # HJ(T), which
is equivalent to the inequalities .

Due to Theorem we actually have 73, = 7 0 ©, so the properties of yq from
the preceding subsection are directly transferred to 7. In particular:

o keryd = O L(keryq) = OL(HY(T)) = HH(T),

o if  is a d-dimensional Euclidean open set admitting a regular strongly bal-
anced p-multiscale decomposition (Subsection , then g : HY(T) — A%(Q)
is a bounded linear operator for any 0 < s < od, and it is surjective for s = od,

o if Q is an open set in d-dimensional manifold and admitting a regular strongly
balanced p-multiscale decomposition (Subsection [3.4]), then:

— vq: HY(T) — A*(Q) is a bounded linear operator for any 0 < s < 1 such
that s < od, surjective if s = od < 1,

— v : HY(T) — H*(Q) is a bounded linear operator for any 0 < s < 3 such
that s < od, surjective if s = od < %

All assertions are proved.

5 Existence of regular balanced decompositions

The construction of the embedded trace in the preceding subsection requires the
existence of a regular strongly balanced p-multiscale decomposition. Let us show
that such decomposition really exist for a wide class of (2.
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Example 5.1 (Hypercubes). Let us show first how to construct a regular strongly
balanced p-multiscale decomposition of the d-dimensional hypercube

QY :=(0,1)* c R

For d = 1 we decompose iteratively each interval into p equal subintervals to
obtain the decomposition

Q,% = (kp’”, (k + 1)p’“), n €Ny, ke{0,...,p"—1}. (5.1)

For d > 2 we obtain a decomposition by dividing alternately each side into p
equal parts. First, set {15 := (2. Now assume that Q%{; are already constructed for
some n € Ny and all £ € {0,...,p" — 1} and that for each (n, k) one has

d 1 1
Qnie = Quila X+ X Qi

with suitable ngy € Ny and ks € {0,...,p™ — 1}. Let i € {1,...,d} be such that
(n+1) =4 mod d, then we obtain Qq(f?kaﬂ' with j € {0,...,p— 1} by subdividing
the ¢-th side Qﬁi)kl of Q;d,)c into p equal subintervals

- L .

I] = lei)-‘erki"v‘j’ J € {077p_1}7
and then by setting, for each j € {0,...,p — 1},

d 1 1 7 1 1
QgH)-ka-i-j = Q7(11),k1 x ngi)—lyki—l x Ij X Qflii—hkiﬂ Ko X Qf’bd)vkd'

Let us show that this decomposition is regular and strongly balanced. The
assumptions (A1)—(A3) are obviously satisfied, as well as (A4*), as on each passage
from ng?c to Qfﬁzm one divides the volumes exactly by p. In order to check (A5)-

(A6) we remark that for n > d + 1 each Qfld,)c has the form Iy x --- x I, where I
are intervals with

p < <p K for (K-1)d+1<n<Kd KEeN,.
We infer

n+d n—d

po <Ll <pT T (5.2)
and it follows that
diam Q' = \/|L 2 + - + L2 < Vdp~ "7 = pVdp i,
i.e. (A5) is satisfied. Now let h = (hy,..., hg) € R?, then
Qi \ (@ +h)
= (I x Iy x - x L)\ (T + ha) X (I + ha) x -+ x (Ig + ha))
C(L\ (L +h)) x Ix - x I
U I x (I \ (I + ho)) x - x Iy
U I x Iy xcex (g (o + ha)).
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We have ’Ik \ (Zx + hk)’ < |hg] < |h|, which gives the volume estimate
d d n—d\d—1 _ _pd=1
QN @D+ W) < Sl TT L < X el (p777)" < dp™Hhlp 3
k=1 j#k k=1

and shows (A6).

Example 5.2 (Piecewise smooth star-shaped open sets). One says that a bounded
open set ) C R? belongs to the class (H) if:

o () is star-shaped with respect to a point zy € €.

o there exist € > 0 with B.(z9) C Q and a finite partition of Q = Q; U--- U,
such that for each j =1,...,n:

— each €); is a cone with vertex at zo,
— 09, NIN is a C* surface,

— the set B.(zg) N2; is convex.

o there exists § > 0 such that v(x) - (x — zg) > 6 for all x € 09, where v(x)
denotes the outward unit normal to 02 at = (defined almost everywhere on

09).

Remark that the class (H) contains all convex polyhedrons and all convex open sets
with smooth boundaries. It is shown in |21, Thm. 5.4] that for arbitrary €, " in (H)
with |Q = || there exists a bi-Lipschitz bijection ® : 2 —  with |det D®| =1
(i.e. @ preserves the volumes). Note that for many special classes of 2, 2 like cubes,
balls, cylinders, simplices such a map ® can be given by explicit formulas, see [22,25]
and references therein.

If € admits a regular strongly balanced p-multiscale decomposition (£2;, ;), then
the sets 2, 1, := (€2, ) form a regular strongly balanced p-multiscale decomposition
of €2, as the conditions (A5)—(A6) remain true under bi-Lipschitz transformations.
In particular, for each Q in (H) one can take a hypercube @ with |Q| = || and
translate a decomposition of @) (Example into a decomposition of €.

This discussion shows that any open set  of the class (H) admits a regular
strongly balanced p-multiscale decomposition.

Example 5.3 (Composed open sets). Let 2 be an open set with compact closure in a
d-dimensional manifold of bounded geometry S. Assume that 2 can be decomposed
(up to zero measure sets) into disjoint open pieces W;, j =1,...,p" such that

« all W; have the same volume,

o there exist local charts ®; : R? > 6j — O; C S with W, C Oy,
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o the sets W, := ®;'(W;) € R are with Lipschitz boundaries and admit regular
strongly balanced p-multiscale decompositions,

then the decompositions of Wj are first transfered to W, with the help of ®; and
then suitably renumerated to produce a regular strongly balanced p-multiscale de-
composition of the whole (2.

Example 5.4 (Compact manifolds). By combining the preceding observations
one can show that each compact manifold admits a regular strongly balanced p-
multiscale decomposition. The idea comes from Benoit Kloeckner’s comments in
the MathOverflow discussion [38].

Let (€2, g) be a compact d-dimensional Riemannian manifold. It is known [57]
that 2 admits a triangulation: there exist disjoint open W7y, ..., Wy C Q with

Q\ (WU UWy)| =0

and local charts ®; : R? 3 5]~ — 0; C Q with W; C O; such that the sets
Q; = (IDJ_l(I/V]) are d-dimensional simplices. Without loss of generality we assume
that N = p" (otherwise one cuts some of the simplices €2; into smaller subsimplices
to obtain a required number). Then one can find a smooth function f : Q — (0, c0)
such that Q)
dvol, = ~—.
/Wj J dvol, N
By [45] there exists a diffeomorpism ¢ : 2 — Q with ¢.(f dvol,) = dvol,. The open
sets (1 := ¢(W;) satisty

_ _ _ _ 19
1] _/Qj 1 dvol, = /d)(Wv)ldvolg - /ijdvolg -2

J

i.e. they have the same volume and exhaust €2 up to a zero-measure subset. In
addition, each ; is covered by the local chart ¥; := ¢ o ®; with ¥;'(€);) = Q.
As discussed in Example , each simplex Qj admits a regular strongly balanced
p-multiscale decomposition. This decomposition is transferred to €2; with the help of
VU, and the resulting decompositions of €2; are then combined into a regular strongly
balanced p-multiscale decomposition of €.
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