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Abstract. We study the asymptotic behavior of individual eigenvalues of Laplacians in do-
mains with outward peaks for large negative Robin parameters. A large class of cross-sections
is allowed, and the resulting asymptotic expansions reflect both the sharpness of the peak and
the geometric shape of its cross-section. The results are an extension of previous works dealing
with peaks whose cross-sections are balls.

1. Introduction

If Ω ⊂ Rd is a bounded domain (non-empty connected open set) with suitably regular bound-
ary, we are interested in the following Robin eigenvalue problem:{−∆u = λu in Ω,

∂νu = αu on ∂Ω,
(1)

where α > 0 is a parameter and ∂ν means the outer normal derivative. The problem (1) is
understood in a weak sense. For a strict formulation we denote by Hm the m-dimensional
Hausdorff measure, and for the sake of readability we denote a function in Ω and its Sobolev
trace on ∂Ω by the same symbol. Under appropriate regularity assumptions on Ω the symmetric
bilinear form rΩ

α defined on the domain D(rΩ
α ) = W 1,2(Ω) by

rΩ
α (u, v) :=

ˆ
Ω

⟨∇u,∇v⟩Rd dHd − α

ˆ
∂Ω
uv dHd−1

is closed and generates a self-adjoint operator RΩ
α with compact resolvent in L2(Ω). Informally,

the operator RΩ
α corresponds to the Laplacian u 7→ −∆u acting on the functions u satisfying

the boundary condition ∂νu = αu on ∂Ω, and the eigenvalues λ in (1) are understood as the
eigenvalues of RΩ

α . In particular, a number λ is an eigenvalue of (1) with an eigenfunction u if
and only if

rΩ
α (u, v) = λ

ˆ
Ω
uv dHd for all v ∈ W 1,2(Ω).

Alternatively, one can consider u 7→ rΩ
α (u, u) as the energy functional for (1) and characterize

the eigenvalues variationally using the min-max principle. Remark that the boundary term in
the above expression for rΩ

α (u, u) is negative for α > 0, so this case is usually termed as the case
of negative Robin parameters.

In what follows, for a lower semibounded self-adjoint operator A we denote by λj(A) its j-th
eigenvalue (if it exists), assuming that the eigenvalues are enumerated in the non-decreasing
order by taking into account their multiplicities. The goal of the present paper is to study
the asymptotic behavior of the individual eigenvalues of RΩ

α , i.e. of λj(RΩ
α) with fixed j, for

α → +∞ and a special class of domains Ω. The dependence of λj(RΩ
α) on α for various classes

of Ω has been given a considerable attention during the last decade, see the reviews in [4, 9]. If
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Figure 1. An example of a domain Ω with an outward peak with cross-section ω.

Ω is a bounded Lipschitz domain, then all required regularity assumptions are satisfied, and it
is known that for large α one has a two-sided bound

−cα2 ≤ λ1(RΩ
α) ≤ −α2 (2)

with some c ≥ 1, see e.g. [4, Prop. 4.12] and [9, Lem. 2.7]. Under stronger regularity assumptions
one can construct detailed asymptotic expansions for λj(RΩ

α) with any fixed j involving various
geometric properties of Ω and ∂Ω, see e.g. [2, 3, 6, 7, 8, 11, 14] and the reviews in [4, 9]. On the
other hand, it was observed in [11] that (2) fails for domains Ω with outward peaks, which was
later studied in greater detail in [10]. As the subsequent text is specifically devoted to the study
of λj(RΩ

α) for such Ω, let us introduce an adapted language in order to continue the discussion.
From now on let d ∈ N with d ≥ 2. The vectors x ∈ Rd will be written in the form x = (x1, x

′)
with x′ ∈ Rd−1. The following definition is in the spirit of [12, Sec. 5.1.1], see Figure 1 for an
illustration:

Definition 1. Let q > 1 and ω ⊂ Rd−1 be a bounded Lipschitz domain. We say that a bounded
domain Ω ⊂ Rd has an outward peak at the origin, of sharpness order q with cross-section ω, if
for some δ > 0 it holds

Ω ∩ (−δ, δ)d =
{
x ∈ Rd : x1 ∈ (0, δ), x′ ∈ xq

1ω
}

and Ω is Lipschitz at all boundary points except at the origin.

The main result of the present work is as follows:

Theorem 2. Let Ω ⊂ Rd be as in Definition 1 with some bounded Lipschitz cross-section
ω ⊂ Rd−1 and sharpness order q ∈ (1, 2), then for any fixed j ∈ N one has

λj(RΩ
α) =

(
Hd−2(∂ω)
Hd−1(ω)

) 2
2−q

λj(L1)α
2

2−q +O
(
α

2
2−q

−(q−1)
)

for α → +∞, (3)

where L1 is the differential operator in L2(0,∞) defined first by(
L1f

)
(s) := −f ′′(s) +

(
q2(d− 1)2 − 2q(d− 1)

4s2 − 1
sq

)
f(s), f ∈ C∞

c (0,∞),

and then extended using the Friedrichs extension.

Let us make some comments on the assumptions and the relations with earlier works. All
eigenvalues λj(L1) are negative, see Subsection 2.2 below, so the eigenvalues λj(RΩ

α) diverge to
−∞ much faster than in the Lipschitz case. We are not aware of any value of q ∈ (1, 2) for
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which the eigenvalues of L1 can be computed explicitly. The assumption q ∈ (1, 2) is necessary
to ensure that the Sobolev trace operator is well-defined and compact from W 1,2(Ω) to L2(∂Ω),
which guarantees the required properties of the above bilinear form rΩ

α and the self-adjointness
of the Robin Laplacian RΩ

α for all α > 0, see [5, Sec. 5.2] or [1, 13]. The case when ω is a ball
of radius ρ > 0 was already studied in the earlier paper [10], and its main result is recovered
(with an improved remainder estimate) by using (3) and observing that in this case

Hd−2(∂ω)
Hd−1(ω) = d− 1

ρ
.

It should be noted that the analysis in [10] was crucially depending on a separation of variables
in the ball (and lengthy manipulations with asymptotic expansions of special functions), which
is indeed unavailable for general ω. The central observation in this paper is that a part of the
arguments of [10] based on a separation of variables can be replaced by an argument based on
the first-order perturbation theory of linear operators and on an adapted coordinate change, and
it was mainly motivated by observations and geometric constructions from the later paper [15].
The asymptotic expansion (3) reflects both the sharpness q (through the order in α) and the
geometry of the cross-section ω (through the coefficient in the main term), which is an essentially
new contribution when compared to [10]. This allows to make additional observations on the
interplay between the geometry and the eigenvalues. For example, if the area or the perimeter
of ω is fixed, then the ratio Hd−2(∂ω)/Hd−1(ω) appearing in the main term of the asymptotic
expansion is minimized by the balls due to the isoperimetric inequality. Therefore, if the peak
cross-section is a ball, then for α → +∞ the individual eigenvalues of RΩ

α diverge to −∞ slower
than for any other peak cross-section having the same area or the same perimeter.

The study of Robin eigenvalues can be addressed, in principle, for more general peaks. First,
one can extend the class of possible Ω by replacing the condition x′ ∈ xq

1ω with the more general
one x′ ∈ φ(x1)ω, where φ is a strictly increasing smooth function with φ(0) = φ′(0) = 0. While
some first steps of the analysis are still applicable, the absence of principal homogeneous terms
in various intermediate operators poses severe problems for the description of the eigenvalue
asymptotics, and no power-type asymptotics in α can be expected. A further possible gen-
eralization is admitting non-Lipschitz cross-sections ω (in particular, those having peaks in a
suitable defined sense). This case of “iterated peaks” is likely to give rise to a multiscale analysis
of Laplacians in several dimensions, which is expected to be at a much higher complexity level
than the present work. Another extension arises if one admits so-called non-isotropic peaks
featuring different scalings in different x′-directions. In this case a multi-step approach seems
promising, and a particular case could recently be analyzed in [17].

The overall structure of the paper and of the proof follows closely the one in [10]. Section
2 is devoted to technical preparations. In Subsection 2.1 we collect important facts on Robin
Laplacians proved in previous works. In Subsection 2.2 we introduce a family of one-dimensional
operators, which includes the operator L1 appearing in Theorem 2, and recall their basic spectral
and asymptotic properties. Subsection 2.3 introduces a family of model peak domains together
with associated Laplace-type operators. In Section 2.4 a coordinate change is employed to map
the peak domains diffeomorphically to cylindrical domains and to control various integral terms.
This part is new with respect to [10], and it is an adaptation of some computations from [15]. In
Subsection 2.5, we obtain a lower bound for model operators defined outside a neighborhood of
the peak’s tip. The core of the study is Section 3, in which we study the eigenvalues of a model
operator defined in a small neighborhood of the peak’s tip and relate them to the eigenvalues of
L1 as summarized in Corollary 14. The proof avoids using a separation of variables and employs
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the general results on Robin Laplacians from Section 2.1 instead. In the last section (Section 4)
we make use of a series of truncations of Ω to show that only a small neighborhood of the peak’s
tip counts for the main term of the eigenvalue asymptotics, and an application of Corollary 14
completes the proof of Theorem 2. Most spectral estimates are of purely variational nature and
obtained mainly with the help of the min-max principle for eigenvalues through an adapted
choice of test functions.

For the rest of the paper we assume that Ω ⊂ Rd satisfies the assumptions of Theorem 2.
This fixes once and for all the sharpness parameter q ∈ (1, 2) and the cross-section ω ⊂ Rd−1,
and we denote additionally

Aω := Hd−2(∂ω)
Hd−1(ω) .

2. Preparations

2.1. Robin Laplacians on bounded Lipschitz domains. The following proposition collects
important properties of the eigenvalues of the Robin Laplacians, and we refer to [15, Lemma
2.1] for a proof.

Lemma 3. Let U ⊂ Rm be a bounded Lipschitz domain, then the following properties hold true
for the Robin Laplacian RU

α (as defined in the introduction):
(i) Scaling: For any t > 0, α ∈ R, j ∈ N one has

λj(RtU
α ) = λj(RU

tα)
t2

.

(ii) For any α ∈ R, the first eigenvalue λ1(RU
α ) is simple and the corresponding eigenfunc-

tions have constant sign in U .
(iii) The function

R ∋ α 7→ λ1(RU
α ) ∈ R

is smooth. If the associated eigenfunction ψα is chosen positive with ∥ψα∥L2(U) = 1,
then the mapping

R ∋ α 7→ ψα ∈ L2(U)
is also smooth.

(iv) There exists ϕ ∈ L∞(0,∞) such that

λ1(RU
α ) = −Hm−1(∂U)

Hm(U) α+ α2ϕ(α) for all α > 0.

(v) If NU is the Neumann Laplacian in U , then

lim
α→0

λ2(RU
α ) = λ2(NU ) > 0.

In what follows, Lemma 3 will be used mainly for m = d− 1 and U = ω.

2.2. A one-dimensional operator. For µ > 0 consider the symmetric differential operator
in L2(0,∞) given by

C∞
c (0,∞) ∋ f 7→ −f ′′ +

(
q2(d− 1)2 − 2q(d− 1)

4s2 − µ

sq

)
f

and denote by Lµ its Friedrichs extension. Its essential spectrum is [0,+∞), and it has infinitely
many negative eigenvalues due to the presence of the negative long-range potential µ/sq, and all
the negative eigenvalues are simple. One easily checks that for the unitary scaling transformation

Zc : L2(0,∞) → L2(0,∞), Zcf =
√
cf(c ·), c > 0,
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Figure 2. An example of the model peak domain Vε,I .

one has
LµZc = c2ZcLcq−2µ for any µ > 0 and c > 0, (4)

which shows that Lµ is unitarily equivalent to c2Lcq−2µ. For c := µ
1

2−q this implies the identity

λj(Lµ) = µ
2

2−qλj(L1) for any µ > 0 and j ∈ N.

In what follows we will deal with truncated versions of Lµ. Namely, for a > 0 we denote by
Lµ,a the Friedrichs extension in L2(0, a) of the operator

C∞
c (0, a) ∋ f 7→ Lµf.

By construction the form domain of Lµ,a is continuously embedded in W 1,2
0 (0, a), which implies

that Lµ,a has compact resolvent. In addition, the usual mollification procedure shows that any
function from W 1,2(0, a) vanishing in some neighborhoods of the endpoints belongs to the form
domain of Lµ,a and, moreover, such functions build a core domain for the bilinear form of Lµ,a.
We will use the following asymptotic estimate for the eigenvalues of Lµ,a:

Lemma 4. For any a > 0 and j ∈ N there exist K > 0 and µ0 > 0 such that

µ
2

2−qλj(L1) ≤ λj(Lµ,a) ≤ µ
2

2−qλj(L1) +K for all µ > µ0.

The proof is given in [10, Sec. 3.1] for a slightly different choice of parameters, and it is
translated into our language using the scaling (4).

2.3. Finite peaks and related operators. For ε > 0 we will consider various finite pieces of
the infinite peak

Vε :=
{

(x1, x
′) ∈ Rd : x1 ∈ (0,∞), x′ ∈ εxq

1ω
}
.

Namely, for an open interval I ⊂ (0,∞) it will be convenient to denote

Vε,I := Vε ∩
(
I × Rd−1

)
≡
{

(x1, x
′) ∈ Rd : x1 ∈ I, x′ ∈ εxq

1ω
}
,

see Figure 2. In particular, one has Vε = Vε,(0,∞). We will also consider the “lateral boundary”
∂0Vε,I of Vε,I given by

∂0Vε,I := ∂Vε ∩
(
I × Rd−1

)
≡
{

(x1, x
′) ∈ Rd : x1 ∈ I, x′ ∈ εxq

1∂ω
}
.
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At several places we will work with functions localized in the first variable, so let us introduce
an adapted notation. For an open set U ⊂ Rd and an open interval I ⊂ R it will be convenient
to denote

W 1,2
I (U) :=

{
u ∈ W 1,2(U) : ∃c, c′ ∈ I such that u(x) = 0 for all x ∈ U with x1 /∈ [c, c′]

}
.

For α ∈ R and an open interval I ⊂ (0,∞) consider the symmetric bilinear form tα,N
ε,I given

by

tα,N
ε,I (u, u) :=

ˆ
Vε,I

|∇u|2dHd − α

ˆ
∂0Vε,I

u2dHd−1, D(tα,N
ε,I ) := W 1,2(Vε,I).

In the final steps of the proof of the main theorem we will use the following density result:

Lemma 5. For any open bounded interval I ⊂ (0,∞) and any ε > 0 the set W 1,2
(0,∞)(Vε,I) is

dense in W 1,2(Vε,I).

Proof. Remark that W 1,2
(0,∞)(Vε,I) consists of the functions in W 1,2(Vε,I) that vanish in a neigh-

borhood of the origin. If 0 is not an endpoint of I, then W 1,2
(0,∞)(Vε,I) = W 1,2(Vε,I), and there is

nothing to prove. Therefore, from now on we consider the case I = (0, ℓ) with ℓ ∈ (0,∞).
From the general theory of Sobolev spaces it is known that W 1,2(Vε,I) ∩ L∞(Vε,I) is a dense

subspace of W 1,2(Vε,I), see [12, Theorem in Sec. 1.4.3]. Therefore, it is sufficient to show that
any u ∈ W 1,2(Vε,I) ∩ L∞(Vε,I) can be approximated by functions from W 1,2

(0,∞)(Vε,I). Pick a
function χ ∈ C∞(0,∞) such that

0 ≤ χ ≤ 1, χ(s) = 0 for s < 1, χ(s) = 1 for s > 2,

and for small µ > 0 consider the functions

uµ : (x1, x
′) 7→ χ

(x1
µ

)
u(x1, x

′).

By construction uµ ∈ W 1,2(Vε,I) with uµ(x1, x
′) = 0 for x1 < µ, so uµ ∈ W 1,2

(0,∞)(Vε,I). We are
going to show that uµ converges to u in W 1,2(Vε,I) for µ → 0+.

Using the dominated convergence theorem one shows that uµ converges to u in L2(Vε,I) for
µ → 0+. For each j ≥ 2 we have

∂juµ : (x1, x
′) 7→ χ

(x1
µ

)
∂ju(x1, x

′),

and the same argument shows the convergence of ∂juµ to ∂ju in L2(Vε,I) for µ → 0+. Further-
more,

∂1uµ : (x1, x
′) 7→ 1

µ
χ′
(x1
µ

)
u(x1, x

′) + χ
(x1
µ

)
∂1u(x1, x

′),

in particular, ∂1uµ(x1, x
′) = ∂1u(x1, x

′) for x1 > 2µ, and

∥∂1uµ − ∂1u∥2
L2(Vε,I) = ∥∂1uµ − ∂1u∥2

L2(Vε,(0,2µ))

=
ˆ 2µ

0

ˆ
εxq

1ω

( 1
µ
χ′
(x1
µ

)
u(x1, x

′) +
[
χ
(x1
µ

)
− 1

]
∂1u(x1, x

′)
)2

dHd−1(x′) dx1

≤ I ′
µ + I ′′

µ,

I ′
µ := 2

µ2

ˆ 2µ

0

ˆ
εxq

1ω

[
χ′
(x1
µ

)
u(x1, x

′)
]2

dHd−1(x′) dx1,

I ′′
µ := 2

ˆ 2µ

0

ˆ
εxq

1ω

([
χ
(x1
µ

)
− 1

]
∂1u(x1, x

′)
)2

dHd−1(x′) dx1.
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Using q(d− 1) > 1 we obtain

I ′
µ ≤ 2

µ2

ˆ 2µ

0

ˆ
εxq

1ω
∥χ′∥2

∞∥u∥2
∞dHd−1(x′) dx1

= 2∥χ′∥2
∞∥u∥2

∞
µ2

ˆ 2µ

0
Hd−1(εxq

1ω) dx1

= 2∥χ′∥2
∞∥u∥2

∞
µ2

ˆ 2µ

0
(εxq

1)d−1Hd−1(ω) dx1

= 2∥χ′∥2
∞∥u∥2

∞ε
d−1Hd−1(ω)

µ2

ˆ 2µ

0
x

q(d−1)
1 dx1

= 2∥χ′∥2
∞∥u∥2

∞ε
d−1Hd−1(ω)

µ2
(2µ)q(d−1)+1

q(d− 1) + 1

= 2q(d−1)+2∥χ′∥2
∞∥u∥2

∞ε
d−1Hd−1(ω)

q(d− 1) + 1 µq(d−1)−1 µ→0+
−−−−→ 0,

while I ′′
µ converges to 0 for µ → 0+ due to the dominated convergence theorem, which implies

the convergence of ∂1uµ to ∂1u in L2(Vε,I) for µ → 0+. □

Denote
Ŵ 1,2

0 (Vε,I) := the closure of W 1,2
I (Vε,I) in W 1,2(Vε,I)

and consider the symmetric bilinear form

tα,D
ε,I := the restriction of tα,N

ε,I on Ŵ 1,2
0 (Vε,I).

By construction we have:

W 1,2
I (Vε,I) is a core domain of tα,D

ε,I , (5)

which will simplify the subsequent considerations.
In what follows we will be interested in the spectral analysis of the self-adjoint operators

T
α,N/D
ε,I acting in L2(Vε,I) and defined by the forms tα,N/D

ε,I . Note that for any α > 0 and any I
one has

αV1,I =
{

(x1, x
′) ∈ Rd :

(x1
α
,
x′

α

)
∈ V1,I

}
=
{

(x1, x
′) ∈ Rd : x1

α
∈ I,

x′

α
∈
(x1
α

)q
ω
}

=
{

(x1, x
′) ∈ Rd : x1 ∈ αI, x′ ∈ α1−qxq

1ω
}

≡ Vα1−q ,αI .

Therefore, a simple scaling argument shows that for any j ∈ N one has the relations

λj(Tα,N/D
1,I ) = α2λj(T 1,N/D

α1−q ,αI). (6)

Our next goal is to obtain lower and upper bounds for the eigenvalues of Tα,N/D
ε,I with the help

of suitable coordinate changes.

2.4. Reduction to cylindrical domains. For ε > 0 consider the diffeomorphism

Fε : (0,∞) × Rd−1 → (0,∞) × Rd−1, Fε(s, t) := (s, εsqt),

then for any open interval I ⊂ (0,∞) we have

Fε(ΠI) = Vε,I for ΠI := I × ω.
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In order to deal with various integrals under the change of variables defined by Fε, we will
perform some preliminary computations. Let us introduce the constant

Rω := sup
t∈ω

|t|.

Lemma 6. For any ε > 0, any measurable function v : ∂0Vε,I → R and u := v ◦ Fε it holds

εd−2
ˆ

I
sq(d−2)

ˆ
∂ω

∣∣u(s, t)
∣∣ dHd−2(t) ds ≤

ˆ
∂0Vε,I

|v| dHd−1

≤ εd−2
ˆ

I
sq(d−2)

√
1 + ε2q2R2

ω s
2q−2
ˆ

∂ω

∣∣u(s, t)
∣∣ dHd−2(t) ds.

Proof. It is sufficient to prove the result for the functions v supported in images of local charts,
then it is extended to general functions by using a partition of unity. Let

U ∋ z = (z1, z2, · · · , zd−2) 7→ ψ(z) ∈ ∂ω

be a local chart on ∂ω, then U ∋ z 7→ εψ(z) ∈ ∂(εω) is a local chart on ∂(εω), and

Ψε : I × U ∋ (s, z) 7→
(
s, εsqψ(z)

)
≡ Fε

(
s, ψ(z)

)
∈ ∂0Vε,I

is a local chart on ∂0Vε,I . If v is supported in the image of Ψε, then the expression of Hd−1 on
hypersurfaces givesˆ

∂0Vε,I

|v| dHd−1 =
ˆ

I

ˆ
U

∣∣∣v(Ψε(s, z)
)∣∣∣Jε(s, z) dHd−2(z)ds (7)

with
Jε(s, z) :=

√
det

(
DΨε(s, z)TDΨε(s, z)

)
.

A direct computation gives

DΨε(s, z) =
(

1 0 . . . 0
εqsq−1ψ(z) εsq∂1ψ(z) . . . εsq∂d−2ψ(z)

)
,

which yields

DΨε(s, z)TDΨε(s, z) =

1 + ε2q2s2q−2∣∣ψ(z)
∣∣2 ε2qs2q−1H(z)T

ε2qs2q−1H(z) ε2s2qG(z)


with G(z) := Dψ(z)TDψ(z) and

H(z) :=


〈
ψ(z), ∂1ψ(z)

〉
...〈

ψ(z), ∂d−2ψ(z)
〉
 ≡

(
|ψ|∇|ψ|

)
(z).

Since ψ is a local chart, the matrix G(z) is invertible for a.e. z, and a standard formula
for computing the determinant of a block matrix with an invertible diagonal block becomes
applicable, which leads to

Jε(s, z)2 = ε2(d−2)s2q(d−2) detG(z)
[
1 + ε2q2s2q−2∣∣ψ(z)

∣∣2 − ε2q2s2q−2H(z)TG(z)−1H(z)
]

= ε2(d−2)s2q(d−2) detG(z)
[
1 + ε2q2s2q−2∣∣ψ(z)

∣∣2(1 −
〈
∇|ψ|(z), G(z)−1∇|ψ|(z)

〉)]
.

Consider the modulus function
h : ∂ω ∋ t 7→ |t| ∈ R,
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then 〈
∇|ψ|(z), G(z)−1∇|ψ|(z)

〉
= |∇∂ωh|2

(
ψ(z)

)
,

∇∂ωh := the tangential gradient of h along ∂ω,

and

1 −
〈
∇|ψ|(z), G(z)−1∇|ψ|(z)

〉
= |∇h|2

(
ψ(z)

)
− |∇∂ωh|2

(
ψ(z)

)
= |∂νh|2

(
ψ(z)

)
,

where ∂ν stands for the normal derivative on ∂ω. Therefore,

Jε(s, z)2 = ε2(d−2)s2q(d−2) detG(z)
[
1 + ε2q2s2q−2∣∣ψ(z)

∣∣2|∂νh|2
(
ψ(z)

)]
,

and one arrives at the obvious lower bound

Jε(s, z)2 ≥ ε2(d−2)s2q(d−2) detG(z).

Furthermore, due to the definition of h we have |∂νh| ≤ 1 a.e, which implies

Jε(s, z)2 ≤ ε2(d−2)s2q(d−2) detG(z)
(
1 + ε2q2s2q−2∣∣ψ(z)

∣∣2)
≤ ε2(d−2)s2q(d−2) detG(z)

(
1 + ε2q2s2q−2R2

ω

)
.

By substituting these bounds for Jε(s, z)2 into (7) we arrive at

εd−2
ˆ

I

ˆ
U
sq(d−2)

∣∣∣v(Ψϵ(s, z)
)∣∣∣√detG(z) dHd−2(z) ds ≤

ˆ
∂0Vε,I

|v|dHd−1

≤ εd−2
ˆ

I

ˆ
U
sq(d−2)

√
1 + ε2q2s2q−2R2

ω

∣∣∣v(Ψϵ(s, z)
)∣∣∣√detG(z) dHd−2(z) ds.

It remains to note that v
(
Ψϵ(s, z)

)
= u(s, ψ(z)) andˆ

U

∣∣u(s, ψ(z))
∣∣√detG(z) dHd−2(z) =

ˆ
∂ω

∣∣u(s, ·)
∣∣dHd−2. □

Lemma 7. For any v ∈ W 1,2(Vε,I) and u := v ◦ Fε we have

εd−1
ˆ

I
sq(d−1)

ˆ
ω

[(
1 − (d− 1)εqRω

)
|∂su|2

+
(

1
ε2s2q

− qRω

s2ε
− (d− 1)q

2R2
ω

s2

)
|∇tu|2

]
dHd−1(t) ds

≤
ˆ

Vε,I

|∇v|2dHd

≤ εd−1
ˆ

I
sq(d−1)

ˆ
ω

[
(1 + (d− 1)εqRω) |∂su|2

+
(

1
ε2s2q

+ qRω

s2ε
+ (d− 1)q

2R2
ω

s2

)
|∇tu|2

]
dHd−1(t) ds.

Proof. Remark that

DFε(s, t) =
(

1 0
εqsq−1t εsqId−1

)
, t =

 t1
. . .

td−1

 ,
Id−1 := the (d− 1) × (d− 1) identity matrix.
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The change of variables x = Fε(s, t) givesˆ
Vε,I

∣∣∇v(x)
∣∣2dHd(x) =

ˆ
I

ˆ
ω

〈
∇u,Gε∇u

〉
Rd gε dHd−1(t) ds,

where

gε(s, t) :=
∣∣∣ detDFε(s, z)

∣∣∣ ≡ εd−1sq(d−1),

Gε(s, t) :=
(
DFε(s, t)TDFε(s, t)

)−1

=
(

1 + ε2q2 s2(q−1)|t|2 ε2qs2q−1tT

ε2qs2q−1t ε2s2qId−1

)−1

=


1 −q

s
tT

−q

s
t

1
ε2s2q

Id−1 + q2

s2 tt
T

 .
It follows that

⟨∇u,Gε∇u⟩Rd = |∂su|2 + 1
ε2s2q

|∇tu|2

− 2q
s

d−1∑
j=1

tj∂su ∂tju+ q2

s2

d−1∑
j, k=1

tjtk∂tju ∂tk
u.

(8)

We estimate∣∣∣∣∣∣2qs
d−1∑
j=1

tj∂su ∂tju

∣∣∣∣∣∣ ≤ q
d−1∑
j=1

|tj | 2
∣∣∣∂su

∂tj

s
u
∣∣∣ ≤ qRω

d−1∑
j=1

2
∣∣∣∂su

∂tju

s

∣∣∣
≤ qRω

d−1∑
j=1

[
ε|∂su|2 + 1

ε

∣∣∣∂tju

s

∣∣∣2] = (d− 1)qRωε|∂su|2 + qRω

εs2 |∇tu|2.

(9)

Similarly, we have ∣∣∣∣∣∣q
2

s2

d−1∑
j, k=1

tjtk∂tju ∂tk
u

∣∣∣∣∣∣ ≤ q2

s2

d−1∑
j, k=1

|tj | |tk| |∂tju| |∂tk
u|

≤ q2R2
ω

s2

d−1∑
j, k=1

|∂tju| |∂tk
u|

≤ q2R2
ω

2s2

d−1∑
j, k=1

(
|∂tju|2 + |∂tk

u|2
)

= q2R2
ω

s2 (d− 1)|∇tu|2.

(10)

By using (9) and (10) to estimate the two last summands on the right-hand side of (8) we
obtain the desired inequality. □

Note that the above computations are classical for smooth ∂ω, but the formulas are still valid
for Lipschitz ω due to general results on Lipschitz manifolds [16].

2.5. A lower bound outside the peak. The goal of this subsection is to obtain a lower bound
for the eigenvalues of T 1,N

ε,I for intervals I separated from 0: It will be used in the truncation
arguments in the next sections.

Lemma 8. Let b, B > 0 and ε0 > 0. Then there exists a constant c > 0 such that for any
ε ∈ (0, ε0) and any non-empty open interval

Iε ⊂
(
b, Bε

− 1
q−1
)
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there holds λ1(T 1,N
ε,Iε

) ≥ −cε−1.

Proof. For any u ∈ D(T 1,N
ε,Iε

) we have by Fubini’s theorem
ˆ

Vε,Iε

|∇u|2dHd ≥
ˆ

Vε,Iε

|∇x′u|2dHd =
ˆ

Iε

ˆ
εxq

1ω

∣∣∇x′u(x1, x
′)
∣∣2dHd−1(x′) dx1.

In addition, due to Lemma 6,
ˆ

∂0Vε,Iε

u2dHd−1 ≤ εd−2
ˆ

Iε

x
q(d−2)
1

√
1 + ε2q2R2

ω x
2q−2
1

ˆ
∂ω
u(x1, εx

q
1x

′)2 dHd−2(x′) dx1

≤
ˆ

Iε

√
1 + ε2q2R2

ω x
2q−2
1

ˆ
∂(εxq

1ω)
u(x1, x

′)2 dHd−2(x′) dx1.

Therefore,

t1,N
ε,Iε

(u, u) =
ˆ

Vε,Iε

|∇u|2dHd −
ˆ

∂0Vε,Iε

u2dHd−1

≥
ˆ

Iε

[ ˆ
εxq

1ω

∣∣∇x′u(x1, x
′)
∣∣2d Hd−1(x′)

−
√

1 + ε2q2R2
ω x

2q−2
1

ˆ
∂(εxq

1ω)
u(x1, x

′)2 dHd−2(x′)
]

dx1

=
ˆ

Iε

r
εxq

1ω√
1+ε2q2 R2

ω x2q−2
1

(
u(x1, ·), u(x1, ·)

)
dx1

≥
ˆ

Iε

λ1
(
R

εxq
1ω√
1+ε2q2 R2

ω x2q−2
1

)ˆ
εxq

1ω
u(x1, x

′)2 dHd−1(x′) dx1

≥ Λε

ˆ
Vε,Iε

u2dHd, Λε := inf
x1∈Iε

λ1

(
R

εxq
1ω√
1+ε2q2 R2

ω x2q−2
1

)
,

i.e. λ1(T 1,N
ε,Iε

) ≥ Λε for all ε ∈ (0, ε0), and it remains to find a suitable lower bound for Λε. With
the help of the assertions (i) and (iv) of Lemma 3 we obtain, with some C ′ > 0,

λ1

(
R

εxq
1ω√
1+ε2q2 R2

ω x2q−2
1

)
=
λ1

(
Rω

εxq
1

√
1+ε2q2 R2

ω x2q−2
1

)
ε2x2q

1

≥ −
εAωx

q
1

√
1 + ε2q2R2

ω x
2q−2
1 + C ′ε2x2q

1
(
1 + ε2q2R2

ω x
2q−2
1

)
ε2x2q

1

= −Aω

√
1 + ε2q2R2

ω x
2q−2
1

εxq
1

− C ′(1 + ε2q2R2
ω x

2q−2
1

)
.

For all x1 ∈ Iε we have

xq
1 > bq, εxq−1

1 < ε
(
Bε

− 1
q−1
)q−1 = Bq−1,

therefore, for any ε ∈ (0, ε0) one has

Λε ≥ −Aω

√
1 + q2RωB2q−2

bq
· 1
ε

− C ′(1 + q2R2
ωB

2q−2)

≥ −
[
Aω

√
1 + q2RωB2q−2

bq
+ C ′(1 + q2R2

ωB
2q−2)ε0

]
· 1
ε
. □
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3. Spectral asymptotics near the peak

3.1. Model operators near the peak. We are going to apply a series of coordinate changes,
which will allow for the spectral study of the operators

Tε,a := T 1,D
ε,(0,a) (11)

as ε → 0+. We also denote

tε,a := t1,D
ε,(0,a), Πa := Π(0,a) ≡ (0, a) × ω.

The diffeomorphism Fε defined in Subsection 2.4 induces the unitary transformation

Φε : L2(Vε,(0,a)) → L2(Πa, ε
d−1s(d−1)qds dHd−1(t)

)
,(

Φεu
)
(s, t) := u

(
Fε(s, t)

)
.

Consider the symmetric bilinear form pε,a in L2(Πa, ε
d−1s(d−1)qds dHd−1(t)

)
defined by

pε,a(u, u) := tε,a(Φ−1
ε u,Φ−1

ε u),

on the domain D(pε,a) = Φε
(
D(tε,a)

)
and the associated self-adjoint operator Pε,a in the

weighted space L2(Πa, ε
d−1s(d−1)qds dHd−1(t)

)
, which is by construction unitary equivalent to

Tε,a and, hence, has the same eigenvalues. Remark that due to the explicit form of Fε and Φε

we have Φε
(
W 1,2

I (Vε,I)
)

= W 1,2
I (ΠI). It will convenient to denote

Da := W 1,2
(0,a)(Πa),

then (5) shows that
Da is a core domain of pε,a,

so Da can be used as a test domain when applying the min-max principle to Pε,a.
Due to Lemma 6 and Lemma 7 for any u ∈ Da one has

p−
ε,a(u, u) ≤ pε,a(u, u) ≤ p+

ε,a(u, u)

with symmetric bilinear forms p±
ε,a(u, u) in L2(Πa, ε

d−1s(d−1)qds dHd−1(t)
)

defined on Da

p−
ε,a(u, u) := εd−1

ˆ a

0
sq(d−1)

ˆ
ω

[(
1 − (d− 1)εqRω

)
|∂su|2

+
(

1
ε2s2q

− qRω

s2ε
− (d− 1)q

2R2
ω

s2

)
|∇tu|2

]
dHd−1(t) ds

− εd−2
ˆ a

0
sq(d−2)

√
1 + ε2q2R2

ω s
2q−2
ˆ

∂ω

∣∣u(s, t)
∣∣2 dHd−2(t) ds,

p+
ε,a(u, u) := εd−1

ˆ a

0
sq(d−1)

ˆ
ω

[(
1 + (d− 1)εqRω

)
|∂su|2

+
(

1
ε2s2q

+ qRω

s2ε
+ (d− 1)q

2R2
ω

s2

)
|∇tu|2

]
dHd−1(t) ds

− εd−2
ˆ a

0
sq(d−2)

ˆ
∂ω

∣∣u(s, t)
∣∣2 dHd−2(t) ds,

In order to deal with L2-spaces without weights we additionally consider the unitary transform

Vε : L2(Πa) → L2(Πa, ε
d−1sq(d−1)ds dHd−1(t)

)
,

Vεu(s, t) := ε− d−1
2 s− q(d−1)

2 u(s, t),
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and the symmetric bilinear forms p̃±
ε,a in L2(Πa) defined on V−1

ε Da ≡ Da by

p̃±
ε,a(u, u) := p±

ε,a(Vεu,Vεu),

i.e. for u ∈ Da one has

p̃−
ε,a(u, u) =

ˆ a

0

ˆ
ω

[(
1 − (d− 1)εqRω

)(
∂su− q(d− 1)

2s u
)2

+
(

1
ε2s2q

− qRω

s2ε
− (d− 1)q

2R2
ω

s2

)
|∇tu|2

]
dHd−1(t) ds

−
ˆ a

0

1
εsq

√
1 + ε2q2R2

ω s
2q−2
ˆ

∂ω

∣∣u(s, t)
∣∣ dHd−2(t) ds,

p̃+
ε,a(u, u) =

ˆ a

0

ˆ
ω

[(
1 + (d− 1)εqRω

)(
∂su− q(d− 1)

2s u
)2

+
(

1
ε2s2q

+ qRω

εs2 + (d− 1)q
2R2

ω

s2

)
|∇tu|2

]
dHd−1(t)ds

−
ˆ a

0

1
εsq

ˆ
∂ω
u2 dHd−2(t) ds.

Assuming that
ε ∈ (0, ε0)

with some sufficiently small ε0 > 0 we can find suitable constants cj > 0, j ∈ {1, 2}, with
cjε0 < 1 such that for all s ∈ (0, a) one has

qRω

εs2 + (d− 1)q
2R2

ω

s2 ≤ c1ε · 1
ε2s2q

,

which yields,
1

ε2s2q
+ qRω

εs2 + (d− 1)q
2R2

ω

s2 ≤ 1 + c1ε

ε2s2q
,

1
ε2s2q

− qRω

εs2 − (d− 1)q
2R2

ω

s2 ≥ 1 − c1ε

ε2s2q
,

and √
1 + ε2q2R2

ω s
2q−2 ≤ 1

1 − c2ε
.

This gives, with c0 := (d− 1)qRω,

p̃−
ε,a(u, u) ≥ (1 − c0ε)

ˆ a

0

ˆ
ω

(
∂su− q(d− 1)

2s u
)2

dHd−1(t) ds

+ (1 − c1ε)
ˆ a

0

1
ε2s2q

ˆ
ω

|∇tu|2 dHd−1(t) ds

− 1
1 − c2ε

ˆ a

0

1
εsq

ˆ
∂ω
u2 dHd−2(t) ds,

p̃+
ε,a(u, u) ≤ (1 + c0ε)

ˆ a

0

ˆ
ω

(
∂su− q(d− 1)

2s u
)2

dHd−1(t) ds

+ (1 + c1ε)
ˆ a

0

1
ε2s2q

ˆ
ω

|∇tu|2 dHd−1(t) ds−
ˆ a

0

1
εsq

ˆ
∂ω
u2 dHd−2(t) ds.

Due to u ∈ Da the integration by parts in s givesˆ a

0

u ∂su

s
ds =

ˆ a

0

u2

2s2 ds,
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resulting in
ˆ a

0

ˆ
ω

(
∂su− q(d− 1)

2s u
)2

dHd−1(t) ds =
ˆ a

0

ˆ
ω

(
|∂su|2 + H

s2 u
2
)

dHd−1(t) ds,

H : = q2(d− 1)2 − 2q(d− 1)
4 ≡

(
q(d− 1) − 1

)2 − 1
4 . (12)

By taking
c := max{c0, c1, c2}

and by adjusting the value of ε0 to have cε0 < 1 we arrive at the inequalities

h−
ε,a(u, u) ≤ p̃−

ε,a(u, u), p̃+
ε,a(u, u) ≤ h+

ε,a(u, u)

valid for all ε ∈ (0, ε0) and all u ∈ Da, where the symmetric bilinear forms h±
ε,a in L2(Πa) are

defined on Da by

h−
ε,a(u, u) = (1 − cε)

ˆ a

0

ˆ
ω

(
|∂su|2 + H

s2 u
2
)

dHd−1(t) ds

+ (1 − cε)
ˆ a

0

1
ε2s2q

ˆ
ω

|∇tu|2 dHd−1(t) ds

− 1
1 − cε

ˆ a

0

1
εsq

ˆ
∂ω
u2 dHd−2(t) ds,

h+
ε,a(u, u) = (1 + cε)

ˆ a

0

ˆ
ω

(
|∂su|2 + H

s2 u
2
)

dHd−1(t) ds

+ (1 + cε)
ˆ a

0

1
ε2s2q

ˆ
ω

|∇tu|2 dHd−1(t) ds−
ˆ a

0

1
εsq

ˆ
∂ω
u2 dHd−2(t) ds.

Using the min-max principle one summarizes the above considerations as follows:

Lemma 9. For any a > 0 there exist ε0 > 0 and c > 0, with cε0 < 1, such that for any j ∈ N
and any ε ∈ (0, ε0) there holds

µ−
j (ε, a) ≤ λj(Tε,a) ≤ µ+

j (ε, a) with µ±
j (ε, a) := inf

S⊂Da
dim S=j

sup
u∈S\{0}

h±
ε,a(u, u)

∥u∥2
L2(Πa)

.

3.2. Upper bound. In this subsection we are going to obtain an upper bound for the quantities
µ+

j (ε, a) defined in Lemma 9. The analysis is based on the observation that for any u ∈ Da one
has

h+
ε,a(u, u) = (1 + cε)

ˆ a

0

ˆ
ω

(
|∂su|2 + H

s2 u
2
)

dHd−1(t) ds

+ (1 + cε)
ˆ a

0

1
ε2s2q

[ˆ
ω

|∇tu|2 dHd−1(t) − εsq

1 + cε

ˆ
∂ω
u2 dHd−2(t)

]
ds.

In other words, if we denote

ρε(s) := sq

1 + cε
,

then

h+
ε,a(u, u) = (1 + cε)

ˆ a

0

ˆ
ω

(
|∂su|2 + H

s2 u
2
)

dHd−1(t) ds

+ (1 + cε)
ˆ a

0

1
ε2s2q

rω
ερε(s)

(
u(s, ·), u(s, ·)

)
ds.

(13)
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Let ψα be the positive and L2-normalized eigenfunction of the Robin Laplacian Rω
α for the

first eigenvalue λ1(Rω
α). In view of the above representation one is interested in ψερε(s). By the

assertion (iii) of Lemma 3, for any ε > 0 the map

(0, a) ∋ s 7→ ψερε(s) ∈ L2(ω)

is smooth. For any function f ∈ W 1,2
(0,a)(0, a) consider the associated function

u : Πa ∋ (s, t) 7→ f(s)ψερε(s)(t). (14)

Obviously u belongs to L2(Πa), its weak derivatives in Πa are given by

∂su : (s, t) 7→ f ′(s)ψερε(s)(t) + f(s)
dψερε(s)

ds (t),

∇tu : (s, t) 7→ f(s)∇tψερε(s)(t),

and, therefore, also belongs to L2(Πa), which shows that u ∈ Da.

Lemma 10. For any a > 0 and ε0 > 0 there exists B > 0 such that for any f ∈ W 1,2
(0,a)(0, a),

any ε ∈ (0, ε0) and for u given by (14) it holdsˆ
Πa

u2dHd =
ˆ a

0
f(s)2ds,

h+
ε,a(u, u) ≤ (1 + cε)

ˆ a

0

[
f ′(s)2 +

(
H

s2 − Aω

ε(1 + cε)sq
+B

)
f(s)2

]
ds.

Proof. The normalization of ψερε(s) givesˆ
ω
u(s, t)2dHd−1(t) = f(s)2

ˆ
ω
ψερε(s)(t)2dHd−1(t) = f(s)2,

ˆ
Πa

u2dHd =
ˆ a

0

ˆ
ω
u(s, t)2dHd−1(t)ds =

ˆ a

0
f(s)2ds.

Due to the choice of ψερε(s) we have

rω
ερε(s)

(
u(s, ·), u(s, ·)

)
= λ1

(
Rω

ερε(s)
) ˆ

ω
u(s, t)2dHd−1(t) = λ1(Rω

ερε(s))f(s)2.

Finally, ˆ
ω

|∂su|2dHd−1(t) =
ˆ

ω

(
f ′(s)ψερε(s)(t) + f(s)

dψερε(s)
ds (t)

)2
dHd−1(t)

= f ′(s)2 + 2f(s)f ′(s)
ˆ

ω
ψερε(s)(t)

dψερε(s)
ds (t)dHd−1(t)

+ f(s)2
ˆ

ω

∣∣∣dψερε(s)
ds (t)

∣∣∣2dHd−1(t),

and usingˆ
ω
ψερε(s)(t)

dψερε(s)
ds (t) dHd−1(t) = 1

2
d
ds

ˆ
ω
ψερε(s)(t)2dHd−1(t) = 1

2
d
ds1 = 0

to eliminate the middle term on the right-hand side we obtainˆ
ω

|∂su|2dHd−1(t) = f ′(s)2 +Wεf(s)2, Wε(s) :=
ˆ

ω

∣∣∣dψερε(s)
ds (t)

∣∣∣2dHd−1(t).

The substitution of the previous identities into (13) yields

h+
ε,a(u, u) = (1 + cε)

ˆ a

0

f ′(s)2 +

Wε(s) + H

s2 +
λ1
(
Rω

ερε(s)

)
ε2s2q

 f(s)2

ds. (15)
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Using Lemma 3(iv) we estimate, with a suitable C1 > 0,

λ1(Rω
ερε(s))

ε2s2q
≤ −Aωερε(s) + C1ε

2ρε(s)2

ε2s2q

= −Aω
ρε(s)
s2q

· 1
ε

+ C1
ρε(s)2

s2q
≤ − Aω

ε(1 + cε) · 1
sq

+ C1.

Furthermore,

Wε(s) =
ˆ

ω

(dψσ

dσ (t)
∣∣∣
σ=ερε(s)

d
(
ερε(s)

)
ds

)2
dHd−1(t) = q2s2q−2

(1 + cε)2 ε
2
∥∥∥∥dψσ

dσ

∣∣∣
σ=ερε(s)

∥∥∥∥2

L2(ω)
.

By Lemma 3(iii) we can find C2 > 0 such that∥∥∥∥dψσ

dσ

∣∣∣
σ=ερε(s)

∥∥∥∥2

L2(ω)
≤ C2 for all s ∈ (0, a) and ε ∈ (0, ε0),

therefore,

Wε(s) ≤ C2q
2s2q−2

(1 + cε)2 ε
2 ≤ C2q

2a2q−2ε2
0 =: C3.

Making use of these inequalities in (15) one arrives at the claim with B := C1 + C3. □

Lemma 11. For any a > 0 and j ∈ N there holds

λj(Tε,a) ≤
(
Aω

ε

) 2
2−q

λj(L1) +O

(1
ε

) q
2−q

for ε → 0+.

Proof. Let j ∈ N and S ⊂ W 1,2
(0,a)(0, a) be a j-dimensional subspace. Due to the first identity

in Lemma 10 the set

S̃ :=
{
u : u(s, t) = f(s)ψερε(s)(t) with f ∈ S

}
is a j-dimensional subspace of Da. Therefore,

µ+
j (ε, a) ≤ sup

u∈S̃\{0}

h+
ε,a(u, u)

∥u∥2
L2(Πa)

,

and using Lemma 10 one obtains

µ+
j (ε, a)
1 + cε

≤ sup
u∈S\{0}

ˆ a

0

[
f ′(s)2 +

(
H

s2 − Aω

ε(1 + cε)sq

)
f(s)2

]
ds

∥f∥2
L2(0,a)

+B.

The constants c and B are independent of S, so one can take the infimum over all S as above
to arrive at

µ+
j (ε, a)
1 + cε

≤ inf
S⊂W 1,2

(0,a)(0,a)
dim S=j

sup
u∈S\{0}

ˆ a

0

[
f ′(s)2 +

(
H

s2 − Aω

ε(1 + cε)sq

)
f(s)2

]
ds

∥f∥2
L2(0,a)

+B.

The first summand on the right-hand side is exactly the characterization of the eigenvalue
λj

(
L Aω

c(1+cε) ,a

)
using the min-max principle, which yields

µ+
j (ε, a) ≤ (1 + cε)λj

(
L Aω

ε(1+cε) ,a

)
+ (1 + cε)B.
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With the help of the upper bound for λj(Tε,a) and Lemma 4 with ε → 0+ we obtain, with some
K > 0,

λj(Tε,a) ≤ µ+
j (ε, a) ≤ (1 + cε)

[(
Aω

ε(1 + cε)

) 2
2−q

λj(L1) +K

]
+ (1 + cε)B,

which gives the sought estimate. □

3.3. Lower bound. Similarly to the upper bound, the subsequent estimates for the numbers
µ−

j (ε, a) defined in Lemma 9 will be based on the observation that for any u ∈ Da one has

h−
ε,a(u, u) = (1 − cε)

ˆ a

0

ˆ
ω

(
|∂su|2 + H

s2 u
2
)

dHd−1(t) ds

+ (1 − cε)
ˆ a

0

1
ε2s2q

rω
ερε(s)

(
u(s, ·), u(s, ·)

)
ds,

with ρε(s) := sq

(1 − cε)2 .

(16)

As above, let ψα be the positive and L2-normalized eigenfunction of the Robin Laplacian Rω
α

for the first eigenvalue λ1(Rω
α). We represent each function u ∈ Da as

u = v + w, (17)
v(s, t) := f(s)ψερε(s)(t),

f(s) :=
ˆ

ω
ψερε(s)(t)u(s, t) dHd−1(t),

w := u− v.

By construction one has f ∈ W 1,2
(0,a)(0, a), and due to Lemma 3(iii) the weak derivatives of v in

Πa are given by

∂sv : (s, t) 7→ f ′(s)ψερε(s)(t) + f(s)
dψερε(s)

ds (t), (18)

∇tv : (s, t) 7→ f(s)∇tψερε(s)(t).

In particular, the functions u, ∂su and ∂tju belong to L2(Πa), so one has v, w ∈ Da.

Lemma 12. There exist a sufficiently small ε0 > 0 and a sufficiently large B > 0 such that for
any ε ∈ (0, ε0) and any u ∈ Da decomposed as in (17) there holds

∥u∥2
L2(Πa) = ∥f∥2

L2(0,a) + ∥w∥2
L2(Πa),

h−
ε,a(u, u)
1 − cε

≥ (1 −Bε)
ˆ a

0

[
f ′(s)2 +

(
H

s2 − Aω

ε(1 −Bε)2sq

)
f(s)2

]
ds−B∥f∥2

L2(0,a).

Proof. Let us collect important properties of the decomposition (17). First,ˆ
ω
v(s, t)2dHd−1(t) = f(s)2

ˆ
ω
ψερε(s)(t)2dHd−1(t) = f(s)2,

ˆ
Πa

v2dHd =
ˆ a

0

ˆ
ω
v(s, t)2dHd−1(t)ds =

ˆ a

0
f(s)2ds.

Furthermore, by construction we haveˆ
ω
ψερε(s)(t)w(s, t)dHd−1(t) = 0, (19)

in particular, ˆ
ω
v(s, t)w(s, t) dHd−1(t) = f(s)

ˆ
ω
ψερε(s)(t)w(s, t) dHd−1(t) = 0, (20)
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therefore,
ˆ

ω
u(s, t)2dHd−1(t) =

ˆ
ω
v(s, t)2dHd−1(t) + 2

ˆ
ω
v(s, t)w(s, t)dHd−1(t)

+
ˆ

ω
w(s, t)2dHd−1(t)

=
ˆ

ω
v(s, t)2dHd−1(t) +

ˆ
ω
w(s, t)2dHd−1(t)

= f(s)2 +
ˆ

ω
w(s, t)2dHd−1(t),

∥u∥2
L2(Πa) = ∥f∥2

L2(0,a) + ∥w∥2
L2(Πa).

Due to the choice of ψερε(s) and the orthogonality (20), the spectral theorem for Rω
ε,ρε(s) gives

rω
ερε(s)

(
u(s, ·), u(s, ·)

)
= rω

ερε(s)
(
v(s, ·), v(s, ·)

)
+ rω

ερε(s)
(
w(s, ·), w(s, ·)

)
≥ λ1(Rω

ερε(s))
∥∥v(s, ·)

∥∥2
L2(ω) + λ2(Rω

ερε(s))
∥∥w(s, ·)

∥∥2
L2(ω)

= λ1(Rω
ερε(s))f(s)2 + λ2(Rω

ερε(s))
∥∥w(s, ·)

∥∥2
L2(ω).

Using these estimates in (16) one obtains

h−
ε,a(u, u)
1 − cε

≥
ˆ a

0

ˆ
ω

|∂su|2dHd−1(t)ds+
ˆ a

0

(
H

s2 +
λ1(Rω

ερε(s))
ε2s2q

)
f(s)2ds

+
ˆ a

0

ˆ
ω

(
H

s2 +
λ2(Rω

ερε(s))
ε2s2q

)
w(s, t)2dHd−1(t)ds.

We first use Lemma 3(iv) to estimate with a suitable C1 > 0:

λ1(Rω
ερε(s))

ε2s2q
≥ −Aωερε(s) + C1ε

2ρε(s)2

ε2s2q

= −Aω
ρε(s)
s2q

· 1
ε

− C1
ρε(s)2

s2q
≥ − Aω

ε(1 − cε)2 · 1
sq

− C1
(1 − cε)4 .

In addition, using Lemma 3(v) we find some C2 > 0 and, if necessary, decrease the value of ε0
to obtain

λ2
(
Rω

ερε(s)
)

≥ C2 for all ε ∈ (0, ε0) and s ∈ (0, a).

Then for a suitable C3 > 0 and an adjusted value of ε0 one has

H

s2 +
λ2(Rω

ερε(s))
ε2s2q

≥ C3
ε2s2q

for all ε ∈ (0, ε0) and s ∈ (0, a),

yielding

h−
ε,a(u, u)
1 − cε

≥
ˆ a

0

ˆ
ω

|∂su|2dHd−1(t) ds

+
ˆ a

0

(
H

s2 − Aω

ε(1 − cε)2 · 1
sq

− C1
(1 − cε)4

)
f(s)2ds

+
ˆ a

0

ˆ
ω

C3
ε2s2q

w(s, t)2dHd−1(t) ds.

(21)
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Our next aim is to study the term containing |∂su|2 on the right-hand side of (21). By
denoting

I1 :=
ˆ

ω
|∂sv|2dHd−1(t),

I2 := 2
ˆ

ω
∂sv · ∂sw dHd−1(t),

I3 :=
ˆ

ω
|∂sw|2dHd−1(t),

we arrive at the decompositionˆ
ω

|∂su|2dHd−1(t) = I1 + I2 + I3. (22)

The term I1 is analyzed in a straightforward way:

I1 =
ˆ

ω

(
f ′(s)ψερε(s)(t) + f(s)

dψερε(s)
ds (t)

)2
dHd−1(t)

= f ′(s)2 + 2f(s)f ′(s)
ˆ

ω
ψερε(s)(t)

dψερε(s)
ds (t)dHd−1(t)

+ f(s)2
ˆ

ω

∣∣∣dψερε(s)
ds (t)

∣∣∣2dHd−1(t),

and usingˆ
ω
ψερε(s)(t)

dψερε(s)
ds (t) dHd−1(t) = 1

2
d
ds

ˆ
ω
ψερε(s)(t)2dHd−1(t) = 1

2
d
ds1 = 0

to eliminate the middle term on the right-hand side, and by noting that last term is nonnegative
we obtain

I1 ≥ f ′(s)2. (23)
As a consequence of (18), we have

I2 = I ′
2 + I ′′

2 ,

I ′
2 = 2f ′(s)

ˆ
ω
ψερε(s)(t)∂sw(s, t) dHd−1(t),

I ′′
2 = 2f(s)

ˆ
ω

dψερε(s)
ds (t)∂sw(s, t) dHd−1(t).

Using the orthogonality (19) we obtain

0 = d
ds

ˆ
ω
ψερε(s)(t)w(s, t) dHd−1(t)

=
ˆ

ω

dψερε(s)
ds (t)w(s, t) dHd−1(t) +

ˆ
ω
ψερε(s)∂sw(s, t) dHd−1(t),

therefore, ˆ
ω
ψερε(s)(t)∂sw(s, t) dHd−1(t) = −

ˆ
ω

dψερε(s)
ds (t)w(s, t) dHd−1(t).

This allows one to estimate I ′
2 by

|I ′
2| =

∣∣∣∣ ˆ
ω

2f ′(s)
dψερε(s)

ds (t)w(s, t)dHd−1(t)
∣∣∣∣

≤ Wε(s)f ′(s)2 +
ˆ

ω
w(s, t)2dHd−1(t)

with Wε(s) :=
ˆ

ω

∣∣∣∣dψερε(s)
ds (t)

∣∣∣∣2dHd−1(t).
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Furthermore,

|I ′′
2 | ≤ Wε(s)

ε
f(s)2 + ε

ˆ
ω
∂sw(s, t)2dHd−1(t).

We have

Wε(s) =
ˆ

ω

(dψσ

dσ (t)
∣∣∣
σ=ερε(s)

d
(
ερε(s)

)
ds

)2
dHd−1(t)

= q2s2q−2

(1 − cε)4 ε
2
∥∥∥∥dψσ

dσ

∣∣∣
σ=ερε(s)

∥∥∥∥2

L2(ω)
,

and by Lemma 3(iii) we can find C4 > 0 such that∥∥∥∥dψσ

dσ

∣∣∣
σ=ερε(s)

∥∥∥∥2

L2(ω)
≤ C4 for all s ∈ (0, a) and ε ∈ (0, ε0),

then for some C5 > 0 it holds

Wε(s) ≤ C5ε
2 for all s ∈ (0, a) and ε ∈ (0, ε0).

Then

|I ′
2| ≤ C5ε

2f ′(s)2 +
∥∥w(s, ·)

∥∥2
L2(ω),

|I ′′
2 | ≤ C5εf(s)2 + ε

∥∥∂sw(s, ·)
∥∥2

L2(ω),

and

I2 ≥ −|I ′
2| − |I ′′

2 | ≥ C5ε
2f ′(s)2 − C5εf(s)2 − ε

∥∥∂sw(s, ·)
∥∥2

L2(ω) −
∥∥w(s, ·)

∥∥2
L2(ω).

By using the last inequality and (23) in (22) we arrive at∥∥∂su(s, ·)
∥∥2

L2(ω) ≥ (1 − C5ε
2)f ′(s)2 − C5εf(s)2

+ (1 − ε)
∥∥∂sw(s, ·)

∥∥2
L2(ω) −

∥∥w(s, ·)
∥∥2

L2(ω).

By using the last inequality to estimate the first summand on the right-hand side of (21) we
obtain

h−
ε,a(u, u)
1 − cε

≥
ˆ a

0

[
(1 − C5ε

2)f ′(s)2 +
(
H

s2 − Aω

ε(1 − cε)2sq
− C1

(1 − cε)4 − C5ε

)
f(s)2

]
ds

+
ˆ a

0

ˆ
ω

[
(1 − ε)∂sw(s, t)2 +

(
C3
ε2s2q

− 1
)
w(s, t)2

]
dHd−1(t) ds.

We additionally adjust ε0 such that the expression in the last integral becomes non-negative for
all s ∈ (0, a) and all ε ∈ (0, ε0) and choose C6 > 0 to have

C1
(1 − cε)4 + C5ε ≤ C6 for all ε ∈ (0, ε0),

which results in
h−

ε,a(u, u)
1 − cε

≥
ˆ a

0

[
(1 − C5ε

2)f ′(s)2 +
(
H

s2 − Aω

ε(1 − cε)2sq
− C6

)
f(s)2

]
ds. (24)

Recall that due to the explicit expression (12) for H and the one-dimensional Hardy inequality
we have (

q(d− 1) − 1
)2

4

ˆ a

0

1
s2 f(s)2ds ≤

ˆ a

0

(
f ′(s)2 +

(
q(d− 1) − 1

)2 − 1
4s2 f(s)2

)
ds

≡
ˆ a

0

(
f ′(s)2 + H

s2 f(s)2
)

ds,
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yielding
ˆ a

0

1
s2 f(s)2ds ≤ C7

ˆ a

0

(
f ′(s)2 + H

s2 f(s)2
)

ds, C7 := 4(
q(d− 1) − 1

)2 .
This implies

ˆ a

0

[
(1 − C5ε

2)f ′(s)2 + H

s2 f(s)2
]
ds

= (1 − C5ε
2)
ˆ a

0

(
f ′(s)2 + H

s2 f(s)2
)

ds+HC5ε
2
ˆ a

0

1
s2 f(s)2ds

≥ (1 − C5ε
2)
ˆ a

0

(
f ′(s)2 + H

s2 f(s)2
)

ds− |H|C5C7ε
2
ˆ a

0

(
f ′(s)2 + H

s2 f(s)2
)

ds

= (1 − C8ε
2)
ˆ a

0

(
f ′(s)2 + H

s2 f(s)2
)

ds with C8 := C5 + |H|C5C7.

By using this inequality on the right-hand side of (24) we arrive at

h−
ε,a(u, u)
1 − cε

≥ (1 − C8ε
2)
ˆ a

0

(
f ′(s)2 + H

s2 f(s)2
)

ds−
ˆ a

0

Aω

εsq(1 − cε)2 f(s)2ds− C6∥f∥2
L2(0,a).

We assume additionally ε0 ∈ (0, 1), then ε2 < ε for all ε ∈ (0, ε0), and we obtain the claim by
choosing any B ≥ max{C6, C8} such that

1
(1 − cε)2 ≤ 1

1 −Bε
for all ε ∈ (0, ε0) □

holds.

Lemma 13. For any a > 0 and any j ∈ N one has

λj(Tε,a) ≤
(
Aω

ε

) 2
2−q

λj(L1) +O

(1
ε

) q
2−q

for ε → 0+.

Proof. Due to the first identity in Lemma 12, the map u 7→ (f, w) defined by (17) is uniquely
extended to an isometry

J : L2(Πa) → L2(0, a) ⊕ L2(Πa).

Consider the symmetric bilinear form mε in L2(0, a) ⊕ L2(Πa) given by

mε
(
(f, w), (f, w)

)
:= (1 −Bε)

ˆ a

0

[
f ′(s)2 +

(
H

s2 − Aω

ε(1 −Bε)2sq

)
f(s)2

]
ds−B∥f∥2

L2(0,a)

on D(mε) := W 1,2
(0,a)(0, a) ⊕ L2(Πa), then the inequality in Lemma 12 can be read as

h−
ε,a(u, u)
1 − cε

≥ mε(Ju, Ju) for all u ∈ Da.

Further remark that the closure of mε is the bilinear form corresponding to the self-adjoint
operator

Mε :=
(
(1 −Bε)L Aω

ε(1−Bε)2 ,a −B
)

⊕ 0.
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Let j ∈ N. For each j-dimensional subspace S ⊂ Da the set J(S) is a j-dimensional subspace
in the domain of mε, and due to Lemma 9 we have

λj(Tε,a)
1 − cε

≥
µ−

j (ε, a)
1 − cε

≡ inf
S⊂Da

dim S=j

sup
u∈S\{0}

h−
ε,a(u, u)

∥u∥2
L2(Πa)

≥ inf
S⊂Da

dim S=j

sup
u∈S\{0}

mε(Ju, Ju)
∥Ju∥2

L2(0,a)⊕L2(Πa)

≡ inf
S⊂Da

dim S=j

sup
z∈J(S)\{0}

mε(z, z)
∥z∥2

L2(0,a)⊕L2(Πa)

≥ inf
S′⊂D(mε)
dim S′=j

sup
z∈S′\{0}

mε(z, z)
∥z∥2

L2(0,a)⊕L2(Πa)
= λj(Mε).

(25)

For ε → 0+ we have, due to Lemma 4,

λj

(
(1 −Bε)L Aω

ε(1−Bε)2 ,a −B
)

= (1 −Bε)λj(L Aω
ε(1−Bε)2 ,a) −B

≥ (1 −Bε)
( Aω

ε(1 −Bε)2

) 2
2−q

λj(L1) −B

=
(
Aω

ε

) 2
2−q

λj(L1) +O

(1
ε

) q
2−q

,

hence,

λj(Mε) = λj

([
(1 −Bε)L Aω

ε(1−Bε)2 ,a −B
]

⊕ 0
)

≥ min
{
λj

(
(1 −Bε)L Aω

ε(1−Bε)2 ,a −B
)
, 0
}

≥ min
{(

Aω

ε

) 2
2−q

λj(L1) +O

(1
ε

) q
2−q

, 0
}

=
(
Aω

ε

) 2
2−q

λj(L1) +O

(1
ε

) q
2−q

,

and the substitution into (25) completes the proof. □

By combining the upper bound of Lemma 11 and the lower bound of Lemma 13 and by
recalling the convention (11) we arrive at the main result of this section:

Corollary 14. For any a > 0 and j ∈ N there holds

λj(T 1,D
ε,(0,a)) =

(
Aω

ε

) 2
2−q

λj(L1) +O

(1
ε

) q
2−q

for ε → 0+.

4. Truncations and the proof of the main theorem

In this section we prove Theorem 2. The argument will be based on a series of truncations
combined with the spectral analysis of the operators Tα,N/D

ε,I from the previous sections.
Choose δ > 0 for Ω as in Definition 1, then pick any a ∈ (0, δ) and consider the sets

Ωa := Ω ∩
[
(−a, a) × (−δ, δ)d−1

]
, Ω′

a := Ω \ Ωa.

By assumption on Ω there holds Ωa = V1,(0,a), while Ω′
a is a bounded Lipschitz domain.

Lemma 15. For any j ∈ N one has

λj(RΩ
α) ≤ A

2
2−q
ω λj(L1)α

2
2−q +O

(
α

2
2−q

−(q−1)
)

for α → +∞.
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Proof. As each function from Ŵ 1,2
0 (V(1,(0,a)) can be extended by zero to a function in W 1,2(Ω),

the min-max principle and the scaling (6) imply that for any j ∈ N and any α > 0 there holds

λj(RΩ
α) ≤ λj(Tα,D

1,(0,a)) = α2λj(T 1,D
α1−q ,(0,αa)).

Now assume that α > 1 and remark that each function from Ŵ 1,2
0 (V1,(0,a)) can be extended by

zero to a function in Ŵ 1,2
0 (V1,(0,αa)), so the min-max principle implies

λj(T 1,D
α1−q ,(0,αa)) ≤ λj(T 1,D

α1−q ,(0,a)).

Using Corollary 14 with ε := α1−q and α → +∞ we obtain

λj(T 1,D
α1−q ,(0,a)) =

(
Aω

α1−q

) 2
2−q

λj(L1) +O

( 1
α1−q

) q
2−q

= A
2

2−q
ω α

2q−2
2−q λj(L1) +O

(
α

q2−q
2−q

)
,

and the preceding inequalities yield

λj(RΩ
α) ≤ α2λj(T 1,D

α1−q ,(0,a)) = α2
[
A

2
2−q
ω α

2q−2
2−q λj(L1) +O

(
α

q2−q
2−q

)]
= A

2
2−q
ω λj(L1)α

2
2−q +O

(
α

2
2−q

−(q−1)
)
. □

Obtaining a lower bound requires slightly more work.

Lemma 16. For any j ∈ N one has

λj(RΩ
α) ≥ A

2
2−q
ω λj(L1)α

2
2−q +O

(
α

2
2−q

−(q−1)
)

for α → +∞.

Proof. Let j ∈ N be fixed. For any u ∈ W 1,2(Ω) and any α > 0 we have

rΩ
α (u, u) ≥ tα,N

1,(0,a)(u|Ωa , u|Ωa) + rΩ′
a

α (u|Ω′
a
, u|Ω′

a
),

and the min-max principle shows that for any α > 0 it holds

λj(RΩ
α) ≥ λj

(
Tα,N

1,(0,a) ⊕RΩ′
a

α

)
.

Remark that

λj

(
Tα,N

1,(0,a) ⊕RΩ′
a

α

)
≥ min

{
λj
(
Tα,N

1,(0,a)
)
, λ1(RΩ′

a
α )
}
.

As Ω′
a is a bounded Lipschitz domain, there is c > 0 such that λ1(RΩ′

a
α ) ≥ −cα2 for all sufficiently

large α (as discussed in the introduction). Due to the scaling (6) we have

λj
(
Tα,N

1,(0,a)
)

= α2λj
(
T 1,N

α1−q ,(0,aα)
)
,

and by putting all together we arrive at

λj(RΩ
α) ≥ min

{
λj
(
T 1,N

α1−q ,(0,aα)
)
,−c

}
α2 for all sufficiently large α. (26)

From now on we assume that α > 1. To study the eigenvalues of T 1,N
α1−q ,(0,aα) we pick smooth

functions χ1, χ2 ∈ C∞(0,∞) such that

χ1(s) = 0 for all s > 2a
3 , χ2(s) = 0 for all s < a

3 , χ2
1 + χ2

2 = 1.
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Due to Lemma 5 the set W 1,2
(0,∞)(Vα1−q ,(0,aα)) is a core domain of t1,N

α1−q ,(0,aα), and for any u ∈
W 1,2

(0,∞)(Vα1−q ,(0,aα)) one has

(x1, x
′) 7→ χ1(x1)u(x1, x

′) ∈ W 1,2
(0,a)(Vα1−q ,(0,a)),

(x1, x
′) 7→ χ2(x1)u(x1, x

′) ∈ W 1,2(Vα1−q ,( a
3 ,aα)),

∥χ1u∥2
L2(Vα1−q,(0,a)) + ∥χ2u∥2

L2(Vα1−q,( a
3 ,aα)) = ∥u∥2

L2(Vα1−q,(0,aα)),

t1,N
α1−q ,(0,aα)(u, u) = t1,D

α1−q ,(0,a)(χ1u, χ1u) + t1,N
α1−q ,( a

3 ,aα)(χ2u, χ2u)

−
ˆ

Vα1−q,(0,aα)

(
|∇χ1|2 + |∇χ2|2

)
u2dHd,

and by denoting B :=
∥∥|∇χ1|2 + |∇χ2|2

∥∥
∞ and using the min-max-principle we arrive at

λj
(
T 1,N

α1−q ,(0,aα)
)

≥ λj

(
T 1,D

α1−q ,(0,a) ⊕ T 1,N
α1−q ,( a

3 ,aα)

)
−B

≥ min
{
λj

(
T 1,D

α1−q ,(0,a)

)
, λ1

(
T 1,N

α1−q ,( a
3 ,aα)

)}
−B.

For some fixed C > 0 and all sufficiently large α we have, due to Lemma 8 and Corollary 14,

λj

(
T 1,D

α1−q ,(0,a)

)
= A

2
2−q
ω α

2q−2
2−q λj(L1) +O

(
α

q2−q
2−q

)
< −Cαq−1 ≤ λ1

(
T 1,N

α1−q ,( a
3 ,aα)

)
,

because
2q − 2
2 − q

= 2
2 − q

(q − 1) > q − 1.

This yields for all large α

λj
(
T 1,N

α1−q ,(0,aα)
)

≥ λj

(
T 1,D

α1−q ,(0,a)

)
−B = A

2
2−q
ω α

2q−2
2−q λj(L1) +O

(
α

q2−q
2−q

)
,

and using (26) we obtain

λj(RΩ
α) ≥ min

{
λj
(
T 1,N

α1−q ,(0,aα)
)
,−c

}
α2 ≥ min

{
A

2
2−q
ω α

2q−2
2−q λj(L1) +O

(
α

q2−q
2−q

)
,−c

}
α2

=
[
A

2
2−q
ω α

2q−2
2−q λj(L1) +O

(
α

q2−q
2−q

)]
α2 = A

2
2−q
ω λj(L1)α

2
2−q +O

(
α

2
2−q

−(q−1)
)
. □

The claim of Theorem 2 follows by combining the upper bound of Lemma 15 with the lower
bound of Lemma 16.
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