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Abstract

We study the Laplacian eigenvalues for smooth planar domains with strongly attractive Robin
conditions imposed on a part of the boundary and Neumann condition on the remaining
boundary. The asymptotic behavior of individual eigenvalues is described in terms of an ef-
fective Schrédinger-type operator on an interval with boundary conditions at the endpoints.
For some typical geometries a more precise asymptotics in terms of the boundary curvature is
derived.

1 Introduction

Let Q c R? be an open set with a reasonably regular boundary dQ (for example, bounded and
Lipschitz) and an outer unit normal v. By a Robin Laplacian with negative boundary parameter in
Q one usually means the operator Qp, o in L*(Q) acting as u — —Au on the functions u satisfying
the Robin boundary condition 8, u = apu, where p = 0 is a given function (for example, bounded)
and a > 0 is a parameter. The name “negative” is justified by the fact that for all « in the operator
domain one has

(u;Qp.au>L2(Q):f IVulzdx—af plul*ds,
Q 0Q

where dS means the integration with respect to the hypersurface measure, so that the boundary
term makes a negative contribution for p # 0 (often this is also termed as an attractive boundary
condition). The structure of the above expression suggests that in the limit « — +oco the bound-
ary might play a central role in the asymptotic behavior of the eigenvalues E,,(Qp,q). The intuitive
expectation was made rigorous by Lacey, Ockedon, Sabina [20] and Levitin, Parnovski [21], who
showed that the main term in the asymptotic expansion of the first eigenvalue of Q  is deter-
mined by the singularities of the boundary. For smooth domains and p = 1 the first eigenvalue
behaves always as Ej(Q1,4) ~ —a?, so it is reasonable to look at the higher eigenvalues and at the
next terms in the asymptotics. Pankrashkin [23] and Exner, Minakov, Parnovski [3] showed that
in the two-dimensional case (d = 2) the next term for individual eigenvalues is determined by
the maximum curvature of the boundary. It was asked if it is possible to analyze the gaps be-
tween individual eigenvalues as well. A major step in this direction was made by Helffer, Kach-
mar [10]. Roughly speaking, they observed that for any fixed number n € N one has E;(Q1,4) =
—a® + E,(Ag) + small relative error with an effective operator A, on the boundary given by A, :=
—02 — ak, where 0; is the differentiation with respect to the arclength and k is the curvature. For-
mally, they considered the case of a curvature having a single non-degenerate maximum, which



Y([) r

v(s)

- Q ¥(0)

Figure 1: The domain Q and the set I' c 0Q).

lead to the eigenvalue spacing of order \/a. The idea of an effective operator and a semiclassical
reduction were then extended to a variety of situations including the multi-dimensional case [24],
Weyl asymptotics [15], tunneling problems [11, 13], domains with boundary singularities [17, 25]
and cusps [18, 26]. The study of Robin Laplacians also lead to important advances in isoperimet-
ric spectral problems [1, 7, 16] and added new ingredients to the analysis of magnetic operators
[6, 12]. We refer to the reviews in [2, 17] for a summary of most available results.

While a significant amount of work was done on the analysis of the case p = 1, no detailed
asymptotic results seem known for non-constant p. In the present work we are making a first
step in this direction by considering the case when p is the indicator function of a subset I'  0Q2.
This corresponds to the situation when the parameter-dependent Robin condition is imposed on
I" only, while the rest of the boundary is endowed with Neumann condition. From now on let d = 2
and Q c R? be a simply connected domain with a C*-smooth boundary 0Q of length L. Let I’ < 0Q
be a open connected set of length ¢ € (0, L). For a € R, denote by Q the self-adjoint operator in
L%(Q) acting as Q$}u = —Au on the functions u satisfying the boundary condition

dyu=auonl, d,u=00ndQ\T,

where v is the outer unit normal at 0Q2. More precisely, Qg is the self-adjoint operator in L2(Q)
associated with the closed hermitian sesquilinear form g, defined on 2(q,) = H' (Q) by

qa(u, u):f IVuIde—aquIZdS,
Q r

where dS stands for the integration with respect to the arclength. The operator Q4 has compact re-
solvent, and for each fixed n € N we are interested in the asymptotic behavior of its n2-th eigenvalue
E,(Qg) for @ — +oo.

Lety:[0,L] — R? be an arclength parametrization of 0Q2, then y extends to an L-periodic Cc*-
smooth function on R. The outer unit normal to 02 at the point y(s) will be denoted by v(s). By
a suitable choice of the starting point y(0) and the orientation we may assume that I' = y((0, ¢))
and det(v(),y'(-)) = 1, see Figure 1. Then the curvature k(s) of 0Q at the point y(s) is defined by
Y"(s) = —k(s)v(s), which is equivalent to v'(s) = k(s)y’(s) due to Frenet formulas. Note that k is C™
if the boundary is C™*2_smooth (so k is at least C2 in our case).

The main results of the present paper can be very roughly summarized as follows: For any fixed
neNand a — +oo one has E,(Q,) = —a? + E,,(L,) + small relative error, where L, is the “effective
operator” in L?(0,¢) given by f — — f" — ak with Dirichlet boundary conditions at the endpoints
(for a rigorous formulation with precise remainder estimates we refer to Theorem 4.3). It should
be noted that if k attains its maximum in the interior of I', the localization argument of [10] can
be directly transferred, and we are mainly interested in the case when the maximum curvature is
attained at an endpoint of I'. The main difficulty to overcome comes from the contradictory expec-
tations that (i) the eigenfunctions should be localized near the endpoint and (ii) at the same time
the value of the eigenfunction is very small at the endpoint itself. This is an essentially new feature
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when compared with the case I' = 0Q which does not require any boundary conditions as 902 is
a closed curve. Using standard approaches of the semiclassical analysis to analyze the effective
operator we then give more detailed results for several specific situations. For the formulations it
will be convenient to denote

k.:= sup k(s), i.e. the maximum curvature on T,
s€(0,0)

then, in particular, the following holds true:

sy o(1), see Theorem 5.1,

e if k is constant on (0, ¢), then E,,(Qg) = —a®—k.a— 72

kZ
2
e if 0 is a strict maximum of k on [0, ¢] with k’(0) < 0, then
2 / 2 2 2
En(Qq) =—a” —ksa+an(—k'(0)3 a3 +o(a3),

where (—a;) is the n-th zero of the Airy function Ai, see Theorem 5.4.

In fact, the main results also cover degenerate maxima attained at endpoints and maxima attained
in interior points and contain more precise remainder estimates: we refer to Theorems 5.2 and
5.4 for detailed formulations. Nevertheless we do not expect that our remainder estimates are
optimal.

Let us now describe the structure of the paper. Our first main goal is to describe the asymp-
totic behavior of E,(Q,) for @ — +oo in terms of an effective operator A}, on (0,¢) given by (2.7).
In Section 2 we introduce the r-neighborhood Q, of Q2 and consider a “truncated version” Q,, , of
Qq acting in L?(Q,). This new operator is then rewritten in tubular coordinates near the boundary,
which gives rise to a unitarily equivalent operator P, on T x (0,r), with T := R/(LZ). By adjust-
ing the coefficients in P, , we construct two operators P; , in T x (0, r) whose eigenvalues provide
lower/upper bounds for those of of P, . In Proposition 2.2 we introduce special test functions for
P, ,, which gives an upper bound for its eigenvalues and, in turn, an upper bound for E,(Q,) in
terms of A/,. In Section 3 we are moving towards the lower bound. First, the upper bound from
Section 2 is used to show that the individual eigenfunctions of Q, are localized near the boundary,
and this shows that the eigenvalues of Q, are very close to those of Q, -+ with o € (0, 1), see Corol-
lary 3.2. We then obtain a lower bound for the eigenvalues of Q, -- in terms of an intermediate
operator Aq, on T defined in (3.7): the main part is Lemma 3.4 collecting various estimates for
the associated sesquilinear forms and based on the Born-Oppenheimer-type asymptotic separa-
tion of variables, and the final result on the eigenvalue comparison is given in Proposition 3.6. All
preceding constructions are then summarized in Corollary 3.7: at this moment we have an upper
bound in terms of A}, and a lower bound in terms of A, . In Section 4 we show that actually the
eigenvalues of these two one-dimensional operators are close to each other. This part the argu-
ment is based on an identification technique we learned from [4] (see Proposition 4.1), and the
final result is given in Lemma 4.2. Similar constructions were used in [17] for Robin laplacians in
polygons. We remark that the worst term in the final remainder arises in this step. As a summary
of all preceding computations we obtain Theorem 4.3 describing the asymptotics of E,(Q,) solely
in terms of A,. The operator A, is a semiclassical Schrédinger operator, and by applying several
standard approaches in Section 5 we obtain more precise results on its eigenvalues in terms of the
curvature, which then translates into Theorems 5.1, 5.2 and 5.4 describing the asymptotic behavior
of the eigenvalues of Q,, for several typical geometric situations.



2 Tubular coordinates and the upper bound

Denote T :=R/(LZ) and I1, := T x (0, r) for r > 0. The tubular neighborhood theorem from the dif-
ferential geometry states that there exists R > 0 with | k|loR < 1 such that the map ®: 11z 3 (s, ) —
Y(s) —tv(s) € R? is injective. Moreover, for each r € (0, R) the map ® defines a diffeomorphism
between I1, and the domain

ri={xeQ: dyg(x) <r}, dyo(x):=min|x-yl
y€OQ)
In addition, for any (s, #) € Iz one has daq(D(s, 1)) = t, and the set 0Q,\0Q = {x € Q: dyq(x) =1}

is a C2-smooth closed curve.
For r € (0, R) we define a closed hermitian sesquilinear form ¢, in [2(Q),

Ga,r(U, u)::f IVulzdx—a:flulzdS,
Q, T
D(Ga,r) :={ue H'(Q,): u=00n0Q,\oQ} =: A, (Q,)

and let Q4 be the associated self-adjoint operator in L2(Q;). For each u € 2(q,,;) its extension i
by zero on Q belongs to 2(q,) and satisfies || | ;2(q) = |l ullrz@,) and qq (4, i) = qq,r (1, u), so due to
the min-max principle there holds

E,(Qp) < En(Qq,r) forallneN, a >0, r € (0,R). (2.1)
For any r € (0, R) consider the unitary operator
0,: [*(Q) — L*(I1,), (@,u)(s,1):=V1-tk(s)u(®(s, 1),

and the closed hermitian sesquilinear form p, , in L2(II,) given by

pa,r(v,v):f (%!631}(& t)|2+|6tv(s, t)|2—V(s, z‘)|1/(s,t)|2 dsdt
1\ (1—-tk(s))

o k() 2
_fo (a+7)|v(s,0)| ds,
tk' (s) 512k’ (s)? K(s)?
3 + 4 + 27
2(1-tk(9)”  4(1-tk(9)" 4(1-tk(s)
D(Pa,) ={ve H'M,): v(-,r) =0} =: AL (IT,).

Vs t):=

A standard computation shows that 2(p,,,) = 0,92(q,,r) and that for any u € 2(q,,,) there
holds gq,r(u, ) = pa,r(O,u,0,u); see e.g. [5, Section 2]. It follows that the self-adjoint operator
Py rin L2(11,) generated by the form p,  is unitarily equivalent to Q. ,, in particular,

En(Qq,r) = En(Py,,) forallneN, a >0, r € (0, R). (2.2)
We note that for a suitably chosen A > 0 one has the estimates

k(s)? 1

‘ (1- tk(s))’

|V(s,0- | < At —1‘ <Ar forall(s,n)ell, and r € (0,R). 2.3)

In particular, py (v, V) < pa,r(v,v) < pi (v, v) for all v e Hy(I1,), where pZ , are the closed hermi-
tian sesquilinear forms in [2(11,) defined on the domain H& (IT,) by

pt.(v,v) = f ((1 + Ar)|asv(s, 0|7 +]0,v(s, 0|
I,
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2 l
+(iAr—%)|y(s, t)|2) dsdt—fo (a+¥)|v(s,0)|2ds,

If P , are the self-adjoint operators in L?(I1,) generated by the forms Py.r» then the min-max prin-
ciple implies
En(Py ) < En(Pg,r) < En(P;r) forallneN,a>0,re(0,R). (2.4)

By combining (2.4) with (2.1) and (2.2) we conclude, in particular, that
E,(Qq) = En(P;"r) forallneN, a >0, r € (0,R). (2.5)
To analyze the eigenvalues of P; . we employ the following result from [24, Lemma 2.1]:

Lemma 2.1. For a > 0 and r > 0, denote by T, , the operator f — —f" acting in L*>(0,r) on the
domain

D(To,) ={f € H*0,1): f'(0)=-af(0), f(r) =0},

which is generated by the closed hermitian sesquilinear form

ta,r(f,f)zfo If O dt-alfO, 2t)={feH'©O: f(N=0}="H0,r.  (2.6)

If ra tends to +oo, then Ty, has a unique negative eigenvalue, and Ey (T, ;) = —a® + O (a®e™"%)

for ra — +oco. Furthermore, ify is an associated L?-normalized eigenfunction, then |w(0) |2 =2a+
O(ae ") forra — +oo.

We will denote by A, the self-adjoint Schrodinger operator

k2 —2kk, — k>
—) 2.7)

A'a:f»—>—f”+(a(k*—k)+ y
with Dirichlet boundary conditions in L2(0,0).

Proposition 2.2. Let o € (0,1), then there are A, B,ay > 0 such that for any n € N and any a > ay
there holds
E (Qq) < —a®—ak.+ 1+ Aa_U)En(A;) +Ba°. (2.8)

Proof. Let v be an [%-normalized eigenfunction for the first eigenvalue of T (Lemma 2.1).

For g € Hy(0,¢) ¢ H(T) consider the function v:= gey: II, 3 (s, 1) — g(s)w(t) then v € Hy(1,)
with [ vl z2q1,) = 18l 120,¢) and

l 4 r
pa (v, V) :(1+Ar)f |g'(s)|2ds+f |g(s)|2dsf |1//(t)|2dt

Ar——— —|w(0 ds.
[ (=B g o [ (e B2 g0
Due to the choice of y there holds
r 2 k. 2
fo ' di-(a+ 5 )y = BT, 5 )

therefore,

¢
pirwo = [
0

k
(1+Ar)|g’(s)|2+(E1(Ta ’)+Ar—% + |y )| —(S))|g(s)|2]ds




Now set r := a~¢ with ¢ € (0,1). Due to Lemma 2.1 there exist ag > 0 and b > 0 such that for all
a > ag we have

* —k(S) <

El(TCH%*,a_)s—(a+%)2+ba_", w2 > (a+%)(k*—k(s))—ba_”forallse(0,[),

which leads to

PaaoW )< (—a—ak)lgl?,

¢ K2 — 2Kk, — k2
+Q +Aa_”)f0 [|g’(s)|2 + (a(k* — k(s)) + *fﬂg(s)ﬂ ds+Ba | g|?

12(0,0)
forall ge H& (0,¢) and a > ay, with a suitable B > 0.

The integral of the right-hand side is exactly the sesquilinear form for the operator A/, computed
on (g,8). Therefore, the substition of the above functions v into the min-max principle shows
that for all #» € N and a > ag one has En(P(;a_U) < —a?—ak.+(1+ Aa"%)E,(A}) + Ba™®. Due to
(2.4) for all sufficiently large a we have E,;(Qq) < En(P;, a-0) for all n € N, which gives the sought
estimate. O

Corollary 2.3. For any fixed n € N one has E,,(Qg) = 0 (a?) for a — +oo.

Proof. The upper bound is proved in Proposition 2.2. By [8, Theorem 1.5.1.10] one can find some
¢ > 0 such that forall € € (0,1) and u € H'(Q) there holds

c
flulzdssf IulzdsSef IVulzdx+—f lul? dx.
T Q Q eJa

2

For ¢ := < one arrives at gq (1, u) = —ca?|| ull?,

,» which gives the lower bound E; (Qq) 2 —ca®. O

3 Lower bound: Effective operator on T

For each fixed n, the equation (2.8) gives E;(Qq) < —a?+0(a) for @ — +oo. A minor adaptation
of [10, Theorem 5.1] (which formally considered the case I' = 0Q2) gives the following Agmon-type
estimate:

Lemma 3.1 (Boundary localization). Let n € N be fixed and u, be an L?-normalized eigenfunction
of Qq for the eigenvalue E,(Q). Then for any 0 € (0,1) there are C > 0 and ay > 0 such that

f (a_2|Vua(X)|2 + |ua(x)|2)ezgadaQ(X) dx < CfOT' alla > Qo- (3.1)
Q

Corollary 3.2. Leto € (0,1), then for any fixed n € N and M > 0 there holds E,(Qg) = E;(Qq,q-0) +
O(a™M) fora — +oo.

Proof. The proof is very standard if one takes into account Lemma 3.1, but we include it for the
sake of completeness. In view of the inequality (2.1) it is sufficient to find a suitable upper bound
for E,,(Qq,q-0) in terms of E;(Qg).

Let uy,q,..., Unq be eigenfunctions of Q, for E1(Qq), ..., En(Qy) forming an orthonormal sys-
tem in L2(Q). Denote Uy, := span(uy,q;..., Un,q). As Lemma 3.1 holds for each u; o, we conclude
that for some 0 € (0,1) and C > 0 there holds

f (@ 2V +|uo|*)e? @40 dx < Clul (8-2)
Q

2
L2(Q)
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forall @ > agand all ue U,.
Let y : R — R be a C* function with 0 < y <1 and such that y(¢) =1 for |#| < % and y(#) =0 for
|t| = 1. Consider the linear map

J:Uq = P(Gaja—o), Uw)(x):=x(a’dsn(x)ulx).
Due to the choice of y we have Ju = u in Q.- for all u € U,. Furthermore, for any u € U, and
2
v := Ju and all sufficiently large a there holds

2 2
||u||i2(9)—||v||i2(ga_a):fQ (1—X(a0dag(x))) |u(x)| dx

\Q -0
T2

sf |u(x)|2dxsf ezga(d@ﬂm_g)w(xﬂzdxse_ealgf 2000y (x)|? d.x
0\Q,4-0 20\Q,4-0 0
2 2

2

-N
LZ(Q) =a ” u”

2
12(Q)

with an arbitrarily chosen N > 0. Therefore,
(1= M)lul® < vl? < (1+a~ ) lul?, 3.3)

so J is injective, dim J(U,) = n for all sufficiently large a. Due to u = v on Q.-+ and on I" we have
2

Ga,a (0, V) — qo(u, u)=f IVvlzdx—f IVul? dx.
a-0\Q g0 Q\Q 40

2 2

We estimate as before

f |Vu(x)|2dxsf 200 (doo=27) |y () 2 ax
Q\Q -0 \

a’%

2 2
3.2)

_Qgl-C 2 ( _pnl-o
<e 0 few“d‘m(x)|Vu(x)| dx £ e 7 Ca®llull?, g,
Q

Furthermore, due to |Vdzn| < 1 we have
2
Vol =| %) (a7 daa (1) u(x) Vdan (1) + (0 don () V()|
2 2
< 2’04‘77('(aad59(x)) u(x)Vd@Q(x)‘ + Z)X(aadag(x))Vu(x)‘ <2a*’ ||X’||§o| u(x) |2 + 2|Vu(x) |2,

and with previous estimates we have

2
f IVvl?dx < 2a2‘7||)(’||00f |u(x)| dx+2f Vu(x)‘ dx
Qu-0\Q -0 Qu-0\Q g-0 Qu-0\Q g-0
2 2 2
2
52a2"||)(’||oof |u(x)|dx+2f Vu)| dx
Q\Q -0 Q\Q -0
2 2
2 2 —fal™? 2 —fal=% ~ 2 2 -N 2
This results in |qaya—a (v, V)—qq(u, u)| <2a= M| uIIiZ(Q). In addition, for any u € U, we have g, (u, u) <

E, Q) ulli2 @’ and for the respective v it follows

oo (0, V) < qa (1, 1) +2a N ull?, ) < (En(Qa) +2a V) llul7y
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By to the min-max principle we have

—NY|[,, 12

En(Qaao) < Goar@r) o Q0 2a )l (3.4)

2(Qaa-0) < max 5 = m 2 )
veJ(Uy), 0 || y||L2(Qa_a) u€Uy, u#0 | vlle(Qa_U)

Due to (3.3) we have for all large a:

2
1 ” u||L2(Q) 1
< <

-N -N
1-2a 7 < < < <l1+2a 7,
1+ a_N ” U”LZ(Q) 1- af_N

which yields

(En(Qa) +2aN)llull?,
2

12(Qq-0)

<Ep(Qu) +2a N +|E,(Qu) +2a N |2a™N < E,(Qg) + ca®*™V,

vl

where we used E,(Qq) = G (a?), see Corollary 2.3. The substitution into (3.4) gives E,(Qq,q-0) <
En(Qu) +ca’> N AsN>0is arbitrary, the result follows. O

Recall that we have the lower bound E,;(Qg,q-) = Ej,, (P;’ o-o)» see (2.4). We will now proceed
with a lower bound for the right-hand side. A suitable form of the one-dimensional Sobolev in-
equality will be used, see e.g. Lemma 8 in [19]:

Lemma3.3. Forany0<b<aand f € H'(0, a) there holds

a 2 a
|f(0)|zsbfO |f’(t)|2dt+5f0 |fn[d.

First let us make some preliminary steps. Let 1 be an L?-normalized eigenfunction of the one-
dimensional operator T _ . . from Lemma 2.1 for its first eigenvalue, then
>

r k.
Lypke W) Efo ' di-(a+ 5 )y = BT, . ),
We represent each v € H; (I1,) as
v=goy+w, goy: (st — gy, (3.5)

with g € H'(T) defined by
r—
g(s) :=f v(v(s, t)dt, seT.
0

By construction we have

fw(t)w(-,t)dtzo, ft//(t)asw(-,t)dtzasf v(w(,1)dt=0,
0 0 0
which implies

d 2 ' 2 d 2 2 (" 2
fo lv(s, 1) dt:fo lg(©w ()] dt+f0 lw(s, | dt=|g(s)| +f0 |lw(s,0)|"dt, seT,

2 2 2
hence) ” U"LZ(Hr) = ”g”Lz(]D + ” w”LZ(Hr)' (3-6)

For p € (0,1) and « > 0 denote by A4, the Schodinger operator in L2(T) given by

E—Zkk*—kz)

k
Aa,p Zf — —f” + [(a(k* — k) + ﬂ(oyg) + az_p]l]y\((),()]f, 3.7)

which will play a central role below.



Lemma3.4. Leto,p€ (0,1) and € (0, 3) and denote
v:=min{p, 7} €(0,1), p:=max{2-p,1+37}€(1,2),
then there are c,c' > 0 and ay > 0 such that for any a > ay and any v € H(} (IT,) there holds
Paao V)= (—a® —ak,—ca™) IIglligm +(1=c'a™) da,p(g, 8) — ba|| w||i2mr),
where Aq,p is the sesquilinear form for Aq .

Proof. During the proof all inequalities are considered for ¢ — 400, and we set r := @~ ?. The
spectral theorem for T . . givesforall seT:

2
20, (3.8)

tﬁ% (w(s,), w(s,")) = E2(To, || wis,)
(u/,W(s, ) =0,

which implies

k.
I(v)::fnr|6tv(s, t)|2dsdt—(a+?)fr|v(s,0)|2ds:fTta+k7*,r(v(s,.),v(s,.))ds

ta+k7*,r(g(s)w, gOv) + ta+k7*,r(w(s, ), w(s, ))] ds=1(gey)+1(w),
with
I(gow) :AEl(TM%Jﬂg(s)ﬁds = El(Ta+k7*,r)||g||izm,
I(w) = fw Eo(T,, . )]s, 7200 5. (3.9)
The substitution into the expression for p, , gives
Pa,r0 V) = 1(v) + J1(v) + J2(v),

With]l(v)::fnr[(1—Ar)|65v(s,t)|2—(A +—)| (s, 0| asat,

k.
]g(v)::(a+—)f |v(s,0)|2ds+f —(S)| (5,0)* ds.
27 Jno.0

Using the above orthogonality relations we obtain J; (v) = J1(g ® ¥) + J1(w), and one can simplify

11(g®W):ﬁ[(1—Ar)|g’(s)| (Ar+—)|g()|]

On the other hand, J>(v) = (g ®y) + Jo(w) + J' (g @y, w),

k. — Cko—k -
J(g®w,w):= 23%[((”?)] (g®1//)(s,0)w(s,0)ds+f0 T(s)(gébw)(s,O)w(s,O)ds]

T\(0,)
- 29‘%[1//(0)((05 + %) fT o g(s)w(s,0)ds+ fo ‘ @ g(s)mds)],

and one can again simplify

k(s)

k.
Lgoy) =(a+= |y f g ds+ |y ) f |g(s)] ds.
2 T\(0,¢
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Overall, we arrive at
Pa;0,0) = po (g0W,g0W) +p, (W, w) +] (g®W, W), (3.10)
with

Par&®W,gey)=I1gey)+/1(gey)+2(g®y)

k(s)?
k. 2 2 o [ ke —K(s) 2
+(a+?)|u/(0)| fm(w)|g(s)| ds+|1//(0)|f0 - lgts)ds,

and we recall that Po,r(w, w) =1(w) + J1(w) + J2(w) and that due to Lemma 2.1 we have

k2
E1(Ta+k7*,r)2—(a+?) -7, (3.11)
EZ(TM’CT*,Q =0, (3.12)
2 Ky
o z2(a+ ) -r (3.13)

We estimate |J'(g ® v, w)| < J; + J, with

/o ﬁf .
Jii=(a+ 2) o 2vOlls@l] wisolds,

Ok, —k
]5::[0 . S oy )||gs)] - |wis 0] ds.

For any € > 0 we have
1
2|w©)]|gs)|-|wis,0)] < ely ]| gs)| + “lws, 0. (3.14)

Sete:=1—-a P with p € (0,1), then % <1+2a P, and

Ji < (1—a—9)(a+ﬁ)|w(0)|2f |g(s)|2ds+(1+2a—f>)(a+ﬁ)f lw(s,0)[°ds.  (3.15)
2 T\(0,0) 2 7m0

To obtain an upper bound for J, we will need a different choice of €. Remark first that due to
(3.8) and (3.12) we have

)
f j0:w(s, n|*di- (04+E)|w(-,0)|2 > 0.
0 2

Using a + % > £ we deduce

2 r
lw(s,0))” < Ef |0,w(s, 0| d. (3.16)
0
For anyn € (0,1) and b € (0, r) we have, by using (3.16) and Lemma 3.3:

lw(s, 00> = (1 -m)|w(s, 0] +n|ws 0|

2(1-1n) 2
=T |6:ws, ) ”iZ(O,r) + n(b”atw(s, ) ”iZ(O,r) 5 lw(s, ) ”iZ(O,r))

2 ab 21
= E(l —77[1 - 7])”6“"(& ) ”i%o,r) + ?” w(s, ) ”iz(o,r)'
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The choice b := %‘9) with 0 € (0,1), simplifies the preceding inequality to

2(1-6n) na
|w(s, 0 < =—=0:w(s, )20y + T g w5201

and the substitution into (3.14) gives

2 2 2(1-6n) 2 na 2
2|'(//(0)||g(5)||u/(5,0)| S€|1,U(O)| |g(5)| +T~|6tw(s’)||L2(0,T)+m”w(s’)”LZ(O,I‘)
Choose the parameters as

. 1 12 o l-e 1-g 1
e:=a "withte(0,5) 6:=1-¢€"€(0,1), n:= 1 2 e O
then
1—017_1 nao a al < g3
e 1-0)e (1+¢&)e2e Tat+1

So we arrive at
2
2ly@|g)] [ws, 0] = @[y @[ + Z10:wis, )20, + @' w5, 20,y

and the substitution into the expression for J, gives

- (s) 2K ¢ ¢
<a |y f — g (s)lzds+7 f 10,1, || 720,y A5 + Ko+ f |ws, )72, ds
0 0
where we denoted
ks« —k(s)
K:= sup —.
se0,0) 2

Using the last bound for J;, and the bound (3.15) for /| we obtain the lower bound J'(g® vy, w) =
—J; — J,. Inserting this estimate into the decomposition (3.10) and collecting separately the terms
with g and the terms with w one arrives at

Do, ) 2Y(8)+Y (w),

where

Y(g): El(Ta+_r)||g||§2m+f [(I—Ar)|g'(8)|2—(Ar+—)| || ds

(S)

+a_p(a+?*)|w(0)|2 |g(S)| ds+1-a )|y f lgs)| ds,

Y/(w)::fn |0tw(s,t)|2dsdt—(a+? fv|w(s,0)| ds

2
+[ |- anjoswis, o - (ar+ k)
m,

k* 2 ¢ k* - k(S) 2
+(a+?)fm(w)|w(s,0)| ds+f0 T|W(8’O)| ds

_ k* 2
—(1+2a°" _f ,
(1+2a )(a+ 2) T\(M)|w(s 0| ds

)|w(s, t)|2] dsdt,

2K 14 4
—?L ”0tw(s")||i2(0,r) dS—Kal-'_ST-/(; ”w(s»')”iZ(O,r) ds

11



Let us first find a lower bound for Y'(w). Choose any K’ > K and use

wzo, f |f|dssf|f|ds,
2 T\(0,0) T

|63w(s, z‘)|2 >0,
then

2K 2 _ k* 2
Y'(w)sz[(1—;)Hatw(s,-)”Lz(o,r)—(l+2a p)(a+?)|w(s,0)| ]ds—K’a1+3T ”w”iz(r[,)
k.

2K 2 _ 2
2(1—7)fv[||6tw(s,-)||L2(0,r)—(1 +3a p)(a+7)|w(s,0)| ]ds—K’a1+3T T,
We further have

_ k.
||6tw(s,-)||iz(0,r)—(1 +3a p)(a+7)|w(s,0)|2

el —3a—P)(

k.
0005,z - (a5 5,00 )

N

g

=0

k. -
+3a_p(“0tw(s,-)”iz(o,r) _2(C¥+7)|w(s,0)|2) > 30" By (Toark) w(s,-)||iz(0,,),

2K
and one obtains Y'(w) = [(1 - —)3(X—pE1(Tga+k*) - K'a'37| | w||i2(H ,- Using Lemma 2.1 we
a r

estimate E1(Toq1 ;) = —(2a + k«)> — 1 = —5a?, and for a suitable b > 0 we obtain

Y'(w) = -ba|| w”iZ(H,)’ p:=max{2—p,1+37} € (1,2);
the inclusion for u follows from the fact that the above estimates are valid for any p € (0,1) and
7€(0,3).

Now let us proceed with Y (g). Using (3.11) and (3.13), for v := min{o, 7} and sufficiently large
but fixed c, ¢’ > 0 we get

Y(g)2—[(a+%)2+a—0]||g||‘22m+fv [(1—Aa“’)|g’(s)|2—(Aa‘”+k(Ts)2)|g(s)|2]ds

+a‘p(a+%)(2a+k*—a‘”)[mm’m g(s)|* ds

C ke — k(s)

5 lg(s)| ds,

¢
f|g’(s)|2ds+f (a(k*—k(s))
T 0

. a")(za + ke — a“’)fo

> (—a® - ak - ca_v)llgllizm +1-ca™)

k2 = 2k(s)ky — k(s)? _
+ )|g(s)|2)ds+a2 pf |g(s)|2ds]
4 T\(0,¢)
= (—a® —ak. —ca gl + A - '@ ap(g 8- O

We need some a priori estimates for the eigenvalues E,,(A}) and E, (A, p). Due to the min-max
principle we immediately get

, k2 —2k(s) k.« — k(s)?
—a<E;(Agp) <Ep(Ay) foralla>0,neN, pe(0,1), a:= sup 2 . (3.17)
5€(0,0)

12



Lemma 3.5. Let s, € [0,¢] be a maximum of k on [0,¢]. If for some m > 0 one has k(s) — k(s.) =
O(Is—s.|™) for s — s, then for each n €N and p € (0,1) there holds

En(AL) = 0(a7m) and En(Ay,p) = G(@?7) as a — +oo.
In particular, without any additional assumption one has
En(AL) = 6(a%) and En(Ay,p) = 6(a3) as a — +oo.

Proof. In view of (3.17) it is sufficient to obtain an upper bound for E,(A}). By assumption one
can find some M > 0 and 6, € (0, ¢) with

ke —k(s) = k(ss) —k(s) < M|s, —s|" for all s € T with |s — s.| < 8.

The length of the intervall I := (s. — 89, s« +0¢) N (0,¢) is at least dy, so for any 6 € (0,6p) we can
choose a subinterval Is c I of length §. By the min-max principle one has Ej, (Aﬁx) < En(A’a s)
where A’a 5 is the operator

K2 - 2kk. — k2
Nyt fro=f"+(ath, k) + =—————=)

in L?(Is) with Dirichlet boundary conditions. For any s € Is we have

k2 —2k(s)k, — k(s)?

a(ks —k(s)+ 1

<aMé™ +a,

which gives A! , <7°n*6~% + aM&™ + a, and by choosing § := a~7m we obtain the first claim.
The function k is C? and, therefore, Lipschitz, so the assumption is always satisfied for m =1,
which gives the last claim. O

Proposition 3.6. LetneN, p € (0,1) and 1 € (0, %). Then there are ¢,c’ > 0 and aq > 0 such that for
any a > a there holds

En(Qa) =2 —a® —kva+(1—c'a )Ey(Agp) —ca™™.

Proof. Let p € (0,1). Denote y := max{2 — p,1+3u} and v := min{o,1}. Let ¢ c L?(II,) be the
closure of the subspace of all w in (3.5) with v € H; (I1,), and let I : ¢ — ¥ be the identity map. The
decomposition (3.5) together with Proposition 3.4 show E, (P;y a-0) = En(Lg® —ba* ) with

Lyi=—a’—ak.+(1-ca™) Ag,p—ca™”

By Lemma 3.5 we have E;(L,) = —a?+0(a) < -ba*, so
En(Lg ® —ba* ) =min{E,(Ly),-bat} = E,(Ly),
En(Py 4-0) = Ep(Lg). (3.18)

In addition, we can choose o > 7 to have v = 7. Using Corollary 3.2 we obtain for any M > 0:

En(Qa) = En(Qu.a-o) +0(a™™) % E,(Py.a-o) +Ga™)

2.4) _ _M. 8.18) _
> En(Pyo0)+0@™) "2 Eu(Ly) +0@™),
and we obtain the claim by taking M > 7. O
We summarize Propositions 2.2 and 3.6 as follows:

Corollary3.7. LetneN, p,o € (0,1) andt € (0, %). Then therearec,c', b, b’ > 0 such that fora — +oo
one has

(1= a Ep(Agyp) - ca " < En(Qy) +a® + kva < (1+ba ") E,(Ay) +ba™”.
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4 Reduction to an effective operator on (0, /)

Now we are going to show that E;(Ag,p) and E,(A},) are asymptotically close to each other. This
will allow to transform the two-sided estimate of Corollary 3.7 into an asymptotic expansion. Our
analysis will be based on the following result, see e.g. [4, Lemma 2.1]:

Proposition 4.1. Let T be a non-negative self-adjont operator with compact resolvent in an infinite-
dimensional Hilbert space 7€, defined by a closed hermitian sesquilinear form t, and T' be a lower
semibounded self-adjoint operator with compact resolvent in an infinite-dimensional Hilbert space
A, defined by a closed hermitian sesquilinear form t'. Assume that there are a linear map J :
2(t) — 2(t'") and 51,67 € [0, +00) such that for all g € 2(t) there holds

1812~ 17813 < 61(1(8, ) + g%

108, J8) - 1(8,8) < 62(1(8,) + g%

Then for any n € N with
61(En(D)+1) <1 4.1)

one has
(61En(T) +62)(En(T) + 1)

E (T <E,(T
(T = En(D)+ 1-61(En(T)+1)

Lemma 4.2. For any fixedneN and p € (0, %) one has for a — +oo0:
En(Aa,p) = En(AZX) + Ry,

Ola ), ifEn(Ay) = 6(1),
a= 3-p 1-p
0((a 7 BatA) + @ ) Ea(Ay)),  iFEn(AY) — +o0.

Proof. Remark first that A/, is monotonically increasing with respect to a, so each eigenvalue is a
monotonically increasing function of a and either En(T&) =0(1) or E, (A’a) — +00, so the claim
covers all possible cases.

In view of (3.17) it is sufficient to find an upper bound of for E,(A}) in terms of E, (Aq,p). We
will apply Proposition 4.1 to the operators

T:=Agp+a, T :=Ay+a (4.2)
with a from (3.17). For convenience we denote

2_2 . — 2
U:=k,—k, V::W,

and recall that the sesquilinear form ¢ for T and the sesquilinear form ¢’ for T’ are given by

l
t(g,g):f (Ig'|2+(aU+ V+a)|g|2)ds+f (|g’|2+(az_p+a)|g|2)dswith@(t):Hl(T),
0

T\ (0,¢)
¢
t'(g,g) :f (|g’|2 +(@U+V+ a)|g|2) ds with 2(t)) = H}(0,0).
0
Pick any h € C2(R) with supph € (-%,%) and h(0) = 1 and define a linear map J: H(T) —
H;(0,¢) by
UJg)(s):=g(s) - g h(als)—g)h(al(s-0), s€(0,0),
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with a parameter g > 0 whose value will be chosen later. Due to Lemma 3.3 we have

180 +|g0)] < 25[ |g’(s)|2ds+46_1f lgs)° ds

T\(0,0) T\(0,0) (4.3)

forany g€ H'(T\(0,¢)) and any 0 <& < L— 2.
Using the inequality |a + b|? = (1 - €)|al?> — e 7|b|? (valid for any a, b € C and ¢ > 0) we estimate

for any g€ H'(T,):
¢ 2
81000 = [ |89~ [g@n@s) + g@n(ats-0)][ as
»“a 0

¢ ¢
z(1—a)f |g(s)|2ds—£_1f )g(O)h(aqs)+g(€)h(aq(s—€))‘2ds,
0 0

=:1

therefore, ,
2 2 2 2 -1
gl e ey — 17815200, S[T\(O)[Jg(sﬂ ds+£f0 ‘g(s)| ds+e 'l (4.4)

Using |a + b|%2 < 2|al? + 2|b|? we obtain
¢ 2 2 ¢ 2 2
Ist |h(a%s)|"ds-|g(0) +2f ‘h(a"(s—[))‘ ds-|g@)|".
0 0
Using the substitution s := a~9¢ we estimate
¢ 2 ¢ 2
f |h(afs)| ds:a_qf |h()|"dt =0
0 0

and analogously
4 2
f )h(a"(s - E))‘ ds=0(a™ 7,
0

which yields (with suitable a-independent ¢; > 0)

I=aa (g0 +|g@f) €

< cza_"(éf |g'(s)|2ds+5_1f |g(s)|2ds).
T\(0,0) T\(0,0)

The substitution into (4.4) gives

4
2 2 2 - a2
18I, IIJgIILz(M)S::‘fO |g(s)|"ds+cre ba A\(O,Z)Ig(m ds

+(1+ce 67 la™9) |g(s)|2ds
T\(0,0)

2

Each of the first two integrals on the right-hand side is bounded from above by (g, g) + l gll 2y

while for the last integral we have

f ) ds<al21(g, g).
T\(0,¢)

This gives IIgIIiZ(T) - ”]g”iZ(o,é) <ce+etbaT+al?+e 16 ta"9aP™)(1(g, g) + IIgIIiZ(T)). We
optimize the right-hand side by taking ¢ = e 16a™9 = e 16 la 9aP~2,ie. §:= ap772, £:= a%,
and arrive at po2g2

18125~ 1812200 < csa’ 7 (£(8,8) + 1812 4.5)
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With the help of the inequality |a+b|? < (1+¢)|al®>+2&~}|b|? forany a, b € C, € € (0,1), we obtain
!Ug, Jg) = fog ‘g’(s) —a[gO)h' (@?s) +g(O)h (a(s— 0))] ‘st
+f0[ (aU(s) L V() + a)(g(s) — [g@h(als) + g(a(s - 0))] )zds
< (1+£)f0£|g'(s)|2ds+25‘1a2‘7f0[‘g(O)h’(a"s) +g(€)h'(a‘7(s—€))‘2ds
+(1+¢) fO[ (aU® + V(9 +a)|gs) ds
+ 28-1[5 (aUs)+ V(9 + a)|g@h(a’s) + g(O)h(a? (s - m))zds,
and then
cfUfIn -t f) ngol(|g’|2+(aU+ V+a)|g|2)ds

4
+2¢7 a2 f [g(O)h’(oﬂs) +g(O)h (a (s—f)))zds
0

~- 4 (4.6)
::Il

l
+2€_1f0 (aU(s)+V(s)+a)’g(0)h(aqs)+g(€)h(aq(s—€))‘2ds.

J

-

2212
We have
¢ 2 2 ¢ 2 2
Ilszf W (@%s)ds-|g(0)| +2f n(?s-0)| ds-|g@,

0 0

¢ ’ 2 s=a 9t _ ¢ ’ 2 _
f | (a9 ds = "« ‘7[ | (0| dt=0(a™9),

0 0

pe—q, O
h'(aq(s—ﬁ))‘zdss_zla ‘Hf[ h'(a‘f(t))lzds:@’(a‘q)’

[

hence, I; < 6504“7(|g(0)|2 + |g(€)|2). Similarly,

lq lq 2
I < C4a(f0 |h(a99)|* ds-|gO)]| +f0 ‘h(aq(s—ﬁ))) ds- |g(€)|2) < 06a1_"(|g(0)|2+ |g(€)|2).

The substitution into (4.6) yields

¢
t'Ug, Jg) —t(g, g < Efo (Ig'l2+ (@U+V+ a)lglz) ds+07£_1(a"+a1_")(|g(0)|2+ |g(€)|2).

%, and

The optimization with respect g implies the choice g :=
/ -1 1 2 2
1'Ug Jg) —t(g g <et(g g +cge az (|g(0)| +|g()| ) 4.7)

Using (4.3) we estimate

|g(0)|2+|g(€)|2526f |g’(s)|2ds+45_1f lg(s)| ds
T\(0,9) T\(0,4)
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<26 |g'(s)|° ds+46 a2 a?" f lgs)ds<co6+67'a" D) 1(g, g),
T\0,0) T0,0)

and by (4.7) we obtain

1'Ug,Jg) -~ 1(g,8) < crole+e a2+ a26 T aP ) (1(g,8) + I8N q)-

-1
We optimize the right-hand side by choosing € = €~ lg2§ = e la2o 1aP2 ,ie e =a T , 0:=
P_
2

, which yields

o1

£Ug I - g <cena' T (tgg) + g%y (4.8)
The estimate (4.5) with the chosen value g = 5 and (4.8) show that we are in the situation of Propo-
sition 4.1 with

p=3 1
51 =qa 4, 52226‘11a 4,

Let n € N be fixed. From now on assume p € (0, %), then by Lemma 3.5 we have
51 (En(T)+1) =0 (a’T ©)0(ad) =0 T) = o(1), (4.9)

and the assumption (4.1) of Proposition 4.1 is satisfied (for all sufficiently large a). Using the defi-
nitions (4.2) of T and T’ we obtain the inequality E,(A;) < Ep(Aq p) + R with

_ (61En(T) +82)(En(T) +1)
T 1=61(En(D) +1)

- @’((51 (En(Aa,p) + @) +82)(En(Ag,p) +a+ 1))

If E,(A)) =©(1), then also En(Aq,p) =0(1) dueto (3.17), so

p=3

0(61(En(hap) +a)+8,) =66 +62) =0(a’T + )= 6T,

and finally R, = @’(apT_l).

Let Ep(A}) — +oo. Due to (3.17) we have E,(Aq,p) = O(E,(A))) and then E,(Aqp+a+1) =
O(En(Aa,p) = O(En(A})). The substitition of these estimates and (4.9) into the expression for R,
gives the result. O

Theorem 4.3 (Effective operator). Let n € N be fixed and 9 € (6, 4)
(i) IfEn(AL) = G(1) for a — +oo, then E,(Qg) = —a — kva + Ey(AL) + G (a™?) for a — +oo.
(ii) IfEp(AL) — 400 for @ — +oo, then for @ — +oo one has
Ep(Qa) = —a® — koa+ En(AQ) + 00" (a72 By (Af) +1) En(Ay))

Proof. (i) The substitution of the result of Lemma 4.2 into Corollary 3.7 shows that for any p € (0, %)
and o, 7 € (0, 3) one has E,(Qg) = —a® —ak, = Ep(A)+0(a ™ + a‘lTTp +a~ ). Denoting 9 := lpr €
(6, 4) and takingany o € (9,1) and 7 € (9, 3) we arrive at the sought conclusion.

(ii) One proceeds i 1n the same way: The result of Lemma 4.2 is substituted into Corollary 3.7,
which gives, with 9 := L (6, 4) and with any o € (0,1) and 7 € (0, 3),

En(Qa) = —a? —kya = En(A}) + @’([a‘f’(a‘%En(A;) ) +a T+a O EyA) +a T+ a“’).
and we obtain the sought result by taking any o € (9,1) and 7 € (9, %). O
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5 Main results

Now we apply Theorem 4.3 to several specific situations. The first one is very straightforward:

Theorem 5.1 (Constant curvature). Assume that the curvature k is constant on (0,¢), i.e. k = k.,
then for any fixed n e N and 9 € (6, 4) there holds

k2
En(Qa) =—a’—k.a— 5+

2 _
n’zlﬁ +0(a 1‘L))fora — +00.

2
Proof. For k = k. on (0, ¢) the operator A/, is independent of a: there holds A}, = D— % with D:=the
Dirichlet Laplacian on (0, ¢), so we are in the situation of Theorem 4.3, while

En(A,) = En(D) - k—z _mn k
2 2

Another case which can be directly deduced from the existing results is as follows:

Theorem 5.2 (Maximum curvature attained inside I'). Let m € 2N and the boundary 02 be cm+3.
smooth. Assume that k assumes its strict maximum on [0,¢] at some point s, € (0,¢) such that
k" (s,) <0 and k' (s,) =0 forall j € {1,...,m—1}. Then for and fixed n € N and a — +oco there
holds

En(Qa) = —a®—kea+ ( ’C(”,Zm)) " g (Z) T 4 6@,
with any € > 0 for m = 2 and € = 0 for m = 4, where Z,,, is the Schrodinger operator in L?>(R) given by
Zn ) ==f"(O+1"f(1).

In particular, for m = 2 one has for any € >0

En(Qq) = —a?—kva+ @n—-1\/-EQ . /g + 6(ai*®), (5.1)

Proof. Denote U := k. — k, and let D be the Dirichlet Laplacian in L2(0,¢). The analysis of D+ aU
is covered by the classical results of semiclassical analysis [9, 14, 22], in particular, for any fixed

n € N'we have
(m)( )

E,(D+aU) = ( ) 2By (Zm) a7 + 0 (am?),

m!
see [22, Theorem 2.1], and then E,(A}) = E,(D+ aU) + @ (1). The substitution into Theorem 4.3(ii)
gives

U(m) (0)
m!

En(Qa):—az—k*a+( )mﬂEn(Zm)aﬁ + 0@ +amn)

with any 9 € (6, 4), which gives the claim (remark that for m = 4 it is possible to choose 9 = 1+2).
The formula (5.1) follows by the using the well-known formulas for the eigenvalues of Z, (one-
dimensional harmonic oscillator), E,,(Z) =2n —1. O

In order to cover several cases of variable curvature with a minimum attained at an end point
of I', for m e Nand 8 > 0 we denote by S, g the Schrédinger operator in L2(0, +o0) given by

S, =—f"(0)+pt" f(1) (5.2)

with Dirichlet boundary condition. It is standard to see that S, g has compact resolvent and all its
eigenvalues are simple. In addition, the homogeneity of the potential implies

En(Sm,p) = B77 Ep(Spm1) for all m,neNand >0, (5.3)

The following result is a straightforward adaptation of the known results of semiclassical results
to the case of a potential attaining its minimum at a boundary point.
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Lemma5.3. Leta>0 and meN. Let U € C"™*1([0, a]) with U(0) = 0 such that
(i) the point0 is a strict minimum of U on [0, al, i.e. U(t) >0 forall t € (0, al],
(i) U (0)>0and UV (0)=0 forall je{l,...,m—1}.

Let D be the Dirichlet Laplacian in L?(0, a), then for a — +oco one has

U™ o +2m
m'( ))2 En(Sm,1) a7 +6 (a5m).

E(D+al) :(

Proof. For an interval I c R it will be convenient to denote Dj:=the Dirichlet Laplacian in L3(D), in
particular D = D 4. Further define the constants

U(m+1)
i oo

M:=L20 50 No=|

and the function
Up: t— Mit™.

Let £ € (0, %), then there exists § > 0 with 6 N < 1 such that
|U) - Up(n)]| = Nt forall £ € (0,6). (5.4)

In particular, one can choose some 6 € (0, a) such that MTtm <U(r < % for all £ € (0,6p). Let

c:= min U(t), then ¢ >0 by (i), and
tE[(S(),a]

U@ =min{¥", ¢l forall r€ (0, a). (5.5)
Let n € N be fixed. Let g > 0 (the precise value will be chosen later). The min-max principle

gives the upper bound
E,(D+aU) < E;(D,2q-9) + alU). (5.6)

For a lower bound we pick two C*-smooth functions x1, x2 : R — R with 3 + x5 = 1 such that
x1(f) =1forall <1 and y»(¢) = 1 for all £ =2, and define y;q := x;j(a9-). For any f € H&(O, a)
one has the obvious relation ”f”%Z(o,a) = ”Xl’“f”iZ(o,za—q) + sz’af”iz(a‘q,a) and the so-called IMS
formula

a_q

a 2
fo (If'1? +aUlf*+ Wal fI?)dt = fo (l.af) P+ aUlxr,a f12)dt

+f—q (|(X2,af),|2 + aUlXZ,aﬂz)dt

with W, := | X’l a|2 +| X/z alz. The left-hand side is the sesquilinear form for the operator D + aU +
W, computed on (f, f), while then the right-hand side is the sesquilinear form for the operator
(Do,2a-9) + aU) ® (D(g-4,q) + aU) computed on ((x1,a f> x2,a ) X1,af> X2,2f)). The min-max prin-
ciple implies

Ey(D+alU+W,) > En((D(O,M-q) +al) @ (Dig-1.0 + aU)) 57
> min {En (D(o,za—tI) +al),E; (D(a—q,a) + CZU)}

By (5.5) one has aU(t) = %al‘mq for all ¢ € (a9, a), which yields the lower bound E;(Dg-4,4) +
al) =z Yal~m4.
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Nowlet p > g, then a P <2a~9. Due to (5.5) for all ¢ € (0, P) we have U(t) < %Wal‘pm, which
shows

3M n 3M
En(Do2a-9) + @U) < Ep(D(g a-r) + @U) < Ep(D(o,q-r)) + Tal"”" = ﬁa’lp +—alrm,
From now on assume
q€ (0,553 (5.8)
andset p:= ﬁ, then E;, (D 2q-9) + aU) = @’(aﬁ) < E1(D(q-4,q) + @U), and from (5.7) we obtain

En(D+aU + W) = E,(Do2q-9) + @U). Taking into account || W ||lo = @ (a?9) and (5.6) we arrive at
En(D+aU) = E,(Dg2a-0) + aU) + G (a?9). (5.9)
Forall ¢ € (0,2a™9) by (5.4) one has |U(¢) — Up()| = 2™ Na~"*1D4, then
En(Do20-9) + aU) = Ey(D2a-9) + @U + a(U — Uy)) = E(Do2a-9) + €Up) + @ (a~ "D,
and the substitution into (5.9) gives
Ep(D+aU) = E (D 2a-0) + aUp) + O (a?7 + a1~V (5.10)

Now we are going to compare the eigenvalues of D 24-9) + aUy with those of Sy, yq, see (5.2).
The min-max-principle gives the upper bound

En(Smm,) < En(D,2q0-9) + alp). (5.11)

With the functions y j o and W, introduced above we have again the identity

2 _ 2 2
||f||L2(O,+OO) - ”le“f”LZ(O,Za“?) + ”Xz,a’f”LZ(a—q,_'_OO)

and

2a°9

+00
fo (IF'1* + aUol f1* + Wal f17)dt =f0 (l.af) [+ aUslpr,af?)de

+00 2
+f (|(X2,af)l| +a’U0|X2,af|2)dt
a9

forall f e Hé (0, +00) such that the left-hand side is finite. The left-hand side is the sesquilinear
form for the operator S, o + W, computed on (f, f) and the right-hand side is the sesquilinear
form for (Do 2q-4)+aUp) ® B, computed on ((x1,a f> X2,af), X1,af> X2,a ), where By is the operator
actingas f— —f"+aUyf in L%(a™1, +00) with Dirichlet boundary condition. Using [ Wy lloo = a?d
and Uy(f) = Ma ™4 for all t € (a~9, +o00) we obtain E; (By) = Ma'~4 and then

En(sm,Ma) + @(an) = En (Sm,Ma + Wa) = En((D(O,Za“f) + aUO) & Ba)

. , gl 612)
> min {En (Do,2a-a) + aUp), Er (Ba)} > min {En(D(O,Za-q) + aly), Ma }

For any ¢ € (0,2a™9) one has Uy(t) <2™M6™ for all t € (0,6), therefore,

2.2
+2"Mad™,

En(Do,2a-9) + @Up) < E(D,5) + alp) < En(Do,s)) + 2" Mad™ = 52
and for 6 := a_ﬁ this results in E;, (D 2q-9) + aUp) = @’(a%). Using (5.8) and (5.12) yields
E.(Sm.Mma) = En(Do,2q-9) + alUp) + @ (a?7), and by combining with (5.11) we arrive at the asymp-

totics E, (Do 2a-7) + aUy) = E (S Mma) + @ (a®7). The substitution into (5.10) with g := ﬁ gives
(5.2)

En(D+aU):En(Sm,Ma)+@’(aﬁ),andweconcludetheproofbyusingEn(Sm,Ma) = (aM)ﬁEn(Smyl).

O
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Theorem 5.4 (Maximum curvature attained at an endpoint of I'). Let m € N and assume that:
e the boundary 0Q) is C"™*3-smooth,

* the curvature k has its unique global maximum on [0,¢] at 0, i.e. k(s) < k. = k(0) for all
s€(0,4],

e there holds k'™ (0) < 0 and k' (0) = 0forallje{l,...,m—1}.

Then for any fixed n e N and a — +oo one has

k(m) (0) )ﬁ

En(Qa) = —a* —koa+ - Ep(Sm)am? +0(a?), (5.13)

with any q > % form=1andq = ﬁ forif m = 2, and the operator Sy, is defined in (5.2). In
particular,
e form=1:
2
En(Qa) = —a® = kya + ay(- K'(0))3 a5 +0(a?, (5.14)
where (—ay,) is the n-th zero of the Airy function Ai and q > 1—72 is arbitrary,
e form=2:

En(Qg) =—a?—k.a+(@n—-1) _k -\/E+@’(a§). (5.15)

2 72
Proof. Let n € N be fixed. We denote again U := k. —k, V := W, then A, =D+aU+V,

where D is the Dirichlet Laplacian in I2(0,¢), and note that V is bounded and independent of a.
The function U satisfies the assumptions of Lemma 5.3 on (0, ¢), with U (m0) = -k (0), so we
obtain

k(m) (0) ﬁ
)

BN = En(D+al) +0(1) = (- En(Sm1) a2 +6(ai).

The substitution into Theorem 4.3(ii) gives, for any 9 € (3, 1),

k™ (0)) 5%
()) 2En(Sm,l)aﬂﬁ"'Rcr

En(Qq) = _az —kia+ (—
m!

. 2 _g, 1 _2_ 2
w1thRa:6’(am+3 +a Y« 2am+3+1)a2+m).

For m = 1 one has Ry = 0(aZ +as~?a5), and for 9 close to 1 one obtains R, = 0(a?) forany g > .
1 2 2 2 2

Ifmlz 2, then a zazm +1=06(1), and then R, = G(am + aZmn ?) =@ (ams) as 9 = Mm €

0,L1.
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