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Abstract. The Dirac operator with MIT bag boundary condition in a bounded convex domain
is shown to be always self-adjoint in the H1-setting. This allows one to show that such operators
appear as limit of Dirac operators with large positive mass outside the domain. Similar results
were previously known for smooth domains only.

Introduction

For n ≥ 2 and N := 2[ n+1
2 ] let α1, . . . , αn, β be pairwise anticommuting Hermitian N × N

matrices with α2
k = β2 = IN , where IN is the N × N identity matrix (see Appendix A for a

possible explicit choice). The Euclidean Dirac operator Dm with a mass m ∈ R acts on vector
functions f : Rn → CN by the differential expression

Dmf := −i
n∑

k=1
αk∂kf +mβf, (1)

and it is a central object in the relativistic quantum mechanics, see e.g. [37].
Now let Ω ⊂ Rn be a bounded domain with sufficiently regular (e.g. Lipschitz) boundary

and outer unit normal ν. By the MIT bag operator with mass m in Ω one means the operator
AΩ

m acting in L2(Ω,CN) as f 7→ Dmf on the functions f satisfying the MIT bag boundary
condition f = −iβα · νf on ∂Ω, where we use the writing

α · x =
n∑

k=1
xkαk for any x = (x1, . . . , xn) ∈ Rn

and denote a function on Ω and its trace on ∂Ω by the same symbol for the sake of readability.
The precise regularity of the functions f in the operator domain guaranteeing “good” properties
of AΩ

m will be discussed below in greater detail.
The Dirac operator with the above boundary condition appeared initially in the physics

literature [13,17,24], in particular, as a model of quark confinement in hadrons. One of the in-
teresting features observed is that the MIT bag operator appears as the limit of Dirac operators
in the whole space with a large mass applied outside Ω [12], which explains the fact that the
MIT bag boundary condition is often referred to as the “infinite mass boundary condition” (and
it is usually considered as an analog of the Dirichlet boundary condition for the Laplacian).
While the study in the physics literature has a long story, it seems that the mathematically
rigorous analysis of the operator AΩ

m only became active in the last decade. For Ω with smooth
boundary and n ∈ {2, 3} several authors [3, 7, 9, 31] have shown that the above operator AΩ

m is
self-adjoint if considered on the domain{

f ∈ H1(Ω,CN) : f = −iβα · νf on ∂Ω
}
. (2)
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As noted in [30], the result holds in any dimension as a corollary of more general results on
manifolds with boundaries [5, 6]. Moreover, if one denotes by Ej(T ) the j-th eigenvalue of a
lower semibounded operator T (assuming the usual numbering in the non-decreasing order with
multiplicities counted), for each j ∈ N one has

Ej

(
(AΩ

m)2
)

= lim
M→+∞

Ej

(
(BΩ

m,M)2
)
, (3)

where BΩ
m,M is the Dirac operator in L2(Rn,CN) with mass m in Ω and mass M in Ω∁,

BΩ
m,M : f 7→ D0f + (m1Ω +M1Ω∁)βf ≡ Dmf + (M −m)1Ω∁βf,

domBΩ
m,M = H1(Rn,CN),

(4)

see [36] for n = 2, or [2] for n = 3, or [30] for arbitrary n. The relation (3) is usually viewed
as the mathematical expression of the infinite mass limit mentioned above. Note that there
are some extensions to unbounded domains [4] and spin manifolds [20], and some estimates for
the rate of convergence are available as well [2, 11]. It should be noted that the proofs of the
convergence are mainly based on the expression

∥AΩ
mf∥2

L2(Ω,CN ) =
∫

Ω

(
|∇f |2 +m2|f |2

)
dx+

∫
∂Ω

(
m+ H

2

)
|f |2 dHn−1, f ∈ domAΩ

m, (5)

where H : x 7→ tr d|xν is the mean curvature of ∂Ω and Hn−1 is the (n − 1)-dimensional
Hausdorff measure, and on the use of tubular coordinates near ∂Ω. Remark that the same
expression also plays a central role in the spectral optimization [1].

While there is a vast literature on boundary value problems for Dirac-type operators on
domains/manifolds with smooth boundaries, see e.g. [5, 6, 14, 15, 22] and references therein,
the case of non-smooth boundaries is much less elaborated. The paper [28] studied the self-
adjointness of AΩ

m for the case n = 2 when Ω is a polygon, and it was shown that the domain
(2) leads to a self-adjoint operator if and only if the polygon is convex (more generally, the
deficiency indices conicide with the number of concave corners). In [16] it was shown that AΩ

m

is self-adjoint on the domain (2) if Ω is a convex circular cone in three dimensions. As shown
in [8, 10, 33], for bounded Lipschitz Ω and n ∈ {2, 3} the operator AΩ

m becomes self-adjoint if
considered on the larger domain{

f ∈ H
1
2 (Ω,CN) : Dmf ∈ L2(Ω,CN), f = −iβα · νf on ∂Ω

}
,

and the paper [38] studied the local regularity of eigenfunctions. It should be noted that the
lost of regularity also destroys the proofs for (3), as the finiteness of the summands in the
crucially important identity (5) implicitly means the inclusion domAΩ

m ⊂ H1(Ω,CN). The
paper [11] contains an alternative proof of (3) for n = 3 and smooth Ω with the help of the
resolvents, but its main constructions are based on the microlocal analysis, and no obvious
extension to non-smooth domains is expected. Overall, to our knowledge, there are no proofs
of the asymptotics (3) for any non-smooth Ω.

The main goal of the present paper is to show that the above results for smooth Ω can be
extended to a large class of non-smooth but convex Ω. Remark that the convexity is one of the
standard assumptions guaranteeing maximal regularity for Laplacians with various boundary
conditions, see e.g. [21, Chap. 3] for most classical results or [25, 26] for recent developments.
Before passing to rigorous formulations we recall that any bounded convex domain has Lipschitz
boundary [21, Corollary 1.2.2.3], hence, the usual machineries in Sobolev spaces (embeddings,
traces, extension operators) are available. Our central result is as follows:
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Theorem 1 (Self-adjointness). Let Ω ⊂ Rn be a bounded convex domain with outer unit normal
ν (which is defined a.e. on ∂Ω), and let m ∈ R. Then the operator

AΩ
m : f 7→ Dmf, domAΩ

m =
{
f ∈ H1(Ω,CN) : f = −iβα · νf on ∂Ω

}
, (6)

is self-adjoint in L2(Ω,CN) with compact resolvent.

For the subsequent discussion we impose a better regularity of the boundary.

Definition 2. Let U ⊂ Rn be a bounded domain with Lipschitz boundary. A point s ∈ ∂U is
called regular if U coincides with a C∞-smooth domain in an open neighborhood of s, otherwise
it is called singular. One denotes

∂∞U := {s ∈ ∂U : s is regular} (the regular boundary of U),
∂0U := {s ∈ ∂U : s is singular} (the singular boundary of U).

The domain U will be called piecewise smooth if its singular boundary is contained in the union
of finitely many compact (n− 2)-dimensional submanifolds of Rn.

We show:

Theorem 3 (Quadratic form). Let Ω ⊂ Rn be a bounded convex domain with piecewise smooth
boundary and outer unit normal ν (which is defined at least on the regular boundary), then for
any f ∈ domAΩ

m one has

∥AΩ
mf∥2

L2(Ω,CN ) =
∫

Ω

(
|∇f |2 +m2|f |2

)
dx+

∫
∂Ω

(
m+ H

2

)
|f |2dHn−1,

where H : x 7→ tr d|xν ≥ 0 is the mean curvature defined on the regular boundary of Ω.

By imposing an additional geometric condition we are finally able to extend (3) to a large
class of non-smooth domains:

Theorem 4 (Infinite mass limit). Let Ω ⊂ Rn be a bounded convex domain with piecewise
smooth boundary, and assume that the mean curvature of the regular boundary is bounded.
Then for any m ∈ R and j ∈ N one has Ej

(
(AΩ

m)2
)

= lim
M→+∞

Ej

(
(BΩ

m,M)2
)
, where the operator

BΩ
m,M acting in L2(Rn,CN) is defined by (4).

The assumptions of Theorem 4 are satisfied, in particular, if Ω is a bounded convex polyhe-
dron (i.e. a bounded domain obtained as an intersection of halfspaces), or a convex curvilinear
polyhedron (i.e. obtained as a diffeomorphic image of a bounded convex polyhedron), or is
a convex piecewise smooth domain obtained as the intersection of finitely many C∞-smooth
bounded domains. On the other hand, the assumption on the boundedness of the mean cur-
vature excludes e.g. the three-dimensional domains whose boundary has conical singularities
of the form x3 =

√
x2

1 + x2
2. We believe that the assumption on the mean curvature is purely

technical, see Remark 20 at the end of the paper.
Our proof of Theorem 1 is presented in Section 1, and it is based on adaptations of some

constructions in Grisvard’s book [21, Sec. 3.2] for second-order operators. Remark 10 indicates
possible extensions. In Section 2 we derive some approximation results for Sobolev spaces. This
allows one to show the essential self-adjoitness of AΩ

m on smooth functions vanishing near the
singular boundary (Lemma 16), which is an essential ingredient for the subsequent analysis.
In particular, it is used in Section 3 to prove Theorem 3 by transferring the results known for
the smooth case. Theorem 4 is shown in Section 4, and is mainly in the spirit of the analysis
of [30], while a more involved choice of test functions is used, and the constructions with tubular
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coordinates near ∂Ω (which are now unavailable due to non-smoothness) are replaced by some
estimates for Robin Laplacians in exterior domains. The short Appendix A collects a necessary
information on the Dirac matrices.

1. Proof of Theorem 1 (self-adjointness)

As a starting point let us summarize rigorously some results on smooth domains, see [30,
Lem. 2.1 and Prop. A.2].

Lemma 5. Let Ω ⊂ Rn be a bounded domain with C∞-smooth boundary and outer unit normal
ν, and let m ∈ R. Then the operator AΩ

m defined by (6) is self-adjoint in L2(Ω,CN), and for
any f ∈ domAΩ

m one has the identity (5).

As the parameter m only results in adding a bounded symmetric perturbation, it is sufficient
to show that the operator

A := AΩ
0

is self-adjoint and has compact resolvent. The integration by parts show that A is symmetric,
and its self-adjointness is equivalent to the equalities ran(A ± i) = L2(Ω,CN). We will show
ran(A + i) = L2(Ω,CN), as the other condition is proved completely analogously by adjusting
the signs.

Our constructions will be based on the following results of convex analysis, see e.g. [34,
Sec. 3.4] and [21, Lemma 3.2.3.2]:

Lemma 6. Let Ω ⊂ Rn be a bounded convex domain. There exist bounded convex C∞-smooth
domains Ωp ⊂ Rn, p ∈ N, such that Ω ⊂ Ωp for all p and dH(∂Ωp, ∂Ω) p→∞−−−→ 0, where dH stands
for the Hausdorff distance. In addition, one can find open subsets Vk ⊂ Rn, k ∈ {1, . . . , K},
with the following properties:

• for each k there exist Cartesian coordinates yk
1 , . . . , y

k
n in which Vk is a hypercube,

Vk =
{

(yk
1 , . . . , y

k
n) : −ak

j < yk
j < ak

j for all j ∈ {1, . . . , n}
}
, ak

j > 0,

• for all p ∈ N and each k ∈ {1, . . . , K} there exist a Lipschitz function hk and a C∞-
smooth function hk

p defined on

V ′
k =

{
(yk

1 , . . . , y
k
n−1) : −ak

j < yk
j < ak

j for all j ∈ {1, . . . , n− 1}
}

such that

hk(zk) ≤ hk
p(zk),

∣∣∣hk(zk)
∣∣∣ ≤ ak

n

2 ,
∣∣∣hk

p(zk)
∣∣∣ ≤ ak

n

2 for all zk ∈ V ′
k ,

Ω ∩ Vk =
{
yk = (zk, yk

n) ∈ Vk : zk ∈ V ′
k , y

k
n < hk(zk)

}
,

Ωp ∩ Vk =
{
yk = (zk, yk

n) ∈ Vk : zk ∈ V ′
k , y

k
n < hk

p(zk)
}
,

∂Ω ∩ Vk =
{
yk = (zk, yk

n) ∈ Vk : zk ∈ V ′
k , y

k
n = hk(zk)

}
,

∂Ωp ∩ Vk =
{
yk = (zk, yk

n) ∈ Vk : zk ∈ V ′
k , y

k
n = hk

p(zk)
}
,

• ∂Ω ⊂ ⋃K
k=1 Vk and ∂Ωp ⊂ ⋃K

k=1 Vk for all p ∈ N,
• for each k ∈ {1, . . . , K} one has hk

p

p→∞−−−→ hk uniformly in V ′
k,

• there is an L > 0 such that
∣∣∣∇hk(zk)

∣∣∣ ≤ L and
∣∣∣∇hk

p(zk)
∣∣∣ ≤ L for all a.e. zk ∈ V ′

k, all
k ∈ {1, . . . , K} and all p ∈ N,

• for each k ∈ {1, . . . , K} one has ∇hk
p(zk) p→∞−−−→ ∇hk(zk) for a.e. zk ∈ V ′

k.
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Let us approximate Ω by bounded convex C∞-smooth domains Ωp (with p ∈ N) as in
Lemma 6 and consider the associated Dirac operators

Ãp := A
Ωp

0 ,

which are self-adjoint in L2(Ωp,CN) by Lemma 5.
Let g ∈ L2(Ω,CN). For each p denote by g̃p the continuation of g by zero to Ωp then due to

the self-adjointness of Ãp there is a unique f̃p ∈ dom Ãp with (Ãp + i)f̃p = g̃p. Let Hp be the
mean curvature of ∂Ωp, then Hp ≥ 0 due to convexity of Ωp, and by Lemma 5 we obtain

∥g∥2
L2(Ω,CN ) = ∥g̃p∥2

L2(Ωp,CN ) =
∥∥∥(Ãp + i)f̃p

∥∥∥2

L2(Ωp,CN )
= ∥Ãpf̃p∥2

L2(Ωp,CN ) + ∥f̃p∥2
L2(Ωp,CN )

=
∫

Ωp

(
|∇f̃p|2 + |f̃p|2

)
dx+ 1

2

∫
∂Ωp

Hp|f̃p|2dHn−1

≥
∫

Ωp

(
|∇f̃p|2 + |f̃p|2

)
dx = ∥f̃p∥2

H1(Ωp,CN ).

(7)

Denote by fp the restriction of f̃p on Ω, then

∥fp∥H1(Ω,CN ) ≤ ∥f̃p∥H1(Ωp,CN ) ≤ ∥g∥L2(Ω,CN ), (8)

which shows that the sequence (fp)p∈N is bounded in H1(Ω,CN) and, hence, contains a weakly
convergent subsequence. To keep simple notation we assume (by replacing the initial sequence
of Ωp by the corresponding subsequence) that fp

p→∞−−−→ f weakly in H1(Ω,CN) for some f ∈
H1(Ω,CN). We are going to show that f ∈ domA with (A+ i)f = g, which will conclude the
proof of self-adjointness for A.

Due to the compactness of the embedding H1(Ω,CN) ↪→ L2(Ω,CN) we have

∥fp − f∥L2(Ω,CN )
p→∞−−−→ 0. (9)

Let φ ∈ C∞
c (Ω,CN) and φ̃p be its extension by zero on Ωp. Then φ̃p ∈ C∞

c (Ωp,CN) ⊂ dom Ãp,
and

⟨g, φ⟩L2(Ω,CN ) = ⟨g̃p, φ̃p⟩L2(Ωp,CN ) =
〈
(Ãp + i)f̃p, φ̃p

〉
L2(Ωp,CN )

=
〈
f̃p, (Ãp − i)φ̃p

〉
L2(Ωp,CN )

=
〈
f̃p, (D0 − i)φ̃p

〉
L2(Ωp,CN )

=
〈
fp, (D0 − i)φ

〉
L2(Ω,CN )

p→∞−−−→
by (9)

〈
f, (D0 − i)φ

〉
L2(Ω,CN )

.

Hence, ∫
Ω

〈
g(x), φ(x)

〉
CN

dx =
∫

Ω

〈
f(x), (D0 − i)φ(x)

〉
CN

dx for all φ ∈ C∞
c (Ω,CN),

which means (D0 + i)f = g in D′(Ω,CN). As f ∈ H1(Ω,CN) by construction, it remains to
check that f satisfies the required boundary condition.

Let Vk, V ′
k , hk, hk

p and L be as in Lemma 6, and let νk(zk) be the outer unit normal for Ω
at the point

(
zk, hk(zk)

)
∈ Vk ∩ ∂Ω and νk

p (zk) be the outer unit normal for Ωp at the point(
zk, hk

p(zk)
)

∈ Vk ∩ ∂Ωp, i.e.

νk(zk) =

(
− ∇hk(zk), 1

)
√

1 +
∣∣∣∇hk(zk)

∣∣∣2 , νk
p (zk) =

(
− ∇hk

p(zk), 1
)

√
1 +

∣∣∣∇hk
p(zk)

∣∣∣2 .
In order to show that the function f satisfies the boundary condition we need to check that for
any k ∈ {1, . . . , K} one has



6∫
Vk∩∂Ω

∣∣∣(1+iβα·ν)f
∣∣∣2dHn−1 ≡

∫
V ′

k

∣∣∣∣(1+iβα·νk(zk)
)
f
(
zk, hk(zk)

)∣∣∣∣2
√

1 +
∣∣∣∇hk(zk)

∣∣∣2dzk = 0,

and in view of the bound
∣∣∣∇hk(zk)

∣∣∣ ≤ L this is equivalent to∫
V ′

k

∣∣∣∣(1 + iβα · νk(zk)
)
f
(
zk, hk(zk)

)∣∣∣∣2dzk = 0. (10)

By construction, the functions f̃p satisfy (1 + iβα · νp)f̃p = 0 on ∂Ωp, with νp being the unit
normal for Ωp, which means that for any for any k ∈ {1, . . . , K} it holds that∫

Vk∩∂Ωp

∣∣∣(1 + iβα · νp)f̃p

∣∣∣2dHn−1 = 0,

hence, ∫
V ′

k

∣∣∣∣(1 + iβα · νk
p (zk)

)
f̃p

(
zk, hk(zk)

)∣∣∣∣2dzk = 0. (11)

Our goal is to pass to the limit p → ∞ in this last formula in order to obtain the required
identities (10). As a preparation let us derive some preliminary estimates.

Lemma 7. For any F ∈ H1(Rn,CN) any any k ∈ {1, . . . , K} one has∫
V ′

k

∣∣∣∣F(zk, hk
p(zk)

)
− F

(
zk, hk(zk)

)∣∣∣∣2dzk p→∞−−−→ 0.

Proof. Using the Cauchy-Schwarz inequality we have∫
V ′

k

∣∣∣∣F(zk, hk
p(zk)

)
−F

(
zk, hk(zk)

)∣∣∣∣2dzk =
∫

V ′
k

∣∣∣∣∣
∫ hk

p(zk)

hk(zk)
∂yk

n
F (zk, t) dt

∣∣∣∣∣
2

dzk

≤
∫

V ′
k

∣∣∣hk
p(zk) − hk(zk)

∣∣∣ ∫ hk
p(zk)

hk(zk)

∣∣∣∂yk
n
F (zk, t)

∣∣∣2dt dzk

≤ sup
zk∈V ′

k

∣∣∣hk
p(zk) − hk(zk)

∣∣∣ ∫
Vk∩Ωp

|∂yk
n
F |2dyk

≤ sup
zk∈V ′

k

∣∣∣hk
p(zk) − hk(zk)

∣∣∣∥F∥2
H1(Rn,CN )

p→∞−−−→ 0

due to the uniform convergence of hk
p to hk on V ′

k . □

Lemma 8. Let F ∈ H1(Rn,CN) be a continuation of f on Rn, then for any k ∈ {1, . . . , K}
one has ∫

V ′
k

∣∣∣∣F(zk, hk
p(zk)

)
− f̃p

(
zk, hk

p(zk)
)∣∣∣∣2dzk p→∞−−−→ 0.

Proof. We need to show that∫
V ′

k

∣∣∣∣ηp

(
zk, hk

p(zk)
)∣∣∣∣2dzk p→∞−−−→ 0 for the functions ηp := F − f̃p ∈ H1(Ωp).

First remark that due to (8) one can find a c > 0 such that

∥ηp∥H1(Ωp,CN ) ≤ c for all p ∈ N. (12)

Furthermore, by assumption ηp → 0 weakly in H1(Ω). Using the boundedness of the trace
operator H1(Ω) → H

1
2 (∂Ω) and the compactness of the embedding H

1
2 (∂Ω) ↪→ L2(∂Ω) we

obtain ∫
∂Ω

|ηp|2dHn−1 p→∞−−−→ 0,
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and by combining with∫
V ′

k

∣∣∣∣ηp

(
zk, hk(zk)

)∣∣∣∣2dzk ≤ 1√
1 + L2

∫
V ′

k

∣∣∣∣ηp

(
zk, hk(zk)

)∣∣∣∣2
√

1 +
∣∣∣∇hk(zk)

∣∣∣2dzk

= 1√
1 + L2

∫
Vk∩∂Ω

|ηp|2dHn−1 ≤ 1√
1 + L2

∫
∂Ω

|ηp|2dHn−1

we conclude that ∫
V ′

k

∣∣∣∣ηp

(
zk, hk(zk)

)∣∣∣∣2dzk p→∞−−−→ 0. (13)

Now we estimate∫
V ′

k

∣∣∣∣ηp

(
zk,hk

p(zk)
)∣∣∣∣2dzk =

∫
V ′

k

∣∣∣∣ηp

(
zk, hk(zk)

)
+
∫ hk

p(zk)

hk(zk)
∂yk

n
ηp(zk, t) dt

∣∣∣∣2dzk

≤ 2
∫

V ′
k

∣∣∣∣ηp

(
zk, hk(zk)

)∣∣∣∣dzk + 2
∫

V ′
k

∣∣∣∣ ∫ hk
p(zk)

hk(zk)
∂yk

n
ηp(zk, t) dt

∣∣∣∣2dzk.

For p → ∞ the first summand on the right-hand side converges to zero by (13), and the second
summand is easily controlled using Cauchy-Schwarz inequality:∫

V ′
k

∣∣∣∣∣
∫ hk

p(zk)

hk(zk)
∂ynηp(zk, t)dt

∣∣∣∣∣
2

dzk ≤
∫

V ′
k

∣∣∣hk
p(zk) − hk(zk)

∣∣∣ ∫ hk
p(zk)

hk(zk)

∣∣∣∂yk
n
ηp(zk, t)

∣∣∣2dt dzk

≤ sup
zk∈V ′

k

∣∣∣hk
p(zk) − hk(zk)

∣∣∣ ∫
Vk∩Ωp

|∂yk
n
ηp|2dyk

≤ sup
zk∈V ′

k

∣∣∣hk
p(zk) − hk(zk)

∣∣∣∥ηp∥2
H1(Vk∩Ωp)

use (12): ≤ c2 sup
zk∈V ′

k

∣∣∣hk
p(zk) − hk(zk)

∣∣∣ p→∞−−−→ 0

due to the uniform convergence of hk
p to hk on V ′

k . □

Let k ∈ {1, . . . , K} and let F ∈ H1(Rn,CN) be an arbitrary continuation of f , then

∥βα · νk(zk)∥ ≤ 1 and ∥βα · νk
p (zk)∥ ≤ 1 for all p ∈ N and a.e. zk ∈ V ′

k , (14)

βα · νk
p (zk) p→∞−−−→ βα · νk(zk) for a.e. zk ∈ V ′

k . (15)

Using the representation(
1 + iβα · νk(zk)

)
f
(
zk, hk(zk)

)
=
(
1 + iβα · νk(zk)

)
F
(
zk, hk(zk)

)
=
(
iβα · νk(zk) − iβα · νk

p (zk)
)
F
(
zk, hk(zk)

)
+
(
1 + iβα · νk

p (zk)
)(
F
(
zk, hk(zk)

)
− F

(
zk, hk

p(zk)
))

+
(
1 + iβα · νk

p (zk)
)(
F
(
zk, hk

p(zk)
)

− f̃p

(
zk, hk

p(zk)
))

+
(
1 + iβα · νk

p (zk)
)
f̃p

(
zk, hk

p(zk)
))

we obtain ∫
V ′

k

∣∣∣∣(1+iβα · νk(zk)
)
f
(
zk, hk(zk)

)∣∣∣∣2dzk ≤ 4(I1
p + I2

p + I3
p + I4

p ) (16)

for I1
p :=

∫
V ′

k

∣∣∣∣(iβα · νk(zk) − iβα · νk
p (zk)

)
F
(
zk, hk(zk)

)∣∣∣∣2dzk,
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I2
p :=

∫
V ′

k

∣∣∣∣(1 + iβα · νk
p (zk)

)(
F
(
zk, hk(zk)

)
− F

(
zk, hk

p(zk)
))∣∣∣∣2dzk,

I3
p :=

∫
V ′

k

∣∣∣∣(1 + iβα · νk
p (zk)

)(
F
(
zk, hk

p(zk)
)

− f̃p

(
zk, hk

p(zk)
))∣∣∣∣2dzk,

I4
p :=

∫
V ′

k

∣∣∣∣(1 + iβα · νk
p (zk)

)
f̃p

(
zk, hk

p(zk)
)∣∣∣∣2dzk (11)= 0.

In virtue of (14) and (15), the dominated convergence theorem implies I1
p

p→∞−−−→ 0. Using (14)
again we estimate

I2
p ≤ 4

∫
V ′

k

∣∣∣∣F(zk, hk(zk)
)

− F
(
zk, hk

p(zk)
)∣∣∣∣2dzk p→∞−−−→ 0 by Lemma 7,

I3
p ≤ 4

∫
V ′

k

∣∣∣∣F(zk, hk
p(zk)

)
− f̃p

(
zk, hk

p(zk)
)∣∣∣∣2dzk p→∞−−−→ 0 by Lemma 8.

This shows that the right-hand side of (16) converges to 0 for p → ∞, hence, the left-hand side
is zero. The proof of self-adjointness is completed.

For the sake of completeness we include the following standard assertion:

Lemma 9. The graph norm of A on domA is equivalent to the H1-norm, and A has compact
resolvent.

Proof. The self-adjointness of A implies that domA is complete with respect to the graph
norm. At the same time, domA is also complete with respect to the H1-norm being the kernel
of the bounded linear operator H1(Rn,CN) ∋ f 7→ (1 + iβα · ν)f |∂Ω ∈ L2(∂Ω). The embedding
operator (domA with H1-norm) ∋ f 7→ f ∈ (domA with the graph norm) is obviously bijec-
tive and bounded, hence, its inverse is bounded due to the closed graph theorem, and this shows
that the both norms are equivalent. It follows that domA with the graph norm is continuously
embedded into H1(Ω,CN) and, therefore, compactly embedded in L2(Ω,CN), which gives the
conclusion. □

Remark 10. One easily sees that the convexity was actually used only to establish a uniform
upper bound for the H1-norms of the functions f̃p in (7). In fact, the proof can be adapted to a
larger class of domains of Ω as follows. Let us drop the convexity assumption but require instead
that Ω can be approximated (in the sense described in Lemma 6) by C∞-smooth domains Ωp

such that the mean curvatures Hp of their boundaries are uniformly bounded from below,
Hp ≥ −2m for some m > 0. Then one can consider the operators A := AΩ

m and Ãp := AΩp
m .

If g ∈ L2(Ω,CN) and g̃p are its extensions by zero to Ωp, then we can find f̃p ∈ dom Ãp with
(Ãp + i)f̃p = g̃p, and (7) can be replaced by

∥g∥2
L2(Ω,CN ) = ∥g̃p∥2

L2(Ωp,CN ) = ∥(Ãp + i)f̃p∥2
L2(Ωp,CN ) = ∥Ãpf̃p∥2

L2(Ωp,CN ) + ∥f̃p∥2
L2(Ωp,CN )

=
∫

Ωp

(
|∇f̃p|2 + (m2 + 1)|f̃p|2

)
dx+

∫
∂Ωp

(
m+ Hp

2

)
|f̃p|2dHn−1

≥
∫

Ωp

(
|∇f̃p|2 + |f̃p|2

)
dx = ∥f̃p∥2

H1(Ωp,CN ),

and the rest of the proof remains literally the same, which provides the self-adjointness of A
for such Ω. Simple geometric considerations show that for n = 2 these observations apply, for
example, to curvilinear polygons without concave corners.
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2. Approximations

In this section we establish several approximation results for Sobolev spaces on piecewise
smooth domains. The constructions are inspired by [18]. We need first a simple result on the
approximation of non-smooth domains by smooth ones.

Lemma 11 (“Rounding the corners”). Let Ω ⊂ Rn be a bounded convex domain, then for
any open neighborhood V0 ⊂ Rn of its singular boundary ∂0Ω one can find a bounded domain
Ω0 ⊂ Rn with C∞-smooth boundary such that Ω and Ω0 coincide outside V0.

Proof. Without loss of generality assume that 0 ∈ Ω, then due to convexity we can describe
Ω using polar coordinates,

Ω =
{
rθ : θ ∈ Sn−1, 0 ≤ r < R(θ)

}
, ∂Ω =

{
R(θ)θ : θ ∈ Sn−1

}
,

with a Lipschitz function R : Sn−1 → (0,∞) which is C∞-smooth on the open set

S∞ :=
{
θ ∈ Sn−1 : R(θ)θ ∈ ∂∞Ω

}
⊂ Sn−1.

Remark ∂0Ω is compact and that the Lipschitz map

Π : Rn \ {0} ∋ x 7→ x

|x|
∈ Sn−1

is the inverse of θ 7→ R(θ)θ, which means that S0 := Sn−1 \ S∞ ≡ Π(∂0Ω) is a compact subset
of the open set Θ0 := Π(V0) ⊂ Sn−1, and

{
R(θ)θ : θ ∈ S0

}
= ∂0Ω ⊂ V0.

We now choose two open neighborhoods Θ1,Θ2 of S0 in Sn−1 such that Θ2 ⊂ Θ1 and Θ1 ⊂ Θ0.
Due to compactness of Θ1 there is an ε > 0 such that{

rθ : θ ∈ Θ1,
∣∣∣r −R(θ)

∣∣∣ ≤ ε
}

⊂ V0,

and we can choose a C∞-function R1 : Θ1 → (0,∞) such that
∣∣∣R1(θ)−R(θ)

∣∣∣ ≤ ε for all θ ∈ Θ1.
Now choose a cut-off function χ ∈ C∞(Sn−1) with 0 ≤ χ ≤ 1 such that suppχ ⊂ Θ1 and χ = 1
on Θ2, then R0 := (1 − χ)R + χR1 : Sn−1 → (0,∞) is smooth, and the graphs of θ 7→ R(θ)θ
and θ 7→ R0(θ)θ coincide outside V0. It follows that the domain

Ω0 :=
{
rθ : θ ∈ Sn−1, 0 ≤ r < R0(θ)

}
satisfies all the requirements. □

The following assertion is [18, Lem. 2.4] with a reformulation adapted to the subsequent use:

Lemma 12. Let χ ∈ C∞
c (R) with 0 ≤ χ ≤ 1 such that suppχ ∈ (−1, 1) and χ = 1 in an open

neighborhood of 0. For α ∈ (0, 1) and n ∈ N define functions

ρα,n : [0,∞) ∋ t 7→ min{tα, 1}
(
1 − χ(nt)

)
∈ R.

Then one can choose αj
j→∞−−−→ 0 and nj

j→∞−−−→ ∞ such that the functions

ψj : R2 ∋ x 7→ ραj ,nj

(
|x|
)

∈ R

satisfy:
(a) for any j one has 0 ≤ ψj ≤ 1, the function ψj vanishes in an open neighborhood of 0 in

R2, and ψj(x) j→∞−−−→ 1 for all x ̸= 0,
(b) ∥ψjf − f∥H1(R2)

j→∞−−−→ 0 for any f ∈ H1(R2),
(c) there is a constant C > 0 such that ∥ψjf∥H1(R2) ≤ C∥f∥H1(R2) for any f ∈ H1(R2) and

any j ∈ N.
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Remark that [18] only states (b) explicitly. The part (a) follows from the explicit structure
of ψj, and (c) follows from (b) in virtue of Banach-Steinhaus theorem.

Lemma 13 (Cut-off near a submanifold). Let n ≥ 2 and Γ be a compact (n− 2)-dimensional
submanifold in Rn. For x ∈ Rn let d(x) be the distance from x to Γ. Then the functions
φj := ψj ◦ d with ψj from Lemma 12 satisfy

∥φjf − f∥H1(Rn)
j→∞−−−→ 0 for any f ∈ H1(Rn). (17)

In addition, φj = 0 in an open neighborhood of Γ, with 0 ≤ φj ≤ 1, and φj(x) j→∞−−−→ 1 for any
x ∈ Rn \ Γ.

Proof. For r > 0 denote B2(0, r) := {x ∈ R2 : |x| < r}. It is a classical result of differential
geometry that for some sufficiently small ε > 0 the ε-neighborhood Γε of Γ admits a tubular
neighborhood, see e.g. [27, Thm. 10.19]. In the coordinate form this means that one can cover
Γε by finitely many open sets V1, . . . , VL such that for any s ∈ Γℓ := Vℓ ∩ Γ one can choose an
orthonormal basis

(
n1(s), n2(s)

)
in the normal space to Γ at s depending smoothly on s and

the maps
Φℓ : Γℓ ×B2(0, ε) ∋ (s, t1, t2) 7→ s+ t1n1(s) + t2n2(s) ∈ Vℓ,

are diffeomorphisms, with d
(
Φℓ(s, t1, t2)

)
=
√
t21 + t22 = |t|, and the map f 7→ f ◦ Φℓ defines

an isomorphism between H1(Vℓ) and H1
(
Γℓ ×B2(0, ε)

)
. Without loss of generality we assume

that ε ∈ (0, 1).
Let f ∈ H1(Rn). Note first that by construction one has φjf = f outside Γ1. Furthermore,

for x ∈ Γ1 \ Γε and all sufficiently large j one has (φjf)(x) = d(x)αjf(x), and using αj → 0
and the dominated convergence theorem we arrive at ∥φjf − f∥L2(Γ1\Γε)

j→∞−−−→ 0. In addition,
for the same x one has

∇(φjf)(x) − ∇f(x) = d(x)αj ∇f(x) − ∇f(x) + αj
∇d(x)
d(x)1−αj

f(x),
∫

Γ1\Γε

∣∣∣∇(φjf)(x) − ∇f
∣∣∣2dx ≤ 2

∫
Γ1\Γε

|dαj ∇f − ∇f |2dx+ 2α2
j

∫
Γ1\Γε

∣∣∣∣ ∇d
d1−αj

∣∣∣∣2|f |2dx.

The first summand on the right-hand side of the last inequality converges to zero by the
dominated convergence theorem, while for the second summand we have

2α2
j

∫
Γ1\Γε

∣∣∣∣ ∇d
d1−αj

∣∣∣∣2|f |2dx ≤
2α2

j

ε2(1−αj)

∫
Γ1\Γε

|f |2dx j→∞−−−→ 0.

The above considerations show that ∥φjf − f∥H1(Rn\Γε)
j→∞−−−→ 0, and it remains to check

∥φjf − f∥H1(Γε)
j→∞−−−→ 0. In view of the preceding discussion it is sufficient to show that for

each ℓ ∈ {1, . . . , L} one has

f̂j
j→∞−−−→ f̂ in H1

(
Γℓ ×B2(0, ε)

)
, f̂j := (φjf) ◦ Φℓ, f̂ := f ◦ Φℓ.

One has f̂j(s, t) = ψj(t)f̂(s, t), in particular, ∇sf̂j = ∇sf̂ , and

∥f̂j − f̂∥2
H1(Γℓ×B2(0,ε0)) =

∫
Γℓ

(∥∥∥ψjf(s, ·) − f(s, ·)
∥∥∥2

H1(B2(0,ε))

+ ∥ψj∇sf(s, ·) − ∇sf(s, ·)∥2
L2(B2(0,ε))

)
dHn−2(s).

The subintegral expression admits integrable upper bound and converges to 0 for a.e. s ∈ Γℓ

as j → ∞ by Lemma 12, so the whole integral converges to 0 for j → ∞ by the dominated



11

convergence theorem. This completes the proof of (17), and the remaining claims on φj follow
from the properties of ψj in Lemma 12. □

Corollary 14. Let Ω ⊂ Rn be a bounded domain with piecewise smooth boundary. Then one
can find functions ρj ∈ C∞(Rn) with j ∈ N such that

0 ≤ ρj ≤ 1, ρj = 0 in an open neighborhood of ∂0Ω, ρj(x) j→∞−−−→ 1 for a.e. x ∈ Rn

and ρjf
j→∞−−−→ f in H1(Ω) for any f ∈ H1(Ω).

Proof. Let Γ1, . . . ,ΓK be compact (n−2)-dimensional submanifolds whose union contains ∂0Ω
and denote by dk(x) the distance from x ∈ Rn to Γk.

Let f ∈ H1(Ω) and j ∈ N. Denote h0 := f , then for each k ∈ {1, . . . , K} successively use
Lemma 13 to choose jk ≥ j such that the function hk := (ψjk

◦ dk)hk−1 satisfies

∥hk − hk−1∥H1(Ω) <
1
jK

.

By construction one has

hK = ρjf, ρj :=
K∏

k=1
(ψjk

◦ dk),

∥ρjf − f∥H1(Ω) ≡ ∥hK − h0∥H1(Ω,CN ) ≤
K∑

k=1
∥hk − hk−1∥H1(Ω,CN ) < K · 1

jK
= 1
j
,

hence, ρjf
j→∞−−−→ f in H1(Ω). The function ψjk

◦ dk vanishes in an open neighborhood of Γk,
so ρj vanishes in the union of these neighborhoods (which is also an open neighborhood of
∂0Ω). For j → ∞ one has jk → ∞ for each k, hence, ψjk

◦ dk(x) → 1 for x /∈ Γk, which
implies ρj(x) j→∞−−−→ 1 for any x /∈ ⋃K

k=1 Γk. Finally, the required bound 0 ≤ ρj ≤ 1 follows from
0 ≤ ψj ≤ 1 (Lemma 12). □

Corollary 15. Let Ω ⊂ Rn be a bounded convex domain with piecewise smooth boundary and
m ∈ R, then the Dirac operator AΩ

m is essentially self-adjoint on

dom0 A
Ω
m :=

{
f ∈ domAΩ

m : f = 0 in an open neighborhood of ∂0Ω
}
.

Proof. Let ρj be as in Corollary 14 and f ∈ domAΩ
m. As the boundary condition for AΩ

m

is invariant under multiplication by smooth scalar functions, one has ρjf ∈ dom0 A
Ω
m with

ρjf
j→∞−−−→ f in H1(Ω,CN), and the conclusion follows by Lemma 9. □

Lemma 16 (Essential self-adjointness on smooth functions). Let Ω ⊂ Rn be a bounded con-
vex domain with piecewise smooth boundary, then for any m ∈ R the Dirac operator AΩ

m is
essentially self-adjoint on

dom∞ AΩ
m :=

{
f ∈ domAΩ

m : f ∈ C∞(Ω,CN), f = 0 in an open neighborhood of ∂0Ω
}
.

Proof. Let f ∈ domAΩ
m and ε > 0. By Corollary 15 one can find a function h ∈ domAΩ

m which
vanishes an open neighborhood U of ∂0Ω and satisfies ∥h − f∥H1(Ω,CN ) <

ε
3 . Choose bounded

open neighborhoods V0 and V of ∂0Ω such that V0 ⊂ V and V ⊂ U , then pick a function
χ ∈ C∞

c (Rn) with 0 ≤ χ ≤ 1 such that suppχ ⊂ V and χ = 1 in V0. The map

H
1
2 (∂Ω,CN) ∋ φ 7→ (1 + iβα · ν)(1 − χ)φ ∈ H

1
2 (∂Ω,CN)
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is a bounded linear operator (being a multiplication by a smooth matrix function compactly
supported on the regular boundary), and we denote its norm by C0. Furthermore, it maps the
subspace {

φ ∈ H
1
2 (∂Ω,CN) : suppφ ⊂ ∂∞Ω, φ ∈ C∞(∂∞Ω,CN)

}
in itself and, in addition, (1 + iβα · ν)(1 − χ)φ = (1 + iβα · ν)φ for suppφ ⊂ ∂Ω \ V0.

Now let Ω0 be a bounded C∞-smooth domain which coincides with Ω outside V0 (see
Lemma 11). For any φ ∈ H

1
2 (∂Ω0) there is a unique F ∈ H1(Ω0) with ∆F = 0 in Ω0

and F = φ on ∂Ω0, and the associated Poisson operator E0 : H 1
2 (∂Ω0) ∋ φ 7→ F ∈ H1(Ω0) is

bounded with E0
(
C∞(∂Ω0)

)
⊂ C∞(Ω0), see [23, Theorem 11.14]. Remark that for any func-

tion φ defined on ∂Ω we can consider (1 − χ)φ as a function defined on ∂Ω0 and vanishing on
V0 ∩ ∂Ω0. Similarly, for any function v0 on Ω0 one can consider (1 − χ)v0 as a function on Ω
which vanishes in V0 ∩ Ω. With these identifications we conclude that

E : H
1
2 (∂Ω,CN) ∋ φ 7→ (1 − χ)(E0 ⊗ IN)

(
(1 − χ)φ

)
∈ H1(Ω,CN)

is a bounded operator, and we denote by C1 its norm. Moreover, it maps C∞(∂Ω) to C∞(Ω)
by construction, and Eφ = φ on ∂Ω for any φ ∈ C∞(∂Ω) with φ = 0 on V ∩ ∂Ω.

Let h̃ ∈ H1(Rn,CN) be an arbitrary continuation of the above h. Consider its convolutions
h̃ε := h̃ ∗ ρε with standard mollifiers ρε, and let hε be their restrictions to Ω, then hε ∈
C∞(Ω,CN). Having in mind that h = 0 in U and the support of hε is contained in the ε-
neighborhood of the support of h we conclude that we can choose ε sufficiently small such that:
the function g := hε ∈ C∞(Ω,CN) satisfies g = 0 on V ∩ Ω with

∥g − h∥H1(Ω,CN ) <
ε

3 , ∥g − h∥
H

1
2 (∂Ω)

<
ε

3C0C1
.

Consider the function v := g − E(1 + iβα · ν)(g|∂Ω). Due to the above considerations we have
v ∈ C∞(Ω,CN) with v = 0 in V0, and (1 + iβα · ν)(v|∂Ω) = 0, i.e. v ∈ dom∞ A. In addition,
using (1 + iβα · ν)(h|∂Ω) = 0 we obtain

∥v − g∥H1(Ω,CN ) =
∥∥∥∥E(1 + iβα · ν)(g|∂Ω)

∥∥∥∥
H1(Ω,CN )

≤ C1

∥∥∥∥(1 + iβα · ν)(g|∂Ω)
∥∥∥∥

H
1
2 (∂Ω,CN )

= C1

∥∥∥∥(1 + iβα · ν)(1 − χ)(g|∂Ω − h|∂Ω)
∥∥∥∥

H
1
2 (∂Ω,CN )

≤ C1C0∥g − h∥
H

1
2 (∂Ω,CN )

<
ε

3 ,

therefore,

∥v − f∥H1(Ω,CN ) ≤ ∥v − g∥H1(Ω,CN ) + ∥g − h∥H1(Ω,CN ) + ∥h− f∥H1(Ω,CN ) <
ε

3 + ε

3 + ε

3 = ε,

and the claims follows due to the arbitrariness of ε. □

3. Proof of Theorem 3 (quadratic form)

As a simple application of the preceding approximations we show that the formulas for the
quadratic forms of A2

m and B2
m,M previously obtained for smooth Ω are also valid for convex

piecewise smooth Ω. The following assertion completes the proof of Theorem 3:

Lemma 17. Let Ω ⊂ Rn be a bounded convex domain with piecewise smooth boundary, then
for any f ∈ domAΩ

m one has

∥AΩ
mf∥2

L2(Ω,CN ) =
∫

Ω

(
|∇f |2 +m2|f |2

)
dx+

∫
∂Ω

(
m+ H

2

)
|f |2dHn−1,

where H is the mean curvature on ∂∞Ω.
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Proof. Let f ∈ dom0 A
Ω
m (see Lemma 16) vanish in an open neighborhood V0 of ∂0Ω. By

Lemma 11 one can find a bounded C∞-smooth domain Ω0 coinciding with Ω outside V0. Define
f0 : Ω0 → CN by f0 := f in Ω0 \ V0 ≡ Ω \ V0 and f0 := 0 in Ω0 ∩ V0, then f0 ∈ domAΩ0

m with

∇f0 = ∇f and AΩ0
m f0 = AΩ

mf in Ω0 \ V0 ≡ Ω \ V0,

∇f0 = 0 and AΩ0
m f0 = 0 in Ω0 ∩ V0, ∇f = 0 and AΩ

mf = 0 in Ω ∩ V0,

f0 = f on ∂Ω0 \ V0 ≡ ∂Ω \ V0, f0 = 0 on ∂Ω0 ∩ V, f = 0 on ∂Ω ∩ V.

In addition, the mean curvature H0 on ∂Ω0 satisfies H0 = H on ∂Ω0 \ V0 ≡ ∂Ω \ V0. Hence,

∥AΩ
mf∥2

L2(Ω,CN ) = ∥AΩ
mf∥2

L2(Ω\V0,CN ) = ∥AΩ0
m f0∥2

L2(Ω0\V0,CN ) = ∥AΩ0
m f0∥2

L2(Ω0,CN )

(use Lemma 5) =
∫

Ω0

(
|∇f0|2 +m2|f0|2

)
dx+

∫
∂Ω0

(
m+ H0

2

)
|f0|2 dHn−1

=
∫

Ω0\V0

(
|∇f0|2 +m2|f0|2

)
dx+

∫
∂Ω0\V0

(
m+ H0

2

)
|f0|2 dHn−1

=
∫

Ω\V0

(
|∇f |2 +m2|f |2

)
dx+

∫
∂Ω\V0

(
m+ H

2

)
|f |2 dHn−1

=
∫

Ω

(
|∇f |2 +m2|f |2

)
dx+

∫
∂Ω

(
m+ H

2

)
|f |2 dHn−1.

Hence the required formula holds for all functions in dom0 A
Ω
m. Remark that H can become

unbounded near ∂0Ω, so some attention is needed when extending to the whole domain.
Let f ∈ domAΩ

m and ρj be as in Corollary 15, then for fj := ρjf ∈ dom0 A
Ω
m we have

∥AΩ
mf∥2

L2(Ω,CN ) = lim
j→∞

∥AΩ
mfj∥2

L2(Ω,CN )

= lim
j→∞

[ ∫
Ω

(
|∇fj|2 +m2|fj|2

)
dx+

∫
∂Ω

(
m+ H

2

)
|fj|2 dHn−1

]
.

By Corollary 15 we have∫
Ω

(
|∇fj|2 +m2|fj|2

)
dx j→∞−−−→

∫
Ω

(
|∇f |2 +m2|f |2

)
dx,∫

∂Ω
m|fj|2 dHn−1 j→∞−−−→

∫
∂Ω
m|f |2 dHn−1.

Furthermore, |fj| ≤ |f | with fj(x) j→∞−−−→ f(x) for a.e. x, and Fatou’s lemma yields∫
∂Ω

H

2 |fj|2 dHn−1 j→∞−−−→
∫

∂Ω

H

2 |f |2 dHn−1,

which concludes the proof. □

As a preparation for the next section we use similar ideas to show an analogous result for
the Dirac operator BΩ

m,M on Rn defined in (4).

Lemma 18. Let Ω ⊂ Rn be a bounded convex domain with piecewise smooth boundary and
m,M ∈ R, then for all f ∈ domBΩ

m,M it holds that

∥BΩ
m,Mf∥2

L2(Rn,CN ) =
∫

Ω

(
|∇f |2 +m2|f |2

)
dx+

∫
Ω∁

(
|∇f |2 +M2|f |2

)
dx

+ (M −m)
∫

∂Ω

(
|P−f |2 − |P+f |2

)
dHn−1, (18)

where P±(s) := 1 ∓ iβα · ν(s)
2 for s ∈ ∂∞Ω.
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Proof. Recall that the formula is already proved for smooth Ω in [30, Lemma 2.3]. Assume
first that f ∈ H1(Rn,CN) and vanishes in an open neighbhood V0 of ∂0Ω. By Lemma 11 one
can find a bounded C∞-smooth domain Ω0 which coincides with Ω outside V0. Let ν0 be the
outer unit normal on ∂Ω0 and consider the respective pointwise projectors

P0
±(s) := 1 ∓ iβα · ν0(s)

2 , s ∈ ∂Ω0,

then P0
±f = P±f on ∂Ω \ V0. Due to BΩ

m,Mf = BΩ0
m,Mf one can use the already known formula

for the smooth Ω0 as follows:

∥BΩ
m,Mf∥2

L2(Rn,CN ) = ∥BΩ0
m,Mf∥2

L2(Rn,CN )

=
∫

Ω0

(
|∇f |2 +m2|f |2

)
dx+

∫
Ω∁

0

(
|∇f |2 +M2|f |2

)
dx

+ (M −m)
∫

∂Ω0

(
|P0

−f |2 − |P0
+f |2

)
dHn−1

=
∫

Ω0\V0

(
|∇f |2 +m2|f |2

)
dx+

∫
Ω∁

0\V0

(
|∇f |2 +M2|f |2

)
dx

+ (M −m)
∫

∂Ω0\V0

(
|P0

−f |2 − |P0
+f |2

)
dHn−1

=
∫

Ω\V0

(
|∇f |2 +m2|f |2

)
dx+

∫
Ω∁\V0

(
|∇f |2 +M2|f |2

)
dx

+ (M −m)
∫

∂Ω\V0

(
|P−f |2 − |P+f |2

)
dHn−1

=
∫

Ω

(
|∇f |2 +m2|f |2

)
dx+

∫
Ω∁

(
|∇f |2 +M2|f |2

)
dx

+ (M −m)
∫

∂Ω

(
|P−f |2 − |P+f |2

)
dHn−1.

Hence, the required formula holds for the functions vanishing near ∂0Ω. By Lemma 12 the
operator BΩ

m,M is essentially self-adjoint on the set of all such functions, which allows one to
extend the formula by density to the whole of domBΩ

m,M . □

4. Proof of Theorem 4 (infinite mass limit)

In this section the domain Ω and the mass parameter m in Ω are fixed, and we abbreviate

A := AΩ
m, BM := BΩ

m,M .

Recall that dom∞ A is defined in Lemma 16. Le us briefly discuss some geometric ingredients
appearing in the constructions below. For s ∈ ∂∞Ω the shape operator W (s) : Ts∂∞Ω → Ts∂∞Ω
is defined by W (s) := d|sν. Its eigenvalues κ1(s), . . . , κn−1(s) are the principal curvatures of
the boundary at s. One often uses the Jacobian (with I being the identity operator and t > 0)

J(s, t) := det
(
I + tW (s)

)
≡

n−1∏
j=1

(
1 + tκj(s)

)
≡ 1 +

n−1∑
k=1

Hk(s)tk, (19)

with Hk(s) :=
∑

1≤j1<···<jk≤n−1
κj1(s) · . . . · κjk

(s), k ∈ {1, . . . , n− 1}.

In particular, H1 = κ1 + · · · + κn−1 ≡ H.
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4.1. Upper bound. Let j ∈ N and denote E := Ej(A2). Let ε > 0, then by Lemma 16 and
min-max principle one can find a j-dimensional subspace F ⊂ dom∞ A such that

max
f∈F \{0}

∥Af∥2
L2(Ω,CN )

∥f∥2
L2(Ω,CN )

≤ E + ε. (20)

Due to convexity the map S : Ω∁ → ∂Ω given by the rule |x − S(x)| ≤ |x − y| for any y ∈ ∂Ω
is a well-defined Lipschitz function. For any f ∈ F denote by f̃ its extension to Rn by

f̃(x) := f
(
S(x)

)
e−Md(x), d(x) := dist(x, ∂Ω), x ∈ Ω∁,

and consider the j-dimensional subspace F̃ := {f̃ : f ∈ F} ⊂ H1(Rn,CN). Our goal is to show
that for some c > 0 and all sufficiently large M > 0 one has

max
f̃∈F̃ \{0}

∥BM f̃∥2
L2(Rn,CN )

∥f̃∥2
L2(Rn,CN )

≤ E + ε+ c

M
, (21)

then the min-max principle implies first lim sup
M→+∞

Ej(B2
M) ≤ E + ε, and due to the arbitrariness

of ε one obtains the upper bound

lim sup
M→+∞

Ej(B2
M) ≤ E ≡ Ej(A2). (22)

Now let us show (21). For any f̃ ∈ F̃ one has P+f̃ = f̃ and P−f̃ = 0, hence, with
f := f̃ |Ω ∈ F ⊂ dom∞ A one can rewrite the expression of Lemma 18 in the form

∥BM f̃∥2
L2(Rn,CN ) ≡

∫
Ω

(
|∇f |2 +m2|f |2

)
dx+

∫
∂Ω

(
m+ H1

2

)
|f |2dHn−1

+
∫

Ω∁

(
|∇f̃ |2 +M2|u|2

)
dx−

∫
∂Ω

(
M + H1

2

)
|f̃ |2dHn−1

≡ ∥Af∥2
L2(Ω,CN ) +RM(f̃),

RM(f̃) :=
∫

Ω∁

(
|∇f̃ |2 +M2|f̃ |2

)
dx−

∫
∂Ω

(
M + H1

2

)
|f̃ |2dHn−1.

(23)

Let us derive an upper bound for RM(f̃) using local coordinates. Remark first that one
can find a compact subset K ⊂ ∂∞Ω with supp f̃ |∂Ω ⊂ K for all f̃ ∈ F̃ , and then f̃(x) = 0
for all x ∈ Ω∁ with S(x) /∈ K. We further choose open subsets V1, . . . , VP ⊂ ∂∞Ω such that
K ⊂ V1 ∪ . . . ∪ VP and each Vp is covered by a local chart φp : Rn−1 ⊃ Up → Vp, and we pick
χp ∈ C∞

c (Vp) such that χ1 + · · · +χP = 1 on K. Then χ1 ◦ S + · · · +χP ◦ S = 1 on supp f̃ ∩ Ω∁

for all f̃ ∈ F̃ . Furthermore, the maps

Φp : Up × (0,∞) ∋ (s, t) 7→ φp(s) + tν
(
φp(s)

)
∈ Ω∁

are diffeomorphisms satisfying the identities d
(
Φp(s, t)

)
= t and S

(
Φp(s, t)

)
= φp(s).

Let f̃ ∈ F̃ and denote fp := f̃ ◦ Φp, then fp(s, t) = f
(
φp(s)

)
e−Mt for all (s, t), and the

partition of unity χp ◦ S and a standard change of variables yield:

RM(f̃) =
P∑

p=1

 ∫
Ω∁

(χp ◦ S)
(
|∇f̃ |2 +M2|f̃ |2

)
dx−

∫
∂Ω
χp

(
M + H1

2

)
|f̃ |2 dHn−1


=

P∑
p=1

∫
Up

χp

(
φp(s)

) ∫ ∞

0

(
⟨∇fp(s, t), Gp(s, t)−1∇fp(s, t)⟩ +M2

∣∣∣fp(s, t)
∣∣∣2)Jp(s, t) dt
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−
(
M +

H1
(
φp(s)

)
2

)∣∣∣fp(s, 0)
∣∣∣2
√det gp(s) ds,

with matrices

Gp(s, t) :=


(〈(

1 + tWp(s)
)
∂jφ(s),

(
1 + tWp(s)

)
∂kφ(s)

〉)n−1

j,k=1
0

0 1

 ,
gp(s) :=

(〈
∂jφ(s), ∂kφ(s)

〉)n−1

j,k=1
, Wp := W ◦ φp.

and Jacobians Jp(s, t) := J
(
φp(s), t

)
, see (19). As Wp(s) is self-adjoint and its eigenvalues

(the principal curvatures) are non-negative due to convexity, the min-max principle implies
Gp(s, t) ≥ Gp(s, 0) ≡ gp(s) ⊕ 1 resulting in

Gp(s, t)−1 ≤ Gp(s, 0)−1 ≡
(
gp(s)−1 0

0 1

)
.

Hence,

RM(f̃) ≤
P∑

p=1

∫
Up

χp

(
φp(s)

) ∫ ∞

0

(〈
∇sfp(s, t), g−1

p (s)∇sfp(s, t)
〉

+
∣∣∣∂tfp(s, t)

∣∣∣2

+M2
∣∣∣fp(s, t)

∣∣∣2)Jp(s, t) dt−
(
M +

H1
(
φp(s)

)
2

)∣∣∣fp(s, 0)
∣∣∣2
√det gp(s) ds

=
P∑

p=1

∫
Up

χp

(
φp(s)

) ∫ ∞

0

(〈
∇sf

(
φp(s)

)
, g−1

p (s)∇sf
(
φp(s)

)〉
e−2Mt

+ 2M2
∣∣∣f(φp(s)

)∣∣∣2e−2Mt
)
Jp(s, t)dt−

(
M +

H1
(
φp(s)

)
2

)∣∣∣f(φp(s)
)∣∣∣2


×
√

det gp(s) ds.

A simple direct computation shows that∫ ∞

0
e−2Mtdt = 1

2M ,
∫ ∞

0
Jp(s, t)e−2Mtdt = 1

2M +
n−1∑
k=1

k!Hk

(
φp(s)

)
(2M)k+1 ,

and there is a Cp > 0 such that for all s with φp(s) ∈ suppχp and sufficiently large M one has∫ ∞

0
Jp(s, t)e−2Mtdt ≤ 1

2M2

(
M +

H1
(
φp(s)

)
2

)
+ Cp

M3 ,

which results in

RM(f̃) ≤
P∑

p=1

∫
Up

χp

(
φp(s)

)[ 1
2M

〈
∇sf

(
φp(s)

)
, g−1

p (s)∇sf
(
φp(s)

)〉

+ 2Cp

M

∣∣∣f(φp(s)
)∣∣∣2]√det gp(s) ds ≤ C

M
∥f̃∥2

H1(∂Ω,CN )

for some constant C > 0 independent of f̃ and M . In addition, one can find another constant
C1 > 0 with ∥f̃∥2

H1(∂Ω,CN ) ≤ C1∥f̃∥2
L2(Rn,CN ) for all f̃ ∈ F̃ , as F̃ is finite-dimensional. Hence,

RM(f̃) ≤ CC1

M
∥f̃∥2

L2(Rn,CN ) for all f̃ ∈ F̃ .



17

By inserting this estimate and (20) into the representation (23) we obtain for all f̃ ∈ F̃ \ {0}:

∥BM f̃∥2
L2(Rn,CN )

∥f̃∥2
L2(Rn,CN )

≤
(E + ε)∥f∥2

L2(Ω,CN ) + CC1

M
∥f̃∥2

L2(Rn,CN )

∥f̃∥2
L2(Rn,CN )

≤ E + ε+ CC1

M
,

which shows the sought estimate (21) with c := CC1.
We make a side remark that the upper bound did not require the boundedness of H.

4.2. Lower bound. We start with a preliminary estimate:

Lemma 19. Let the mean curvature H of ∂∞Ω be bounded, then for some c > 0 one has

Rγ(f) :=
∫

Ω∁

(
|∇f |2 + γ2|f |2

)
dx−

∫
∂Ω

(
γ + H

2

)
|f |2dHn−1 ≥ −c

∫
Ω∁

|f |2dx

for all f ∈ H1(Ω∁) and γ > 0.

Proof. We adapt some constructions from [32, Thm. 2]. Denote Π := ∂∞Ω×(0,∞) and remark
that the map Φ : Π ∋ (s, t) 7→ s + tν(s) is a diffeomorphism between Π and Φ(Π) ⊂ Ω∁. For
any f ∈ C∞

c (Rn) one has, using the standard change of variables,

Rγ(f) ≥
∫

Φ(Π)

(
|∇f |2 + γ2|f |2

)
dx−

∫
∂∞Ω

(
γ + H

2

)
|f |2dHn−1

=
∫

∂∞Ω

∫ ∞

0

(∣∣∣(∇f)
(
Φ(s, t)

)∣∣∣2 + γ2
∣∣∣f(Φ(s, t)

)∣∣∣2)J(s, t) dt dHn−1(s)

− γ
∫

∂∞Ω

(
γ + H1(s)

2

)∣∣∣f(Φ(s, 0)
)∣∣∣2dHn−1(s)

with J given by (19). Furthermore,∣∣∣(∇f)
(
Φ(s, t)

)∣∣∣2 ≥
∣∣∣∣〈ν(s), (∇f)

(
Φ(s, t)

)〉∣∣∣∣2 =
∣∣∣∣ ∂∂tf

(
Φ(s, t)

)∣∣∣∣2, (24)

hence,

Rγ(f) ≥ R′
γ(f) :=

∫
∂∞Ω

 ∫ ∞

0

(∣∣∣∂tg(s, t)
∣∣∣2 + γ2

∣∣∣g(s, t)∣∣∣2)J(s, t) dt

−
(
γ + H1

2

)∣∣∣g(s, 0)
∣∣∣2
dHn−1(s) with g := f ◦ Φ.

(25)

We further consider the function h :=
√
Jg, then

|∂tg|2 =
∣∣∣∣∂t

h√
J

∣∣∣∣2 =
∣∣∣∣∂th√
J

− h∂tJ

2J
√
J

∣∣∣∣2 = 1
J

∣∣∣∣∂th− ∂tJ

2J h
∣∣∣∣2

= 1
J

(
|∂th|2 − ∂tJ

2J ∂t|h|2 +
(
∂tJ

2J

)2
|h|2

)
,

therefore,

R′
γ(f) =

∫
∂∞Ω

 ∫ ∞

0

(
|∂th|2 − ∂tJ

2J ∂t|h|2 +
(
∂tJ

2J

)2
|h|2 + γ2|h|2

)
dt

−
(
γ + H1(s)

2

)∣∣∣h(s, 0)
∣∣∣2
dHn−1(s).
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Remark that
∂tJ(s, t)
2J(s, t) = 1

2∂t log J(s, t) = 1
2∂t

n−1∑
j=1

log
(
1 + tκj(s)

)
= 1

2

n−1∑
j=1

κj(s)
1 + tκj(s)

,

∂tJ(s, t)
2J(s, t)

∣∣∣∣∣
t=0

= 1
2H1(s),

(26)

and the integration by parts yields∫ ∞

0

(
− ∂tJ(s, t)

2J(s, t) ∂t

∣∣∣h(s, t)
∣∣∣2) dt =

[
− ∂tJ(s, t)

2J(s, t)
∣∣∣h(s, t)

∣∣∣2]t=∞

t=0
+
∫ ∞

0
∂t

(
∂tJ(s, t)
2J(s, t)

)∣∣∣h(s, t)
∣∣∣2 dt

= H1(s)
2

∣∣∣h(s, 0)
∣∣∣2 +

∫ ∞

0
∂t

(
∂tJ(s, t)
2J(s, t)

)∣∣∣h(s, t)
∣∣∣2 dt,

and the substitution into the preceding expression for R′
γ(f) gives

R′
γ(f) =

∫
∂∞Ω

 ∫ ∞

0

(∣∣∣∂th(s, t)
∣∣∣2 + γ2

∣∣∣h(s, t)
∣∣∣2) dt− γ

∣∣∣h(s, 0)
∣∣∣2
dHn−1(s)

+
∫

∂∞Ω

∫ ∞

0

(
∂t

(
∂tJ

2J

)
+
(
∂tJ

2J

)2
)

|h|2 dt dHn−1.

(27)

Using ∣∣∣h(s, 0)
∣∣∣2 = −

∫ ∞

0
∂t

∣∣∣h(s, t)
∣∣∣2 dt = −

∫ ∞

0
2ℜ
(
∂th(s, t)h(s, t)

)
dt

≤
∫ ∞

0
2
∣∣∣∂th(s, t)

∣∣∣ · ∣∣∣h(s, t)
∣∣∣ dt ≤

∫ ∞

0

(
1
γ

∣∣∣∂th(s, t)
∣∣∣2 + γ

∣∣∣h(s, t)
∣∣∣2) dt,

we show that the first integral in (27) is always non-negative. To estimate the second integral
in (27) we use (26):

∂t

(
∂tJ(s, t)
2J(s, t)

)
= −1

2

n−1∑
j=1

κj(s)2(
1 + tκj(s)

)2 ≥ −n− 1
2 H(s)2,

∂t

(
∂tJ

2J

)
+
(
∂tJ

2J

)2
≥ ∂t

(
∂tJ

2J

)
≥ −c, c := n− 1

2 ∥H∥2
∞.

The substitution into (27) gives

R′
γ(f) ≥ −c

∫
∂∞Ω

∫ ∞

0
|h|2 dt dHn−1(s) = −c

∫
∂∞Ω

∫ ∞

0

∣∣∣∣f(Φ(s, t)
)∣∣∣∣2J(s, t) dt dHn−1(s)

= −c
∫

Φ(Π)
|f |2 dx ≥ −c

∫
Ω∁

|f |2 dx,

and using (25) we arrive at

Rγ(f) ≥ −c
∫

Ω∁
|f |2 dx for all f ∈ C∞

c (Rn),

which extends by density to all f ∈ H1(Ω∁). □

With the lower bound of Lemma 19 at hand, the remaining analysis is very close to the
constructions in [30, Sec. 5.3]. We use the formula (18) for ∥BMf∥2

L2(Rn,CN ) to obtain

∥BMf∥2
L2(Rn,CN ) =

∫
Ω

(
|∇f |2 +m2|f |2

)
dx

+
∫

∂Ω

(
m− 1√

M
+ H

2

)
|f |2dHn−1 + 2(M −m)

∫
∂Ω

|P−f |2dHn−1
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+
[ ∫

Ω∁

(
|∇f |2 +M2|f |2

)
dx−

∫
∂Ω

(
M − 1√

M
+ H

2

)
|f |2dHn−1

]

≥
∫

Ω

(
|∇f |2 +m2|f |2

)
dx+

∫
∂Ω

(
m− 1√

M
+ H

2

)
|f |2dHn−1

+ 2(M −m)
∫

∂Ω
|P−f |2dHn−1 + CM

∫
Ω∁

|f |2dx, CM := 2
√
M − 1

M
− c,

where the term is the square brackets was estimated from below by Lemma 19. Using the
Neumann decoupling of Ω and Ω∁ along ∂Ω and the min-max principle we conclude that for
any fixed j ∈ N and all M > 0 one has

Ej(B2
M) ≥ Ej(KM ⊕ CMI

∁), (28)

where KM is the self-adjoint operator with compact resolvent in L2(Ω,CN) whose sesquilinear
form kM is defined on dom kM := H1(Ω,CN) by

kM(f, f) =
∫

Ω

(
|∇f |2 +m2|f |2

)
dx

+
∫

∂Ω

(
m− 1√

M
+ H

2

)
|f |2dHn−1 + 2(M −m)

∫
∂Ω

|P−f |2dHn−1

and I∁ is the identity operator in L2(Ω∁,CN). Due to the upper bound (22) the eigenvalue
Ej(B2

M) remains bounded for M → +∞, while CM
M→+∞−−−−−→ +∞, and (28) yields

lim inf
M→+∞

Ej(B2
M) ≥ lim inf

M→+∞
Ej(KM). (29)

For each f ∈ H1(Ω,CN) the function M → kM(f, f) is monotonically increasing, with{
f ∈

⋂
M>0

dom kM : sup
M>0

kM(f, f) < ∞
}

=
{
f ∈ H1(Ω,CN) : P−f = 0 on ∂Ω

}
= domA,

and for any f ∈ domA one has lim
M→+∞

kM(f, f) = ∥Af∥2
L2(Ω,CN ). Hence, the monotone con-

vergence principle implies lim
M→+∞

Ej(KM) = Ej(A2), see [35, 39] for the general theory or [30,
Prop. 7] for the most adapted formulation. The substitution into (29) gives the required lower
bound lim inf

M→+∞
Ej(B2

M) ≥ Ej(A2).

Remark 20. While the boundedness of H is explicitly used in Lemma 19, we believe that
this assumption is technical and can probably be avoided by applying more advanced proof
methods. It is implicitly supported by the fact that the boundary integral containing H in the
expression for ∥AΩ

mf∥2 in Theorem 3 turns out to be always finite, while H can be unbounded.
The proof of Lemma 19 does not exploit the tangential derivatives, as they are dropped in
the step (24). One may expect that these tangential derivatives can actually compensate the
unbounded curvature terms (using the idea that a Schrödinger operator with an unbounded
negative potential may still remains lower semibounded). Nevertheless such an improvement
would require a very advanced analysis (like a control of unbounded curvatures near the singular
boundary), which goes significantly beyond the scope of the present work.

Appendix A. Dirac matrices

The most frequently used choices for the Dirac matrices αk and β entering (1) are based on
the Pauli matrices

σ1 :=
(

0 1
1 0

)
, σ2 :=

(
0 −i
i 0

)
, σ3 :=

(
1 0
0 −1

)
.
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For n = 2 one has N = 2, and the standard choice is αk := σk for k ∈ {1, 2} and β := σ3. For
n = 3 one has N = 4, and one often uses

αk :=
(

0 σk

σk 0

)
, k ∈ {1, 2, 3}, β :=

(
I2 0
0 −I2

)
,

where I2 is the 2 × 2 identity matrix. For higher dimensions one can use various iterative
procedures: see e.g. [19, Chapter 15] or [40, Appendix E] for a general theory, or [29, Sec. 2.1]
for a more specific description. We remark that the choice of αk and β is unique up to similarity
transforms and sign changes, as described in the aforementioned references, and all associated
Dirac operators are unitarily equivalent to each other.
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[13] P. Bogolioubov: Sur un modèle à quarks quasi-indépendants. Ann. IHP A 8 (1968) 163–189.
[14] B. Booß-Bavnbek, K. P. Wojciechowski: Elliptic boundary problems for Dirac operators. Springer, 1993.
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