LAPLACIAN EIGENVALUES FOR LARGE NEGATIVE ROBIN
PARAMETERS ON DOMAINS WITH OUTWARD PEAKS
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ABSTRACT. We study the asymptotic behavior of individual eigenvalues of Laplacians in do-
mains with outward peaks for large negative Robin parameters. A large class of cross-sections
is allowed, and the resulting asymptotic expansions reflect both the sharpness of the peak and
the geometric shape of its cross-section. The results are an extension of previous works dealing
with peaks whose cross-sections are balls.

1. INTRODUCTION

If Q ¢ R?%is a bounded domain (non-empty connected open set) with suitably regular bound-
ary, we are interested in the following Robin eigenvalue problem:

{—Au = Au in €,

Oyu = au on 0f),

(1)

where o > 0 is a parameter and J, means the outer normal derivative. The problem (1) is
understood in a weak sense. For a strict formulation we denote by H" the m-dimensional
Hausdorff measure, and for the sake of readability we denote a function in 2 and its Sobolev
trace on 0f2 by the same symbol. Under appropriate regularity assumptions on €2 the symmetric
bilinear form < defined on the domain D(rf}) = W2(Q) by

r(u,v) = / (Vu, Vo)ga dH — a/ wv dH!
Q onN

is closed and generates a self-adjoint operator Rg with compact resolvent in L2(§2). Informally,
the operator RS} corresponds to the Laplacian u — —Awu acting on the functions u satisfying
the boundary condition d,u = au on 0f2, and the eigenvalues A in (1) are understood as the
eigenvalues of RS!. In particular, a number \ is an eigenvalue of (1) with an eigenfunction u if
and only if

S, v) = )\/ uv dH? for all v € WH2(Q).
Q

Alternatively, one can consider u + 75}(u,u) as the energy functional for (1) and characterize
the eigenvalues variationally using the min-max principle. Remark that the boundary term in
the above expression for rS!(u, u) is negative for a > 0, so this case is usually termed as the case
of negative Robin parameters.

In what follows, for a lower semibounded self-adjoint operator A we denote by \;(A) its j-th
eigenvalue (if it exists), assuming that the eigenvalues are enumerated in the non-decreasing
order by taking into account their multiplicities. The goal of the present paper is to study
the asymptotic behavior of the individual eigenvalues of Rg, ie. of \; (Rg) with fixed j, for
a — 400 and a special class of domains (2. The dependence of A; (R) on « for various classes
of Q has been given a considerable attention during the last decade, see the reviews in [1, 9]. If
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FI1GURE 1. An example of a domain 2 with an outward peak with cross-section w.

Q) is a bounded Lipschitz domain, then all required regularity assumptions are satisfied, and it
is known that for large a one has a two-sided bound

—ca? < M (RY) < —a? (2)

with some ¢ > 1, see e.g. [4, Prop. 4.12] and [9, Lem. 2.7]. Under stronger regularity assumptions
one can construct detailed asymptotic expansions for )\j(Rg) with any fixed j involving various
geometric properties of {2 and 0%, see e.g. [2, 3, 6, 7, 8, 11, 14] and the reviews in [4, 9]. On the
other hand, it was observed in [11] that (2) fails for domains 2 with outward peaks, which was
later studied in greater detail in [10]. As the subsequent text is specifically devoted to the study
of \; (Rg) for such €2, let us introduce an adapted language in order to continue the discussion.

From now on let d € N with d > 2. The vectors z € R will be written in the form x = (1, 2')
with 2/ € R, The following definition is in the spirit of [12, Sec. 5.1.1], see Figure 1 for an
illustration:

Definition 1. Let ¢ > 1 and w C R4"! be a bounded Lipschitz domain. We say that a bounded
domain Q C R has an outward peak at the origin, of sharpness order ¢ with cross-section w, if
for some § > 0 it holds

QN (=4,0)4 = {a: eR?: 1 €(0,0), 2’ € w‘fw}
and € is Lipschitz at all boundary points except at the origin.
The main result of the present work is as follows:

Theorem 2. Let Q C R? be as in Definition 1 with some bounded Lipschitz cross-section
w C R and sharpness order q € (1,2), then for any fived j € N one has

HI2(Ow) | 2 2 2o

(R — , = =-—(¢-1)

Aj(RY) = (Hd_l(w) Xi(L1)a™ 40 (a7 ™) for a - too, (3)
where Ly is the differential operator in L?(0,00) defined first by

(Llf)(s) = _fl/(S) + (qQ(d — 1)2 — Qq(d _ 1) 1
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)7, feczm),
and then extended using the Friedrichs extension.

Let us make some comments on the assumptions and the relations with earlier works. All
eigenvalues \;(L1) are negative, see Subsection 2.2 below, so the eigenvalues \; (RS) diverge to
—oo much faster than in the Lipschitz case. We are not aware of any value of ¢ € (1,2) for
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which the eigenvalues of L; can be computed explicitly. The assumption ¢ € (1,2) is necessary
to ensure that the Sobolev trace operator is well-defined and compact from W12(Q) to L?(99),
which guarantees the required properties of the above bilinear form 7"2 and the self-adjointness
of the Robin Laplacian RS} for all a > 0, see [5, Sec. 5.2] or [1, 13]. The case when w is a ball
of radius p > 0 was already studied in the earlier paper [10], and its main result is recovered
(with an improved remainder estimate) by using (3) and observing that in this case

HI2(Ow) d—1
HINw) — p

It should be noted that the analysis in [10] was crucially depending on a separation of variables
in the ball (and lengthy manipulations with asymptotic expansions of special functions), which
is indeed unavailable for general w. The central observation in this paper is that a part of the
arguments of [10] based on a separation of variables can be replaced by an argument based on
the first-order perturbation theory of linear operators and on an adapted coordinate change, and
it was mainly motivated by observations and geometric constructions from the later paper [15].
The asymptotic expansion (3) reflects both the sharpness ¢ (through the order in «) and the
geometry of the cross-section w (through the coefficient in the main term), which is an essentially
new contribution when compared to [10]. This allows to make additional observations on the
interplay between the geometry and the eigenvalues. For example, if the area or the perimeter
of w is fixed, then the ratio H9~2(0w)/H? ! (w) appearing in the main term of the asymptotic
expansion is minimized by the balls due to the isoperimetric inequality. Therefore, if the peak
cross-section is a ball, then for a — 400 the individual eigenvalues of RS diverge to —oc slower
than for any other peak cross-section having the same area or the same perimeter.

The study of Robin eigenvalues can be addressed, in principle, for more general peaks. First,
one can extend the class of possible ) by replacing the condition 2’ € xfw with the more general
one =’ € p(z1)w, where ¢ is a strictly increasing smooth function with ¢(0) = ¢’(0) = 0. While
some first steps of the analysis are still applicable, the absence of principal homogeneous terms
in various intermediate operators poses severe problems for the description of the eigenvalue
asymptotics, and no power-type asymptotics in « can be expected. A further possible gen-
eralization is admitting non-Lipschitz cross-sections w (in particular, those having peaks in a
suitable defined sense). This case of “iterated peaks” is likely to give rise to a multiscale analysis
of Laplacians in several dimensions, which is expected to be at a much higher complexity level
than the present work. Another extension arises if one admits so-called non-isotropic peaks
featuring different scalings in different x’-directions. In this case a multi-step approach seems
promising, and a particular case could recently be analyzed in [17].

The overall structure of the paper and of the proof follows closely the one in [10]. Section
2 is devoted to technical preparations. In Subsection 2.1 we collect important facts on Robin
Laplacians proved in previous works. In Subsection 2.2 we introduce a family of one-dimensional
operators, which includes the operator L; appearing in Theorem 2, and recall their basic spectral
and asymptotic properties. Subsection 2.3 introduces a family of model peak domains together
with associated Laplace-type operators. In Section 2.4 a coordinate change is employed to map
the peak domains diffeomorphically to cylindrical domains and to control various integral terms.
This part is new with respect to [10], and it is an adaptation of some computations from [15]. In
Subsection 2.5, we obtain a lower bound for model operators defined outside a neighborhood of
the peak’s tip. The core of the study is Section 3, in which we study the eigenvalues of a model
operator defined in a small neighborhood of the peak’s tip and relate them to the eigenvalues of
L1 as summarized in Corollary 14. The proof avoids using a separation of variables and employs
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the general results on Robin Laplacians from Section 2.1 instead. In the last section (Section 4)
we make use of a series of truncations of €2 to show that only a small neighborhood of the peak’s
tip counts for the main term of the eigenvalue asymptotics, and an application of Corollary 14
completes the proof of Theorem 2. Most spectral estimates are of purely variational nature and
obtained mainly with the help of the min-max principle for eigenvalues through an adapted
choice of test functions.

For the rest of the paper we assume that Q C R satisfies the assumptions of Theorem 2.
This fixes once and for all the sharpness parameter ¢ € (1,2) and the cross-section w C R4~1,
and we denote additionally

A HI2(Ow)
©T W)

2. PREPARATIONS

2.1. Robin Laplacians on bounded Lipschitz domains. The following proposition collects
important properties of the eigenvalues of the Robin Laplacians, and we refer to [15, Lemma
2.1] for a proof.

Lemma 3. Let U C R™ be a bounded Lipschitz domain, then the following properties hold true
for the Robin Laplacian RY (as defined in the introduction):

(i) Scaling: For anyt >0, a € R, j € N one has
)‘j(foU) _ )‘](tf;gx) )
(ii) For any a € R, the first eigenvalue \1(RY) is simple and the corresponding eigenfunc-
tions have constant sign in U.
(iii) The function
R>a— M\(RY)eR
is smooth. If the associated eigenfunction . is chosen positive with HwaHLQ(U) =1,
then the mapping
R3S a9, € L2(U)
is also smooth.
(iv) There exists ¢ € L*°(0,00) such that
H™L(OU)
- HM(U)
(v) If Ny is the Neumann Laplacian in U, then

. Uy _
(}llg%) )\Q(Ra) = /\Q(NU) > 0.

M (RY) = o+ a?¢(a) for all a > 0.

In what follows, Lemma 3 will be used mainly for m =d —1 and U = w.

2.2. A one-dimensional operator. For > 0 consider the symmetric differential operator
in L?(0,00) given by

C2(0,50) 3 f o> —f" + <q2<d 1) @D _ “) f
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and denote by L, its Friedrichs extension. Its essential spectrum is [0, +00), and it has infinitely
many negative eigenvalues due to the presence of the negative long-range potential 11/s?, and all
the negative eigenvalues are simple. One easily checks that for the unitary scaling transformation

Ze: L2(0,00) = L(0,00), Zof =+/cf(cr), ¢>0,



FIGURE 2. An example of the model peak domain V, ;.

one has

L,Z. = C2ZCLCq—2H for any > 0 and ¢ > 0, (4)
1
which shows that L, is unitarily equivalent to 2 Loq—2 u- For ¢:= p2-a this implies the identity
2
Nj(Ly) = p2=aX;(Ly) for any > 0 and j € N.

In what follows we will deal with truncated versions of L,. Namely, for a > 0 we denote by
L, o the Friedrichs extension in L?(0,a) of the operator

CX(0,a) > f = Luf.

By construction the form domain of L, 4 is continuously embedded in T/VO1 2 (0, a), which implies
that L, , has compact resolvent. In addition, the usual mollification procedure shows that any
function from W1'2(0,a) vanishing in some neighborhoods of the endpoints belongs to the form
domain of L, , and, moreover, such functions build a core domain for the bilinear form of L, 4.
We will use the following asymptotic estimate for the eigenvalues of L, 4:

Lemma 4. For any a > 0 and j € N there exist K > 0 and puo > 0 such that
2 2
p2=iAj(L1) < Aj(Lpa) < p2aXj(Le) + K for all p > po.

The proof is given in [10, Sec. 3.1] for a slightly different choice of parameters, and it is
translated into our language using the scaling (4).

2.3. Finite peaks and related operators. For ¢ > 0 we will consider various finite pieces of
the infinite peak

V.= {(:cl,:c') cR?: z1 € (0,00), 2 € sx‘{w}.
Namely, for an open interval I C (0, 00) it will be convenient to denote

Ver=Ven (I X Rd_l) = {(xl,ac') eERY: z1€e1, 2 € sx‘{w},

see Figure 2. In particular, one has V. =V, (g ). We will also consider the “lateral boundary”
OoVe,r of V. 1 given by

0o Ve =0V N (I X Rd_l) = {(xl,w’) eERY: z1€1, 2 € sm‘faw}.
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At several places we will work with functions localized in the first variable, so let us introduce
an adapted notation. For an open set U C R? and an open interval I C R it will be convenient
to denote

W) == {u e W(U) : e, € I such that u(z) =0 for all z € U with 21 ¢ [¢,¢]}.

For o € R and an open interval I C (0, 00) consider the symmetric bilinear form t?lN given
by
tgﬁ@hu):i/ |VWPde—I{/ w?dH DY) = WA (VL )).
Ver OoVe,1

In the final steps of the proof of the main theorem we will use the following density result:

Lemma 5. For any open bounded interval I C (0,00) and any € > 0 the set W(BQOO)(VEJ) is
dense in W12(V. ).

Proof. Remark that W(ld?oo)(‘/; 1) consists of the functions in W12(V. 1) that vanish in a neigh-
borhood of the origin. If 0 is not an endpoint of I, then W(IO’?OO)(V&[) = W1h2(V, ), and there is
nothing to prove. Therefore, from now on we consider the case I = (0,¢) with £ € (0, c0).

From the general theory of Sobolev spaces it is known that W12(V. 1) N L% (V. ;) is a dense
subspace of W12(V. 1), see [12, Theorem in Sec. 1.4.3]. Therefore, it is sufficient to show that
any u € WH2(V. ;) N L>(V. 1) can be approximated by functions from W(ld?oo)(VeJ). Pick a
function x € C*°(0, 00) such that

0<x <1, x(s) =0 for s <1, x(s) =1 for s > 2,

and for small p > 0 consider the functions
I ’
wy (w1, ") = x(— u(zy, 2).

By construction u, € WY2(V 1) with u,(z1,2') = 0 for 1 < u, so u, € W(lo’Qoo)(VaJ). We are
going to show that u, converges to u in Wh2(V. 1) for u — 0.
Using the dominated convergence theorem one shows that u,, converges to u in L?(V; ) for

i — 07, For each j > 2 we have
z1
Ojuy : (w1,2') — X(;)aju(a:l,x/),

and the same argument shows the convergence of d;u,, to d;u in LQ(V& 1) for 4 — 07. Further-

more,
1 T T
Ovuy : (x1,2") = =X (= )u(z1,2") + x(— ) Oru(z1, 2'),
z () ()

in particular, d1u,(z1,2") = diu(xr, «’) for 1 > 2u, and

181y — OrullTaqy, ) = 1011y — 51“”%2(\/5,(0,2#))

= /OQN /axgw (;x/(il)u(m,x’) + {X(%) — 1}61u(x1,$/))2d7_[d—1($/) .

! 1
< +10,

Bomg [ W o) bt

" o ! ! ? d—1(,.1
I, ::2/0 /wqw({x(u) —1}8110(301,3:)) dH*(2") da;.
1

=



Using ¢(d — 1) > 1 we obtain

2 [ _
<2 / / 12 ]2 A (o) dary
H 0 sx'{w

20X I3 3 [

=— 5 Hd_l(sx?w) dxy
2 0

2B lulle [ ava-1qd-
-2 /0 (e2) T H (w) dary
_ 2Bl llEes T A (w) /2u oy
- 2 1 1

H 0
20X B A (w) (2p) 7D

p? qgd—1)+1

2002 |3l B H N @) gy ot

- g(d—1)+1 a 0

while [ L’ converges to 0 for 1 — 07 due to the dominated convergence theorem, which implies
the convergence of dyuy, to dyu in L?(Vzy) for p — 0. O

Denote
I//I\/OLZ(V;J) := the closure of WII’2(V5J) in Wh3(V. 1)
and consider the symmetric bilinear form
tZ’ID := the restriction of t?lN on 171\/01’2(‘/571).
By construction we have:
W}’Q(Ve’j) is a core domain of t?,’ID, (5)

which will simplify the subsequent considerations.
In what follows we will be interested in the spectral analysis of the self-adjoint operators
Taa}N/D acting in L?(V. s) and defined by the forms t?’IN/D. Note that for any « > 0 and any [

one has

B , a T

aVir = {(xl,x) eR”: (—a ,—a) € VLI}
B , 4. 71 x’ T1.q
—{(xl,:v)GR : —QGI, —ae(—a)w}

= {(xl,:nl) eR?: zyeal, o' € al_qm‘{w} =Vyaar
Therefore, a simple scaling argument shows that for any j € N one has the relations

M) = o\ (0 ). (6)

al=a.al

a,N/D

Our next goal is to obtain lower and upper bounds for the eigenvalues of 17} with the help

of suitable coordinate changes.

2.4. Reduction to cylindrical domains. For € > 0 consider the diffeomorphism
F.:(0,00) x R¥™1 — (0,00) x R, F.(s,t) :== (s,es%t),

then for any open interval I C (0,00) we have

FE(H[) = V;.;’[ for H[ =1 xw.
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In order to deal with various integrals under the change of variables defined by F., we will
perform some preliminary computations. Let us introduce the constant

R, :=sup [t|.
tew

Lemma 6. For any € > 0, any measurable function v : OV. 1 — R and u := v o F, it holds

gd=2 /sq(d_Q) lu(s, t)] dHI2(t) ds < / | dH !
I Ow 0o Ve,

< ng/sq(dz) \/1 +e2¢2 R? qu_2/ Ju(s, t)| dH72(1) ds.
I

ow

Proof. It is sufficient to prove the result for the functions v supported in images of local charts,
then it is extended to general functions by using a partition of unity. Let

U>z= (21,22, ,2a-2) = P(2) € Ow
be a local chart on Ow, then U 3 z — e(2) € O(ew) is a local chart on d(sw), and
U I xUD>3(s,2) 0 (s,e8%(2)) = Fe(s,¢(2)) € DoVzr

is a local chart on dyV; ;. If v is supported in the image of W., then the expression of He1 on

/(%VEJ |U|d7{d_1:/l/U‘U(‘I’e(S,Z))

Je(s,2) == \/det (DW.(s,2)TDV.(s,2)).

hypersurfaces gives

Jo(s,2) dH2(2)ds (7)

with

A direct computation gives
1 0 . 0
DW(s, = )
(5,2) <5q5q_1w(z) esto(z) ... 6sq6d_21/)(z)>
which yields
1+ 82q232q*2|w(z)|2 e2qs?—1H(2)T
DU (s,2)TDU_(s,2) =
e2qs?1~1H(z) e25%9G(2)

with G(z) := Dv(2)T D1(z) and
(¥(2), 01¢(2))
H(z) = : = ([¥IVI¥])(2):
(¥(2), 0g-21(2))

Since 1 is a local chart, the matrix G(z) is invertible for a.e. z, and a standard formula
for computing the determinant of a block matrix with an invertible diagonal block becomes
applicable, which leads to

Jo(s,2)? = 2200 det G(2) [1 + 222 (2)|* - 2?2 H (=) G(2) T H 2)
= 24D et G(2) [1 + 26222y (2)[* (1 = (VI$l(2), G(2) 7'V [wl(2)))]-

Consider the modulus function

h: Ow>stw |t €R,



then

(VI01(2), G() TV [l(2)) = (VPR (w(2)),
V%] := the tangential gradient of h along dw,

and

L= (VI¥l(2), G(=)7'VIR|(2)) = VAP ((2) = [V ((2) = |00 ((2)),
where J, stands for the normal derivative on dw. Therefore,
Jo(s,2)? = 20D 207D et G(2) [1 + 26222 (2) 0, b (1(2)) ],
and one arrives at the obvious lower bound
Jo(s,2)% > 2072 42a(d=2) qet G(2).
Furthermore, due to the definition of h we have |0,h| <1 a.e, which implies
Jo(s,2)? < 2072 4200d-2) ot G(2) (1 + 52q252q_2|1/1(z)|2)

< £2(d=2) 22a(d=2) qet, G(2) (1 + £2q232q_2Ri).

By substituting these bounds for J.(s, z)? into (7) we arrive at

d—2 q(d—2) d—2 d—1
€ s v(We(s,z det G(z) dH zdsﬁ/ v|dH
[ 2ot o ot as s [
< ed_2// s14=2)\ J1 4 £2¢2520-2R2 |0 (W (s, z det G(z) dH¥2(2) ds.
[ [ sny [o(We(s, 2))|y/det G(2) dp=2(2)

It remains to note that v(U(s, z)) = u(s, 1 (z)) and

/U|u(s,¢(z))\,/deta(z)dﬂd2(2):/8 lu(s, ) |dH2.

Lemma 7. For any v € WY2(V. ) and u := v o F. we have

gd-1 /SQ(d_l)/ l(l — (d —1)eqRy,)|0sul?
I w

1 (L (R 2 d—1
+ <€282q T2 (d—1) 2 |Viul| dH* " (t) ds

< / Vo2 dH?
V.

e, I

SEd—l/sq(d—l)/ [(1+(d—1)5qu)|asu|2
I w

1 qu QQRZ] 2 d—1
+ (6282q + E + (d - 1) $2 |vtu| dH (t) ds.

Proof. Remark that

1
DFg(s,t):< ! 0 ) =,
t

eqs?™ 1t sl 4
d-1

I; 4 :=the (d—1) x (d — 1) identity matrix.
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The change of variables z = F,(s,t) gives

/V Vo) [2dHd(z) = /1 / (Vu, GeV) gy ge AHO1 (1) ds,
e, f w

where

ge(s,1) = ’det DF.(s, Z)‘ _ -1 ga(d-1),

Ges.1) = (DF(s )T DE.(s,8))

1 _yr
<1+€2 g2 s2aD) |t|2 c q82q1tT>1 s
= 2g—1 2q =
S fas 4y ! L Ly
s e2s20 41T
It follows that
(Vu, G:Vu)pa = |85u|2 +
d—1 2 d-1 (8)
2q q
- — thasuﬁt]u+ = Z titr0p, u Oy u
s s2
J=1 7, k=1
We estimate
(‘3 U
%l < qR |
s

(9)
— o)
Z £|0sul® + 1‘ b u‘ = (d — 1)qR,e|0sul* + @\VWP.
= 5 £s2

Similarly, we have

2 d— 2 d—1
q
) Z tkat u Oy u < 2 Z \t ||tk|\6t ul yatku|
j:k: ]7k 1
2R2 d—1
< L3595 18, ul[9y,ul
g, k=1 (10)
2R2 d—1
<32 Y (10yul? + 19,u?)
J, k=1
2 p2
R
— 52“(d71)|vtu\2.

By using (9) and (10) to estimate the two last summands on the right-hand side of (8) we
obtain the desired inequality. O

Note that the above computations are classical for smooth dw, but the formulas are still valid
for Lipschitz w due to general results on Lipschitz manifolds [16].

2.5. A lower bound outside the peak. The goal of this subsection is to obtain a lower bound
for the eigenvalues of TE1 ’IN for intervals I separated from 0: It will be used in the truncation
arguments in the next sections.

Lemma 8. Let b,B > 0 and €9 > 0. Then there exists a constant ¢ > 0 such that for any
e € (0,e9) and any non-empty open interval

C (b, Bs_qfll)
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there holds Al(T;’IZj) > —ce L.

Proof. For any u € D(T1 N) we have by Fubini’s theorem

/ ’vu|2dfﬂd2/ |Vx/u|2d’}-[d:/ / |V$/u(az1,x/)|2d7{d_l(a§/) day.
Ve 1. Ve 1. I. Jexfw

In addition, due to Lemma 6,

/ WAt < o / A1+ 22 R / u(wy, eafa’)? AHT2 (o) day
OoVe,r1 I Ow

< / \/1 +e2¢2 R2 27772 /6( , )u(ml,x’)2 dHI2(2') day.
I exjw

Therefore,

t;’ﬁv(u, w) :/ |Vu|?dH? —/ wldH4!
e | 0o Ve, 1.

e,Ie

2/{/ |Vou(zs,a)[*dH " (2!)
I exiw

€

— \/1 +e2¢? R?, qu_Q/ w(zy, ') dHY2 (z )} dzy
O(exiw)

€Z‘OJ

I. \/W( z1,-),u(zy,)) dz
EL W . o
/IE A1 (R\/W> /exf{w w(z1, )2 dHI (2') day
> A / u?dHe, A= inf Ay <R5mq“ 2 2>7
EIE r1€l: \/W

ie. Al(T; I]:[) > A, for all € € (0,¢9), and it remains to find a suitable lower bound for A.. With
the help of the assertions (i) and (iv) of Lemma 3 we obtain, with some C’ > 0,

A R
A Rsm‘{w ! 29/ 1+e2¢2 R2 2392
! vV 14+€2¢? R2, qu72 2 %q

eAwa:C{\/l—i-quQRu%x 24020 (1 4 2% R2 2777)

- 257
\/14_62(]2]%:5?% 2 2 p2 202
=—A, o —C'(1+e°¢* R, x17 7).
1
For all 1 € I. we have
q < 19 q—1 —Lovg—1 _ g1
z] > b9, ex]  <e(Be@1)t T =BIT,

therefore, for any € € (0,e0) one has

/ 2 2q—2
A 1+qRB 7_0/(1_’_ 2R2B2q 2)

Ae > — b

w\/ﬂ B

2 ba

™ | =
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3. SPECTRAL ASYMPTOTICS NEAR THE PEAK

3.1. Model operators near the peak. We are going to apply a series of coordinate changes,
which will allow for the spectral study of the operators

1,D
Tgya = TE,(O,(Z) (11)
as € — 0. We also denote
teq = ti:(?),a)’ g := e = (0,a) X w.

The diffeomorphism F. defined in Subsection 2.4 induces the unitary transformation
O, 0 L2(Ve0.0)) — L* (I, e s Dds A1 (1)),
(Peu) (s, t) := u(F:(s,t)).
Consider the symmetric bilinear form p, , in L?(IT,, % s 1ds dH?~1(t)) defined by
Pea(u,u) = teo(P7 u, @7 1),

on the domain D(pe,) = P-(D(t.,)) and the associated self-adjoint operator P., in the
weighted space L2 (I, gd—1g(d=1)aqs d”Hd_l(t)), which is by construction unitary equivalent to
T: o and, hence, has the same eigenvalues. Remark that due to the explicit form of F. and @,
we have ®_(W,*(V.r)) = W;(I1;). It will convenient to denote

1,2
Dy 1= Wy (1),

then (5) shows that

D, is a core domain of p; 4,

so D, can be used as a test domain when applying the min-max principle to P ,.
Due to Lemma 6 and Lemma 7 for any u € D, one has

p;a(”a 'l,L) S pa,a(”; U) S pg:a(u7 U)

with symmetric bilinear forms pgfa(u, u) in L?(T,, 4 s(4=Dads dH91(t)) defined on D,

P a(uyu) = / ga(d=1) / [(1 ~(d - 1)eqR.) 0w’
0 w

1 aR ¢° R, 2 d—1
+<52$2q_ 2.~ =175 | [Veul” | dHT (1) ds

_ gd—2 / Sq(d72) \/1 + €2q2 RZ; 52472 / ’u(sv t)|2 d,Hd72(t) ds,
0

Ow
a
P (u,u) = 5d_1/ sq(d_l)/
0 w

1 af (i 2 d—1
+ <€2$2q + o2c +(d—-1) 2 |Viu|* | dH () ds

(1+ (d — 1)eqRy)|0sul?

a
_ gd-2 / 51(d—2) / |u(s, 1) ’2 de—z(t) ds,
0 Ow
In order to deal with L2-spaces without weights we additionally consider the unitary transform

V.: L*(10,) — L*(I,,e? 12D ds dHa—1(t)),

d—1 q(d—1)

Vou(s,t):=¢ 2 s 2 us,t),




13
and the symmetric bilinear forms ﬁfa in L*(TL,) defined on V1D, = D, by

P (u,u) = pZ,(Veu, Veu),

i.e. for u € D, one has

Pea(u,u) = /oa/w [(1 — (d — 1)eqR,,) (85u — Q(C;;l)u)g
+ <52152q — % —d-1)2 i ) |V qu] dHI1(t) ds

—/ - \/1+52 2 R2 s24— 2/ lu(s, t)] dHE2(t) ds,
0 Ow

P = [ [

(14 (d —1)eqRy) (85u — q(d2;1) u)Q

€2s24 = gg2
¢ 1
- / — / u? dHI2(t) ds
0 esd Ow

e € (0,e9)

1 2 2
+ ( 4 e (d—1) Rw) \Vtu]ﬂ dH 1 (t)ds

Assuming that

with some sufficiently small ¢ > 0 we can find suitable constants ¢; > 0, j € {1,2}, with
cjeo < 1 such that for all s € (0,a) one has

qRR, q2 Z;
8? + (d — 1) 3 S c1€ zszq,
which yields,
1 qR,, PR 1+ce
g2524 + €52 +(d-1) §2 T g2s%2a
1 —qu—(d—l)qQRZ 1—cie
€2s2¢ 52 §2 T g2s%2a 7
and )
1 202 R2 §20-2 < '
\/ et s —1—coe

This gives, with ¢g := (d — 1)qR.,

2
Pea(u,u) > (1 — coe) / / 1> ) dHI1(t) ds
+(1018)/ 22(1/ |Vtu’2d7-[d—1(t) ds

1
— / / u? dHI 2t
1-— c2€ Jo ESq Ow

Pa(u,u) < (14 coe) // ad-1) )defl(t)ds

2 qpd=1( d=2(4
—i—(l—i—cla)/ = 2q/\Vtu] dH /o i /&du dH

Due to u € D, the integration by parts in s gives

[0ty [,
0 S 0 2s
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resulting in

H:= = . (12)

By taking
¢ := max{co, c1,c2}
and by adjusting the value of €y to have ceg < 1 we arrive at the inequalities
hea(u,u) < pog(uu),  pla(u,u) < hy(u,u)

valid for all € € (0,9) and all u € Dy, where the symmetric bilinear forms hZ, in L?(Il,) are
defined on D, by

hea(u,u):(l—ce)/ /<|85u|2+h£u2>d7-ldl(t)ds
’ 0 Jw $
1 2 19/d—1
- / /ud?—[d2
1—ce Jo €57 Jo,
B () = (14 c2) / /(|6u|2 ) dH L (t) ds
2 Q-1 2 A2
+<1+cg>/ L etsn [ L[ e

Using the min-max principle one summarizes the above considerations as follows:

Lemma 9. For any a > 0 there exist g > 0 and ¢ > 0, with ceg < 1, such that for any j € N
and any ¢ € (0,e9) there holds

~(e,0) < \(Tow) < pt(era) with pt(e,a)i= inf o (1)
iy ra) < pi(e,a) with pi(e,a):= in sup —o—-.
J J J dSCEa ueS\{0} HUH%2(HG)

3.2. Upper bound. In this subsection we are going to obtain an upper bound for the quantities
uj (e,a) defined in Lemma 9. The analysis is based on the observation that for any u € D, one

has
h;a(u,u)z(ucs)/oa/w(\a uf? + 2 >de L) ds

2 19/d—1 esd 2 1q,d—2
+(1+c.€)/0 22q[/|vtu\ AL (1) - 1+cs/aw“(m (t)]ds.

In other words, if we denote

then

h:,a(ua u) = (1 + 68)/ / (lﬁsup + gu2>de_l(t) ds
0 Jw

a 1 w
=+ (1+C5)/; mrgpg(s)(u(s,-),u(s,-))ds.
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Let 1, be the positive and L2-normalized eigenfunction of the Robin Laplacian R¥ for the
first eigenvalue \1(Ry;). In view of the above representation one is interested in v.,_(5). By the
assertion (iii) of Lemma 3, for any € > 0 the map

(0,a) 3 8= ey (o) € L*(w)
is smooth. For any function f € W(loi) (0, a) consider the associated function
Wi T3 (5,8) 1 F(8)epe (1), (14)
Obviously u belongs to L?(I1,), its weak derivatives in II, are given by

.
Bt (5.8) o> /(e (8) + 1) L ),

Viu : (S,t) = f(s)vtwspg(s) (t)7
and, therefore, also belongs to L?(Il,), which shows that u € D,.

Lemma 10. For any a > 0 and €9 > 0 there exists B > 0 such that for any f € W(0 )(O,CL),
any € € (0,e0) and for u given by (14) it holds

/Ha uw?dH? = /Oa f(s)3ds
Bt (uyu) < (14 ce) /0 ’ { F(s)2 4+ (g - E(A“’ + B) f(s)z]ds.

Proof. The normalization of v.,_(,) gives

Due to the choice of ¢, _(5) we have

T (s) (u(s,-),u(s, ")) =M (R‘;’pg(s)) / u(s, t)2dHTH(t) = Al(R?pE(S))f(s)z.

Finally,
/w [Dsul*dH (1) = / (Mot () +f<s>c“”;’;j“><t>)2dad1<t>
= P62+ 2 06) [ (0L pan
/ ‘d¢apg(s a1 (1),
and using
[ a2 @) = 5 [ 0P = 3510

to eliminate the middle term on the right-hand side we obtain

/ Osul?dHT () = f'(5)? + Wef(5)%, / | wg”f o) ant (o).

The substitution of the previous identities into (13) yields

a M (R
h;a(u,u) =(1+ cs)/o [f’(s)2 + (Wg(s) + g + 1(6[)(8))) f(8)2] ds. (15)

g2s524
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Using Lemma 3(iv) we estimate, with a suitable C > 0,

Al(REp (s)) < —Aw€p5(s) + 0182/)8(8)2

5282‘1 — 8282q
pe(s) 1 pe(s)2 Aw 1
=—-A =+ C < - -— +C.
Y s 5+ e R &
Furthermore,
dey d(ep=()\° ypga-t(yy — 507 dwo ?
W)= [ (G0l o a ) O = :
do o=¢epe(s) ds 1 + CE o=¢epe(s LQ(w)
By Lemma 3(iii) we can find Cy > 0 such that
de 2
H Z < (Cy forall s€(0,a)and € € (0,¢0),
o=¢cp:(s) L2(w)
therefore,
Cog®s™172 220722 —
We(s) < ———-e" < C; 12y =: C
+(8) < (1+ca)2€ =2 5
Making use of these inequalities in (15) one arrives at the claim with B := Cy + Cs. (]

Lemma 11. For any a > 0 and j € N there holds

= 1\ 2% N
Aj(Tm)g(> Aj(Ll)Jro(E) for e = 0.

3

Proof. Let j € Nand S C W(lo’Qa)(O,a) be a j-dimensional subspace. Due to the first identity
in Lemma 10 the set

S = {u: u(s,t) = F(8)ep.(o)(t) with f € s}

is a j-dimensional subspace of D,. Therefore,
Rt (u,u)
p(e,a) < sup H;,Tgi
uesS\{0} " L2(IL,)
and using Lemma 10 one obtains

ii(ea) _ /0 [f’(s)2 + (g - 5(1;425)(9(1)]“(3)2] ds

sup

< + B.
L+ce = yes\(o} 1717200

The constants ¢ and B are independent of S, so one can take the infimum over all S as above

D J, o2+ (G - arve) o)

l4ce = scwh ’(0.0) ues\ (0} 11172 (0.)
dim S=j

to arrive at

+ B.

The first summand on the right-hand side is exactly the characterization of the eigenvalue

Aj (L Aw ) using the min-max principle, which yields

c(l4-ce)’

,u;r(s,a) < (T4 ce)); (L Aw a) + (14 c2)B.

e(1+ce)’
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With the help of the upper bound for \;(7:,) and Lemma 4 with £ — 0" we obtain, with some
K >0,

2

<(A°J) = Ni(Lr) + K

(T.q) < pif <1
N(Tea) < f(e00) < (L) | 70

+ (14 ce)B,

which gives the sought estimate. U

3.3. Lower bound. Similarly to the upper bound, the subsequent estimates for the numbers
o (e,a) defined in Lemma 9 will be based on the observation that for any v € D, one has

B () = (1— ce) / /<|8u|2 )d”Hd 1) ds

<h@4§@%mw»wmw (16)

p
(1—ce)?

As above, let 1, be the positive and L?-normalized eigenfunction of the Robin Laplacian R¥

with ps(s) :=

for the first eigenvalue A1 (R¥). We represent each function u € D, as
u="0v+w, (17)
v(s,t) := f(8)Yep. () (1),
15) = [ g Oyuts ) a1 )
wi=u—v.

By construction one has f € W(IOQ)(O a), and due to Lemma 3(iii) the weak derivatives of v in
11, are given by

At (s
B0+ (5,1) > J()0epe (1) + S () =2 ), (18)
Vv : (Svt> = f(s)vt¢aps(s) (t)
In particular, the functions u, dsu and d¢;u belong to L?(I1,), so one has v, w € D,.

Lemma 12. There exist a sufficiently small eg > 0 and a sufficiently large B > 0 such that for
any € € (0,e0) and any u € D, decomposed as in (17) there holds

lull72 () = 1F7200,0) + 1wl Ze,)s

h;a , a , H Aw
2 - [ (G- ) s - B

1—ce

Proof. Let us collect important properties of the decomposition (17). First,

/MMWWdWﬁ#®21%M@%W1®=ﬂW,

Furthermore, by construction we have

/¢%@um@JMH*%w=u (19)

in particular,

/ o(s, (s, £) AL (E) = F(s) / o (o) (D5, 8) AR () = 0, (20)
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therefore,

/ u(s, A1) = / v(s, £)?dHIT (1) + 2 / (s, tyw(s, t)dHI(t)

w

[ wls, 2dHTHD)
:/ 5, D2AH (1) + /w(s,t)2d7-£d_1(t)
=76+ [ wlsant )
lullZ2,) = 117 200.0) + Wl Z2q,)-
Due to the choice of 1 ,_(,) and the orthogonality (20), the spectral theorem for R; pe(s) gives

T?pg(s) (U(Sv ')’ u(sv )) = r?ps(s) (U(Sv ')7 ( )) + Taps( )(w(s’ ')7 w(s, ))

> Al(R?pg(s))Hv(& )||L2( + )‘Q(Rspg(s H'LU(S, )Hiﬁ(w)

= MR, () F(9)2 + MR, () (s, 3,

Using these estimates in (16) one obtains

H MR )
1_06 / /|a ul?dH )ds+/ <S2+E2qu” >f(s)2ds

//<32 Azg;ps(s))) (o P (s

We first use Lemma 3(iv) to estimate with a suitable C7 > 0:

)\I(Raps(S)) > _Awfps(s) + 0152[)5(8)2

e2s2¢ T 2429
pe(s) 1 pe(s)” Ay 1 1
=—-A, .- C > R
sk ¢ Y T (1 —ce)? st (1—ce)t

In addition, using Lemma 3(v) we find some Cy > 0 and, if necessary, decrease the value of &
to obtain

Mo (RZ, (5)) = Cs for all € € (0,2) and s € (0,a).
Then for a suitable C3 > 0 and an adjusted value of €y one has

52 5232‘1 — 252

for all € € (0,&9) and s € (0, a),

yielding

S ] [ paran
/( 1—052';_(1_0105)4)f<3>2d3 (21)

// w(s, t)2dH (1) ds
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Our next aim is to study the term containing |dsu|? on the right-hand side of (21). By
denoting

L= / 1Oy02dH (1),

Iy = 2/ dsv - Dgw dHITL(1),

Iy = / Ogw2dH (1),
w
we arrive at the decomposition
/ OuldHN W) = I + I + I, (22)
w

The term I; is analyzed in a straightforward way:

= (f/(smpg( (1) + £() 222 () gt o

= P2 +206) [ et ) 0ereto) ()01

ds

/’dwfpe de 1()

and using

1d

dYep. (s) d— d—
/wq/}z-:pg(s)(t) (6{; ( )dH 1 /wepg s) 2dH 1( ) 2d51 =0

to eliminate the middle term on the right—hand 51de, and by noting that last term is nonnegative
we obtain

I > f'(s)% (23)

As a consequence of (18), we have

L=I+1,
1, = 2f'(s) / op (o) (D)5t (s, 1) AHEL(D),
=2f(s / Wepe(s) ) d5w(s, t) dHI (L),

Using the orthogonahty (19) we obtain

0= L /¢ 5, 1) AL (1)

dvep, (s ~ 3
—/w wd’; L (#)w(s, t) dHY 1(t)+[u¢5p€(s)8sw(s,t) dH (),

therefore,

/ Vepo(s)(B)Osw(s, £) dAHTH(t) = — / dwzps“) (t)w(s, t) dHL(2).

w
This allows one to estimate I} by

|I5] =

d
2f'(s) =l

< We(s)f'(s)* + / w(s, t)2dHIL(t)

dz’Z)EPE(S)

2
< (t)’ dHAL(1).

with W (s) := /

w
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Furthermore,
1) < WZ(S)f(s)2 +e/ dsw(s, t)2dHIL(¢).
We have
[ (Y, d(ep=()\* 1, a1
WE(S) _/ < do ( )’U epe (s )d8> d# (t)
2 2q 2 d¢g
1 — CE H o= Eps ’

ME2(w)

and by Lemma 3(iii) we can find C’4 > 0 such that

dyps
H id < Cy forallse(0,a)ande € (0,e),

L2 (w)

o=¢cp:(3)

then for some C5 > 0 it holds
W.(s) < Cse? for all s € (0,a) and € € (0, ).
Then

115 < Cse?f'(s)* + ||Jw(s -Hig(w

| ‘ < Csef(s +£||8w ||L2

and
Iy > —|Iy| — |I3| > Cse* f'(s)* — Cse f(s)? — e]|Osw(s, ')H;(w) — [|w(s, ')H;(w)
By using the last inequality and (23) in (22) we arrive at
|9su(s, My = (1= Cse?)f'(5)2 = Cref(s)?

+ (1 —¢)||0sw(s

2
- Hw(37 ’)HL?(w)

2
> ) || L2(w)
By using the last inequality to estimate the first summand on the right-hand side of (21) we
obtain

Wz/a[u_cse)f(m(ff— o = G ) (9

1—ce s2 e(l—ce)?st (1 —ce)

//{1_58“’” (zczq 1)w<s7t)2}dﬂd1(t)ds

We additionally adjust €y such that the expression in the last integral becomes non-negative for
all s € (0,a) and all € € (0,ep) and choose Cs > 0 to have
C1
(1 —ce)?

+ Cse < Cg for all € € (0,¢ep),

which results in

Pt [a-esenror+ (G- 2o -c)rerfas. e

1—ce 52

Recall that due to the explicit expression (12) for H and the one-dimensional Hardy inequality

a — J— 2*
ad-D -1 [ Seras < [ (rer+ EHZ s

we have

452

= ["(F62+ 3106 Jas
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yielding
a1 a H

/0 o) f(s)?ds < 07/0 (f/(8)2 + f(s)Q)ds, Cy =

This implies

| [a-cseiror+ Srw?)as
0 s
a aq
= (1 - Cse? /0 (f f(s)2>ds + HC552/0 =z f(s)%ds
€ I

2
, H
V[ (reret
> (1 — 0552) /( )2 + — ’

/ s)2>ds - |H|C5C752/
0 0

=(1- 0852)/0 (f’<s)2 + gf(s)z)ds with Cg := C5 + |H|C5C7.

(667 + 5107 s

By using this inequality on the right-hand side of (24) we arrive at

h;a , “ / ‘ Ay
he.a(u, v) > (1- 0852)/0 (f (s)* + gf(s)2> ds — /0 —— 5 f(s)%ds = Cs|| 1 72(0,0-

1—ce es4(1 — ce)
We assume additionally g9 € (0,1), then €2 < ¢ for all € € (0,&9), and we obtain the claim by

choosing any B > max{Cg, Cs} such that

1 < 1
(1—-ce)? — 1—Be

for all € € (0,¢0) O

holds.
Lemma 13. For any a > 0 and any j € N one has

1 _q

Ay -
)2 ! fore —07.

N(Tea) < <) \(L1) + 0 (

9 9

Proof. Due to the first identity in Lemma 12, the map u +— (f,w) defined by (17) is uniquely
extended to an isometry

J: L3(I1,) — L?(0,a) ® L3(IL,).

Consider the symmetric bilinear form m. in L?(0,a) @ L?(Il,) given by

@ H A
— 2 w 2 2
me((fow). () s= (1= Be) [ 192+ (3 = 7= ) 19 ds = Bl oy
on D(m,) = W(lo’Qa) (0,a) @ L%(11,), then the inequality in Lemma 12 can be read as
hZ o (u,
El’afucgu) > me(Ju, Ju) for all u € D,,.

Further remark that the closure of m,. is the bilinear form corresponding to the self-adjoint
operator

M.:=((1=Be)L_a._,—B)&0,

a
e(1—Be)2’
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Let j € N. For each j-dimensional subspace S C D, the set J(S) is a j-dimensional subspace
in the domain of m., and due to Lemma 9 we have

. (e, h= ,
M) , 1) ol
—ce —ce d?n?gij ueS\{0} HUHLZ(HG)
me(Ju, Ju)

> inf sup

2
d?rgsl‘)ij ueS\{0} | J“HLZ(o,a)@p(na)

(25)
. me(z, 2)
= inf sup 5
$5CPa e I(5)\(0} 121172 0,000 22(11,)
> inf sup 2m5(z, ?) = \;(M).
S(;-CDS(/ma) z€S"\{0} HZ||L2 (0,0)®L2(I1,)
imS’'=j

For € — 07 we have, due to Lemma 4,

M(-BeL_a, ,~B)=0-Be)\(L_as )-B

a
e(1—Be)2’ e(1—Be)2’

_ A )ﬁ)\(L )— B
g(1 — Be)? A
q

(A w0 (1)

Aj(ME)zAj<[(1Bs)LAwGB}@())zmin{Aj(uBg)L A aB),O}

> (1—BE)<

hence,

e(1-Be)2’ e(1—Be)2’
2 q 2 q
A P 1\ 2=¢ Aw 2—¢ 1\ 2=¢
Zmin{ (‘”) "N(L) + 0 ()2 ’ ,0} - () qu(L1)+o(>2 .
€ € € €
and the substitution into (25) completes the proof. O

By combining the upper bound of Lemma 11 and the lower bound of Lemma 13 and by
recalling the convention (11) we arrive at the main result of this section:

Corollary 14. For any a > 0 and j € N there holds
2 q
AL\ 7=¢ 1\ 2=«
)\j(T;’(ﬁa)) = (;) ! Ni(Li) + 0O <€> " fore—07.
4. TRUNCATIONS AND THE PROOF OF THE MAIN THEOREM

In this section we prove Theorem 2. The argument will be based on a series of truncations
combined with the spectral analysis of the operators Tj }N/ D from the previous sections.
Choose § > 0 for Q as in Definition 1, then pick any a € (0,9) and consider the sets

Q= Q0N |(~a,0) x (=6,6)"7], 0, =0\ 0,
By assumption on {2 there holds Q, =V} (g ,), while 2 is a bounded Lipschitz domain.

Lemma 15. For any j € N one has

2

2
)\j(Rg) < AL )\j(Ll)aﬁ + O(afq_(q_l)) for a = +o00.
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Proof. As each function from T//I\/OI’Q(V(L(O,CL)) can be extended by zero to a function in W12(€),
the min-max principle and the scaling (6) imply that for any j € N and any « > 0 there holds

N(RD) S N(T0 ) = @*X(T,:0 )-
)

7(07a a17q7(0’aa’)

Now assume that o > 1 and remark that each function from I//[\/Ol ’2(V17(0,a)) can be extended by

zero to a function in I//I\/Ol ’Q(VL(O,M)), so the min-max principle implies

MN(THP ) < N (Th7 ).

al=4,(0,0a) al=4,(0,a)

Using Corollary 14 with € := o'~% and o« — 400 we obtain

q

% 2—g 2 _ 2_
MN(ToiZ 0) = ( A )2 " Ai(Ly) +O( ! )2 "= AZTTa (L) + O (a‘z:)

al—4 al—4

and the preceding inequalities yield

_2 _ 2_
MR < oA (THE, 00) = 0 {Ai—Qaz’ff A (L) + O(a%f)}
2= 2 2 _(g—1)
= A5 Nj(Lr)aa + O(oﬂ*q (a ) O

Obtaining a lower bound requires slightly more work.

Lemma 16. For any j € N one has
2
Aj(RG) > AZ° )\j(Ll)aﬁ + O(a;qu(qfl)) for v = +o0.

Proof. Let j € N be fixed. For any u € W12(Q) and any o > 0 we have

rg(u,u) > ti’(]g,a)(ufﬁa7u|ﬂa) + TSZZ(U‘ng U’Qg)a

and the min-max principle shows that for any « > 0 it holds
a,N /
N(RE) = A (T, @ RE).
Remark that
a,N / . a,N ’
\j (TL(O’a) B Rga) > min {Aj (170 Al(Rga)}'

As Q is a bounded Lipschitz domain, there is ¢ > 0 such that /\1(R2:’) > —ca? for all sufficiently
large o (as discussed in the introduction). Due to the scaling (6) we have

a,N 1,N
X (T3 0.0) = N (Thi% (0.aay)-

and by putting all together we arrive at

X (RS > min {0 (THY ,—c va? for all sufficiently large o. 26
J « J

aliq’(oﬂla)

From now on we assume that o > 1. To study the eigenvalues of T’ iiqu ( we pick smooth

0,acx)
functions x1, x2 € C*°(0, c0) such that

2
Xl(s) =0 for all s > ?a’ XQ(S) =0 for all s < g, X%‘FX%:l
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Due to Lemma 5 the set W(ld?oo)(Va1_q7(0’aa)) is a core domain of t;’lj\i%m’m), and for any u €

W(ld,Qoo)(VozlftI,(o,aa)) one has

(:Ela ZL‘/) = Xl(l'l)u(xlvl‘/) € W(ldi)(val_q,(o,a))v
(Jfl,l‘,) = XQ(ZL‘l)U(IL‘l,ZL‘/) € WI’Q(Valfq,(%,aa))a

2 2 _ 2
Dz, .0 F U2, o ) = 1120 0y
1,N

al=1,(0,aa)

1,D 1,N

13 (u,u) = tal—q7(07a)(X1U> X1u) + tal—qy(%ﬂa) (x2u, x2u)

-/ (9l + [Vxal)uanc,
Valfq,(O,aa)

and by denoting B := |||Vx1|* + \VX2|2HOO and using the min-max-principle we arrive at

A (THY ) 2 N (T2 0.0 © Tails (200 ) — B

al=4,(0,ac) al=4,(§ a0

= min {35 (Toi%% 0.0 M (Taie 5 0 ) } = B

For some fixed C' > 0 and all sufficiently large o we have, due to Lemma 8 and Corollary 14,

52 29=2 =g _
\j (Tji’q’(o’a)) = AZ a7 (L) + O(a — ) < _—Cai ' < Al(T;#Yq’(%w)),
because ) ) )
q—
=—(qg—1)>qg—1.
54 2_qm )>q

This yields for all large «

_2 — 2_
>\j (TI’N ) > )\j (TI’D ) — B = Ai_qa%)\j(Ll) + O(Ox%)7

al=4,(0,aa) al=4,(0,a)

and using (26) we obtain
2 g 2_
N(RE) = min {0 (TY, ae) —cfo? > min {AZ 7035 0(L1) + 0(a™ ), —c}o?
2 q— q27q 2
- [Azmi—fAj(Ll) + o(az—q)} a? = AT (L)aTi +0(ass @ V). D

The claim of Theorem 2 follows by combining the upper bound of Lemma 15 with the lower
bound of Lemma 16.
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