Peculiar behavior of the principal Laplacian
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ABSTRACT. Let © C R™ with n > 2 be a bounded Lipschitz domain
with outer unit normal v. For @ € R let RG be the Laplacian in Q
with the Robin boundary condition d,u+ au = 0, and denote by E(Rg)
its principal eigenvalue. In 2017 Bucur, Freitas and Kennedy stated
the following open question: Does the limit of the ratio E(R3)/a? for
a — —oo always exist? We give a negative answer.

1. Introduction

Let n > 2 and Q2 C R” be a domain with a reasonably regular boundary
(for example, Lipschitz, bounded or unbounded with a suitable behavior at
infinity) and outer unit normal v. For a € R denote by Rg the Laplacian
in Q, u — —Awu, with the Robin boundary condition d,u + au = 0 on
09, which is rigorously defined as the unique self-adjoint operator in L?(Q)
generated by the hermitian sesquilinear form rg given by

v (u, u) ::/Q|vu|2dgc+a/6Q u?do, D(r8) = H'(Q),

where by dx and do we denote the Lebesgue measure and the hypersurface
measure in R” respectively, the symbol H' stands for the first-order Sobolev
space, and the restriction of u € H'(Q) on 99 in the second integral on the
right-hand side is understood in the sense of the standard trace theorems
for Sobolev spaces. Further denote

ré(u, u)

E(RQ) := inf spec R = n ’
( Q) Q ueD(rd), u#0 HUH%%Q)

in particular, the quantity £(Rg) is simply the lowest eigenvalue of R for
bounded Lipschitz domains €.

The dependence of E(Rg) on the Robin parameter o and the geomet-
ric properties of €2 has been given a considerable attention during the last
decade, see the reviews in [3, 6]. Of particular interest is the case of large
negative « due to its applications to some reaction-diffusion equations and
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the appearance of boundary effects [9, 10]. If Q is a bounded Lipschitz
domain, then for some cq > 1 one has the two-sided estimate

—cqa? < B(R%) < —a? for o < 0 with |a| large enough,

see [3, Prop. 4.12] for the upper bound and [6, Lem. 2.7] for the lower bound.
Remark that these asymptotic estimates fail for non-Lipschitz domains, see
[12] and references therein. On the other hand, as shown in [2, 10], if Q
has a better regularity (for example, if it is a so-called corner domain), then
a more precise asymptotic expansion holds,

E(R3) = —Cqa? + o(a?) for a — —o0, (1)

with some constant Cq > 1, and Cq = 1 if Q is a bounded C! domain [11].
We refer to [3, 6] for a review of further asymptotic results for E(Rg) under
various additional assumptions on the regularity and geometric properties
of 2, and we also mention the challenging case of large complex « [1, 8|.
Based on the above observations, Bucur, Freitas and Kennedy asked in
[3, Open question 4.17] whether the asymptotic expansion (1) holds for any
bounded Lipschitz domain §2 with a suitable constant Cq. In this paper we
give a negative answer. More specifically, our main result reads as follows:

THEOREM 1 (Existence of “bad” domains). There are

e a bounded Lipschitz domain Q C R?,
e two disjoint compact intervals I', 1" C (—o0,0),
o two sequences (B},)ken, (B )ken C (—00,0) converging to —oo,

such that

6/ ﬁ//

E(RY E(Ry
(f%)ell and (T%)EI” for any k € N.

(B) (55)

For a domain Q as in Theorem 1 the limit lim E(R%)/a? does not
a——0o0

exist and the asymptotics (1) fails. By taking the direct products of Q with
finite intervals one produces counterexamples to (1) in any dimension n > 2.

The rest of the paper is devoted to the proof of Theorem 1. In Section 2
we construct a “building block” which is an unbounded domain such that
the lowest eigenvalue of a Laplacian with mixed Robin-Dirichlet/Neumann
boundary conditions is nicely controlled in terms of some geometric param-
eters. In Section 3.1 we construct first an unbounded “bad” domain with
Lipschitz boundary by gluing together an infinite number of suitably scaled
copies of the building blocks. Using adapted truncations of the unbounded
“bad” domain we construct a bounded “bad” domain €2 satisfying the con-
ditions of Theorem 1 in Subsection 3.2 (in fact, its boundary is smooth
except at a single point). In Subsection 3.3 we show that the constructions
can be adapted to produce another example of a “bad” domain which is
non-compact but has a C* boundary.

2. Preparatory constructions

Let us recall the following known facts, see [10, Ex. 2.4 and Ex. 2.5].



FIGURE 1. The infinite sector Sy in Lemma 3.

LEMMA 2. For any f € H*(0,00) and o < 0, we have

L@ al s 2 —at [T at
0 0

and the equality is attained for the function f : t — exp(at).

LEMMA 3. For any 0 € (0,5) denote
Sp = {(z,y) €ER*: y < —|x|cot H},

which is an infinite sector with opening angle 20, see Fig. 1. Then for any
v € HY(Sp) and any o < 0,

2
// |Vo|? dz dy + a/ lv*do > — .oz2 // lv|? dz dy,
Sy 8Sp sin“ 0 J /s,

and the equality is attained for the function

v: (z,y) — exp(— siO;yQ)'

For 6 € (0,%) and L > 0 define a function

L — |x|cotf, |z| < Ltan,

hor:R—R, h =
oL 0L(@) {0, |x| > Ltan6.

y=ho,r(x)

/ Y = hg,re()
— @

FIGURE 2. The graphs of the functions hg (above) and
ho e (below). Note that hg . coincides with hyj except
in the e-neighborhoods of 0 and +L tan #: The dark parts of
the graph of hg 1 . coincide with the respective parts of the
graph of hg .



FIGURE 3. The domain Ug . . Its boundary is decom-
posed into the part I'y 1, . ar (bold curve) and the side bound-
ary (dotted lines).

The graph of hg r, is shown in Figure 2. Pick any ¢ € C°(R) with

¢ >0, suppy C (—1,1), / p(r)dr =1, ¢ is even,
R
and for € > 0 consider the functions

1 /-
Pe = _QD(_>7 h@,L,a = h’G,L * Qe
e \e
with % being the convolution product. Then hg 1, . is C* with

17,1 clloo = 17,1 * pelloo < [1hf rllocllipells = [1Rf rlloc = cot®,  (2)

+
and ||\ he, e —ho,L |0 =0, Moreover, as hg 1, is a piecewise affine function,
the function hg . coincides with hg ;, except in the e-neighborhoods of the
points 0 and L cot § (at which hg 1, is non-smooth), see Fig. 2.

Introduce a additional parameter M > Ltan# and define a domain
UO,L,;;-,M = {(m,y) € RQ HERAS (_M7 M): y < hG,L,E(x)}
and a subset of its boundary

Torenm = {(z,y) eR*: € (~M,M), y=hgr(2)} COUprem,

see Fig. 3. In what follows we will be concerned with the study of Laplacians
in scaled copies of Uy . n with special boundary conditions at different
parts of the boundary. Namely, for « € R (Robin parameter), ¢ > 0 (scaling
parameter) and v := the outer unit normal we denote:

oL := the positive Laplacian in c¢Up 1, . ps with the Robin bound-
ary condition d,u + au = 0 on cl'g 1 . pr and Neumann
boundary condition on the remaining boundary.

More rigorously, Qs . 5, is the self-adjoint operator in L2(cU97 L) defined
by the hermitian sesquilinear form gy . ,, given by

Ghentwn) = [ VuPdedyra [ e
cUq,L,e,Mm clo,L.e,m



on the domain D(gp7 . 5/) = HY(cUp.penr),

Qe LeM = = the positive Laplacian in cUp 1, . ps with the Robin bound-
ary condition d,u + au = 0 on cl'g .y and Dirichlet
boundary condition on the remaining boundary.

In other words, @g‘zs 27 s the self-adjoint operator in L?(cUp,p - ar) defined
by the sesquilinear form g,';_ ,, which is the restriction of the above form
dp’L - s OD the domain

D(Gorens) = {u€ H (Uppenr): u=0o0nd(cUprLen)\ cToren},

where the condition u = 0 is understood in the sense of Sobolev traces (the
same convention will be used in the definitions of further operators and forms
below). For a lower semibounded self-adjoint operator A we will denote

E(A) :=infspec A.
Due to the min-max principle,

E(Qpren) < E(Qp L) (3)

Furthermore, a simple scaling argument shows that the operator Qéa]lfa M

is unitarily equivalent to tQQg‘}:CE a and, similarly, the operator @Zcfjje’ s

. . . 2 Aa,tc
unitarily equivalent to ¢ 0.LeM> SO We have

B(Qyien) = PE@ 1 n) B@ion) =PE@1n) ()
for any admissible choice of (0, L,e, M, «, c) and any t > 0.

LEMMA 4. For any 6 € (0,%) and § > 0 there exist eg > 0 and Lo > 0
such that for all € € (0,e0), L € (Lg,00) and M € (Ltan6,c0) it holds that

1 1 }

(QOLEM) (QGLEM) [_ sin20’  sin26

Proof. Let u € D(qe Le M) then

qeLsM u,u) // |Vu|? dz dy — / lul? do
Uo,L,e,m To,L,e,m

// |0yu|? dz dy — / lu|? do
Ug,L.e,m To,p,e,m
h@LE(x)
il
—-M —00

2 2
L B o @) e o) ]
By (2), for any x € (—M, M) we have

14 cot?6 =

2 1
1+’h9La )‘ SlH@’



therefore,
ho,r,e(®) 9 9 2
[ gt ) dy =\ b @) [u(a b (0))]
ho,r.e(2) 9 2
ZL |Oyu(z,y)| dy— ‘ ho,1e(x ‘

1 hG,L,e(ﬁ)
(use Lemma 2) > e / ’u(xay)ﬁdya

and we arrive at

1
-1,1 2
99 I > - X dz dy.
9’L’€’M(u’ u) SiH2 0 //Ug L,e,M |U( 7y)| Y

The min-max principle yields

BQpt ) > ——

sin? 6’
and the required lower bound for E (@;ii ) follows by (3).
For the upper bound we will use the observation that the shifted do-

main Uy 1. v — (0, L) “converges” to the sector Sy from Lemma 3 as (e, L)
approaches (0,00). Pick x € C*°(R) such that

1
0<x <1, x(t)=1forallt>—, X(t)zoforautg_%

Define the functions

. _ Y
(VN S@S(LU;y)HeXp( Sil’l0>7

— L
v Uprenm 2 (z,y) = v(z,y — L)X<yT)'

Remark that the support of vy, is contained in the set

Uprerrn{): v= 2t ={@y): 7 <y<hor),

which is independent of M and represents a shifted copy of a finite piece of
Sp with a rounded corner, and that ||vL| 2, , . ,,) and (}ejff:;M(vL, vp) are
independent of M as well. A simple direct computation shows:

// Vo |2 dz dy M—)// |Vo|? dz dy,
Uo,L,e,m

J el deay EE20, // [v[? dar dy,
6,L,e,M

7L 07
/ |UL|2d0M>/ lv|? do,
To,L.e,m 95

which yields

2 2
aHTi:;,M(ULv UL) (e,L)— // ‘V’U’ dzdy — / ‘U’ do 1

2 T ain2p’
HUL||L2(U9,L,E,M) // ’v‘Z dz dy sin“- 0
So
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where the last equality holds by Lemma 3. Therefore, for any § > 0 one
finds ep > 0 and Lo > 0 such that for all (¢, L) € (0,e0) x (Lo, 00) and all
admissible M we have

~—1,1 %—Ll’; wm(vL,vr) 1
E(Q [en) < =" 5inZe +9,
”ULHLQ (Uo,L,e,m) S
and the required upper bound for F (Q; L’ . ) follows by (3). O

LEMMA 5. For any 6 € (0,5), L € (0,00), € >0 and 6 > 0 one can find
M € (Ltanf,00) and ag < 0 such that for any o € (ag,0), we have

(ngieM) >E(Q3isM) —(146)a?

Proof. The left-hand inequality holds by (3), so only the right-hand one
must be shown. Let us choose some admissible (0, L,e, M) and any § > 0.
Pick some p € (0,1): its precise value will be chosen later. For any a < 0

a,l .
and any u € D(qy; . ) We estimate

qgji&M(u, u) = // \Vu]dedy—i-a/ lu|? do
Ug,L,e, M Popem

_ // (180ul? + pldyul?) dz dy
Ug L,e,Mm

M hG,L,E(m) 2
va-p [ [ e ay

We estimate the term in the square brackets using Lemma 2:

h@Ls(‘T
/ |8uaz:y|dy+7\/1—|-|h’9L8 ‘ (z,ho,1e(x ‘

hQLE( )

—(1_/))29Ls()/_oo ‘fcy‘dy

2
wG,L@( ) _1+|h9L5 )| ) (5)

with

which yields

2
)1 e}
heaCmn) > [ (100 4 plogul = L Woclul?) dady (6)
Ug,L,e,M - P
with WG,L,a(wy y) = wG,L,e(fL‘)'
Decompose Uy, 1, . v into two parts,
Up,rer = Up e N{(2,y) 1 y > —M},
UHLEM = UQ,L#‘?,M n {(:E,y) Yy < _M}7
see Fig. 4, and consider the hermitian sesquilinear form given by

2
[0
q/g’L"gM (u, u) = // |8xu|2 + ployul® - EWQ,L,EIUF) dz dy

9L5M



FIGURE 4. The subdomains Ué,L,a,M and Ué/,L,a,M of Up.1e.m-
with D(q’g"i’g v) = H'(Up . ar), which induces a self-adjoint operator
Q' g"i”a’  in L2 (U97 Le, ), and the hermitian sesquilinear form defined by

2
1 a
q//g,ngM (u,u) // , !(%ulQ + ployul* — TPW97L,5\U|2> dz dy

6,L,e,M
with D(q”a%’pM) =H 1(U9 Lie, a)s which generates a self-adjoint operator
”gé,’fi’,g,M in L (Uy Lear)- Then Eq. (6) reads as

a,l

Gt ear (s w) 2 0512 0y (1 ulog , o poulog

)

na,l,p

T4 ey, - uloy, )

for any u € D(qg"L1 . M), and the min-max principle implies
a,l,p a,l,p
E(Qy, o) 2 BQ v ©Q g% )
- ra,1,p a,l,p
= min {E(Q 0.1 e M) E(QHG,L,E,M)}'

Remark that Ué/h Le is a bounded Lipschitz domain, so the operator

(7)

Q' ?é’; as has compact resolvent and E(Q’ g‘ig ) is simply its lowest eigen-
value. Further remark that Q' 3%’; A s a type (B) analytic family with
respect to a?, see [5, Chap. 7.4] and the “unperturbed” operator Q’g’lL’ps M

corresponding to o = 0 is defined by the hermitian sesquilinear form
0717
.0 0 (u, ) // |3xUI2+p|8yu]2) dx dy,

so its lowest eigenvalue is 0, and it is simple with v := |Up ; . M’_% being an
associated normalized eigenfunction. The first-order perturbation theory,
see [5, Sec. 7.4.6] shows that for &« — 0~ one has

2
’17
EQ ol v) = T

By = // Wo.L.c|v|? dxdy_U—// Wo.re dedy.
oLz, Up. L. 1]

GLEM

ng + O(a), (8)
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Recall that ||[Wyrcllw < 1+ cot?6, see (2) and (5), and that
Wo.re(z,y) =1 for |x| > Ltand + . Due to the inclusion

UpremN{(z,y): |#| < Ltanf+e} C (—Ltanb—e, Ltan6+¢) x (—M, L),

we obtain the upper bound

/ / Wop.e dady < |Up o vl + 2(Ltan 0 + £)(L + M) cot?0.

6,L,e,M

Hence, using |Up 1, . /| > 2M? one obtains

’Ué,L,g,M‘ +2(Ltan @ +¢&)(L + M) cot? §

Bjy <
M ’Ué,L,a,M‘
<14 2(Ltan6 +¢)(L + M) cot?6 L+ (Ltan9+€)(L+M)cot20
N ’Ué,L,a,M‘ B M?

In particular, we may chose a sufficiently large M ; > 0 such that B}, < 1+4p
for any M > M), Using (8) for any M > M), we obtain

o 1 _
(Q’B’i’g M) > #az +O(a?) for a — 07,

and for suitable small o/(M) < 0 we have then

a 1
(Q’g’é”; M) > —(ig + p)a2 for all M > My and « € (/(M),0). (9)

To analyze E( ”g"’i:gM) we note that Ug'; _ , = (=M, M) x (o0, —M)
only depends on M, and the expression

717
3t ) = // 02w, )P + pl0,ue, )

@)l y) ) dy da,

shows that the operator Q" g"i”; 1 admits a separation of variables,

Q//a%:g’M = A;’E@M ®R1+4+1® pNyy,

a,p ]
where AG,L,s,p is the operator

«
[t = e

in L2(—M, M) with Neumann boundary conditions and N, is the operator
g+ —g" in L?(—o0, —M) with Neumann boundary condition. In particular,

1 ’
EQ"yr%m) = E(AgL . )+ E(pNy) = E(AGL . )

a,p

We use again that Ay’ _ , Is a type (B) analytic family with respect to o?.

The “unperturbed” operator Ag”z ep corresponding to o = 0 has the lowest
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eigenvalue zero with eigensubspace spanned by the normalized eigenfunction
1
v := (2M)~ 2, and the first-order perturbation theory implies

o?

E(Agf,g,p) = _EBK/] + O(Oz4) for o — 07,

" M
BM = / ’LUQ’L7E
—M

Using ||wg relloo < 1+ cot? 6, see (2), and wy () =1 for |z| > Ltanf +e
we estimate

2 1 M
o[*dx = m/_ng7L75(a?)d:c.

M
/ wy,e(x)de <2M 4+ 2(Ltanf +¢) cot? 0,
-M
(Ltan® + ¢) cot? 0
M Y
so we can choose a sufficiently large M’ > 0 such that for any M > M} we
get

By <1+

1
E(AyY > _1tp P2

4 _
Tep) = +O0(a”) for a — 0.

Then for suitable small o/(M) < 0, we obtain
717 9. 1 + p
B(Q5120m) = BUGE ) 2 ~(7=, + p)o”
for all M > M}, « € (o (M),0).
Now we choose p sufficiently small to have the inequality

1+
=R )
I—p

then pick any M > max{M,, M} and set ap = max {/(M),a”(M)}. For
all a € (ap,0) one can use both (9) and (10):

BQGrla) = ~(1+0)a®, BQ§rly) = —(1+08)o?,
and the substitution into (7) finishes the proof. O

LEMMA 6. For any 6 € (0,%5), L € (0,00), ¢ >0, M € (Ltan6,c0) and
0 > 0 there is ay < 0 such that for all a < a1, we have

Aa,1 1
EQpr.n1) > EQpponi) = —(1+ ).

Proof. Only the right-hand inequality must be proved, as the left-hand
one holds by (3). Pick any admissible (0, L,e, M) and any § > 0. Let
v :(0,0) — R? be an arc-length parametrization of 9.1 v and denote by
v(s) the outer unit normal at the point 7(s), then the curvature k(s) of
To.1.en at y(s) is defined by v/(s) = k(s)7/(s). Remark that k has compact
support in our case. For a > 0 denote

Uz; = {($a y) € UH,L,E,M : dlSt((.’E,y), FG,L,&,M) < CL}
and assume that a is sufficiently small such that the map

d: (0,0) x (0,a) > (s,t)—(s) —tv(s) € U,
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is a diffeomorphism and al|k|« < 1. For any function u € H*(U)) denote
v:=wuo P, then a standard computation shows the identities

// lul? dz dy = // ]U(s,t)]2(1 — th(s)) dsdt,
U (0,6)%(0,a)
// Vu*dzdy = // [71 |0sv(s 75)|2

’ 0,6)x(0,a) L1 — tk(s) ’

+ (1 — tk(s)) |0 (s, t)| }dsdt,

¢
/ ]u\QdJ:/ ]v(s,0)|2ds.
Lo p.em 0

Therefore, for any u € D(q;“’L1 . ) one has

qg[’[l/sM(u’u) = // |Vu|? dz dy —I—a/ lu>do
T Uo,L,e,Mm Lo.rem
> // \Vu|2d$dy+oz/ lu? do (11)
Ui, To,L.e,m
¢
2/ [/ (1 —th(s )latvst‘ dt+0¢|’l)80‘ ds.
o LJo
In [7, Lem. 5.1] it was shown that for

/(l—tk NI OF dt + al£(0)
Mans) = feHl(iélf) F#0 :
ol JACEZOIOI

it holds that A(a,s) = —a? + k(s)a + O(log|a|) for a — —oo, and the
remainder estimate is uniform in s. Therefore, for suitable C' > 0 and
o, < 0 one has A(a,s) > —a? + Ca for all s € (0,¢) and all a < a,, and
without loss of generality we additionally assume that —a? + Ca < 0 for
all these (v, s). For the same («, s) the last expression in (11) is estimated
from below as

[ [0 mnianesof a s afets, 0] as
//\as/ (1 —th(s )]vst| dtds

> (—a? + C’oz)/o /Oa (1- tk(s))‘v(s,t)|2 dtds

= (—=a? + Ca) // lul? dz dy.
v

Therefore, for all u € D(qg"Ll <) and all @ < . we have

qeLEM(u u) > —a? + Ca) // |u]2dxdy

> (—a? + Ca) // |u|? dzz dy,
Uo,L,e,M
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which yields E(Qe Le) = —a? + Ca. Finally, one chooses a; < o such
that |Ca| < §a? for all a < a. O
COROLLARY 7. Let 0 € (0,%) and § > 0, then one can find L > 0, e > 0,
M > Ltan as well as a; € (—o00,—1) and ag € (—1,0) such that
11 ~_1,1 1 1
BQprea) EQprear) € |~ 35— ]

(QZ;EM) > (QeagaM) > —(1+90) for all a € (ap,0),

(QGLEM)> (QOL(EM)Z

a? - o?

sin? 6

—(14+9) for all a € (—o0, a1).

Proof. Using Lemma 4 we choose € and L such that the first condition
is fulfilled for all M > Ltan6f. Then we choose a sufficiently large M > 0
and a sufficiently small negative ag to satisfy the second condition using
Lemma 5. By applying Lemma 6 we find a large negative a; that satisfies
the third condition. O

3. Proof of Theorem 1

We will first construct an unbounded domain U with Lipschitz bound-
ary for which the limit E(R&)/a? for o — —oc does not exist. Then we
construct a required bounded domain ) using suitable truncations.

3.1. Constructing an unbounded “bad” domain. Pick arbitrary

0<0<0”<g

a1}
"lsin? 6" ’
then, in particular,
1 1 1 1
TeinZ0 S sinZ@ 0 < TeinZ0” = sinZg"
Choose parameters (L', &', M’', af, o)) for the angle ¢, then parameters

(L", &', M", o, af) for the angle 6", such that the respective estimates of
Corollary 7 are satisfied with the above §, then denote

and denote

5 1 . { ’ 1 1
:= ~ min —
4 sin2 @’ sinZ 0"

+0<—(149).

ap = max{ag, ag} € (=1,0), oy :=min{a}, o]} € (—o0, —1)

and introduce the positive constants

o 1 o
ti= =2 < ag| < 1, vi=- =L > o] > 1
(o751 t ap
For any m,n € N one has:
- =—-1ifm=mn, —y"™" ¢ [a1,ao]if m #n.

Using the inclusions [af, af)] C [a1, ap] and [of, af] C [a1, o] as well as the
scaling relations (4),
m t _ mtn71
E(AQ/WL/ / M/) o E(AH/:YL/7€/7M/) t
GmE T T
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we obtain for any m,n € N, due to Corollary 7,

E(A o) BAL0w) [ s~y +0), m=n,
(ym™)? 7 (y™)? [—(1+),00), m#n,
(12)
E(Ag) it ar) BAG ) [~ b —mtgr +0), m=n,
(y™)? , (ym)? [—(1+4),00), m # n.
(13)

For n € N consider the domains

tnUel L'e' M, n is Odd,
U’n = ) [

tnUG",L”76”,M”a n is even,

then put them next to each other and glue along side boundaries such that
the left boundary corresponds to z = —A for some A > 0 and the right
boundary corresponds to x = 0. The domain is then completed by gluing it
with Up := (—00, —A) x (—00,0) on the left and with Uy, := (0, 00) x (—00, 0)
on the right. The constructions are illustrated in Fig. 5. The resulting
domain U has the form

U:={(z,y) eR?*: y < h(z)}

for a continuous function h : R — R. If the transition from U,_; to U,
happens along the line z = a,,, then on the interval (a,, a,+1) the function h
coincides either with tnh9/7L/76/’M/ (t~™-—by) or with tnh9//7L//76//7M//(t_n -—byp)
with some b, € R, and h is identically zero outside (—A,0). It follows that

1M loo < max {[lhgr s cr agrlloos 1 Plyr pr e pgnlloo} < 00,

in particular, h is Lipschitz. In fact, the above discussion even shows that
h is C*° at all points except at 0.

We are interested in the associated Robin Laplacian Rf;. By using the
standard Dirichlet-Neumann bracketing along the gluing lines one shows

E( g@éAg@Ago) < B(R®) < E(Ng‘@ éﬁg@ﬁgo)
n=1 n=1

U2 ~ t2U9”,L”,E",M" U4 ~ t4U9”,L”,€",M"

Uy ~ tU@’,L’,s’,M’ Us ~ tSUg/’L/’E/’M/

F1GURE 5. The structure of the domain U. The subdomains
U,, are glued along the side boundaries shown as bold dark
gray lines.
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where A2 (respectively A%) are the Laplacians in U, with the Robin bound-
ary condition d,u+au = 0 along the curve y = h(x) (the top boundary), and
Neumann (respectively Dirichlet) boundary conditions on the side bound-
aries. B B

The operators Af, Ay, AS, A% admit a separation of variables, and for

any a < 0 one has E(A) = E(A3) = E(A%) = E(A%) = —a?. On top of
that, for any n € N the following holds:

(i) A2 (respectively A%) is unitarily equivalent to Ag‘,’fz,7€,7 A (respec-
tively Ag,’f£,7 o ) if mis odd,

(ii) A2 (respectively A%) is unitarily equivalent to Ag‘&i,,ﬁ,? v (respec-
tively Ag‘,’fz,,7 " )y if mis even.

Therefore, for any a < 0 we have
o
[e% (03 « _ : (e o : [}
E(43e Do AS,) = min { B(A§), B(A%,), inf B(A7)},
n—
. 92 . 7t2p71 . 7t2p
= mln{ — 7Zlyreljf\.lE(Ag/’L/’EI’MI)7ZlyrelIf\.]E(Ag”’LN’S”’MN)}7
and analogously
~ © ~ ~ ~ ~ ~
« « «@ _ . «@ « . «@
E(43e SR AS,) = min {E(A3), B(A%,), inf B(A7)},
. 9 . ~a,t2p—1 . T, t2p
= mln{ — 711)1611f\1E(A3,’L,’6/’M/)’;IellgE(Agll’L,/’s/l7M,,)}.

To summarize, for any a < 0, we have

a,t?p—1 o,t?P
mln{ - 1 lnf E(AB’,L,,EI,M/) lnf E(AQH,L”,E",M”)} < E(ROCU)
" peEN a? " pEN a? -

~ 7t2p*1 ~ 7t2p
. . E(Ag/ L/ E/ M/) . E(Ag// L// E.// M//)
Smm{—l,mf ————, inf 5 }
pEN e peN @

a2

(14)

Let us substitute o := —y2~! with ¢ € N. By (12) and (13) we obtain

_ 2q71’t2q71 ~__ 2q—1’t2q—1
E(A9’7L’,8/,M’ ) E(AQ’:YL’,E’,M’ ) |: _ 1 . 1 + 5:|
(y20-1)2 ) (y20-1)2 sn20”’  sin2@ )
_~2g—1 42p—1 ~_~2q—1 42p—1
EA/’Y//’t/ EA/’Y//7t/
( oL M ), ( oL, M )2—(1+5)forallp7éq,
(y2a=1)2 (y2a=1)2
_~2q—1 t2p ~__~2q—1 t2p
E A /;Y 1 ;/ 1 E A /7 1 ;/ 1"
Uy 27L_718 27M )7 s Q’L_f éM ) > —(1+4 ) for all p,
(y?21) (y?71)
hence, the both sides of (14) are in [ — Flge,, —ﬁ + 4], which implies
_~2g—1
ER," ) 1 1
(2012 € [— 20 St —|—5] for all ¢ € N.
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Simlarly, by considering o := —?¢ with ¢ € N and using again (12) and
(13) we show

—~24 ¢2p—1 24 p2p—1
E(AO’:YL’,E’,M’ ) E(A9’7L’,E’,M' ) > 5) £ 1
Gry T e 2 (e bralln
_ 2q’t2q ~_ 2q’t2q
E(AQ'?:L”,E”,M") E(AG’ZL",E”,M") |: _ 1 _ 1 + 5j|
(v24)? ’ (v29)2 sin2 6"’ sin26” ’
_ 2q,t2p ~_ 2q’t2p
E(AHI:{L//7EII,MI/) E(AGIZLII78//7MII) > 1 5 f 11
(~29)2 ) (y24)2 > —(1+4) for all p # g,
which yields
—~24
E(R;") 1 1
o [- g g+ 0] for all g € N.
Therefore, for the sequences (7 )ken and (7)) ken,
==y =y, (15)
we have 7}, LN —00, Y LN —o0, and for all k € N,
E(R}¥) 1 1
- — 5
(7.)? 17 sn2e snze T ] 16)
E(RJF) 1 1 5
(7)? [_ sin2 0"  sin2 6" + ]

By construction, the intervals on the right-hand sides of (16) are disjoint,
so we are quite close to satisfying the requirements of Theorem 1, but the
domain U is unbounded.

3.2. Constructing a bounded “bad” domain. By construction, the
unbounded domain U coincides with the half-plane U := R x (—o0, 0) outside
a compact set, so we can choose an open ball B with U \ B = U \ B. Then
we pick another larger open ball B’ with B C B’, see Fig. 6.

Denote by T the self-adjoint operator in L2(B’ N U) given by the her-
mitian sesquilinear form t* defined by

t%(u,u) = // |Vul|? dz dy + a/ lu|? do,
'nNU B'NoU
D(t*) :={uec H (B'NU): u=0on dB'}.

FIGURE 6. Truncations of U.
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Any function in D(t*) can be extended by zero to a function in D(rf;), then
the min-max-principle implies

E(R%) < E(T®) for any a € R. (17)
Now let us pick two C* functions y, x : R> — R such that
x> +x*=1, suppx C B, suppyx C R*\B.
For any u € D(r{;) one has the inclusions
suppxu C B'NU, suppxu CU\ B = (7\? cU,

therefore,

) = [[ [VowPdrdy+a [ o

+// |V(%u)]2dwdy+a/ |>Zu]2da
U U

= [ 09X + 19l de ay

= 1 vu ) + 7 () = [ (902 + VR uf? de dy
> 1% (xu, xu) + r&(Xu, Xu) = Cllul[f2
with C := |||[Vx|* 4+ |VX[?|| .- The min-max principle implies
E(R}) > E(T* ® R%) — C = min {E(T*), E(R%)} - C.

The operator R% admits a separation of variables, and with the help of

Lemma 2 for any a < 0, one obtains E (R%) = —a?, which yields
E(RY) > min {E(T*), —a*} — C. (18)
For i, € {7}, } due to (15) and (16) one can find a large N € N such that
1 2 2

then (18) implies E(R/}) > E(T") — C, and by combining with (17) we
arrive at

E(R}}) < E(T") < E(R¥)+ C for all k > N and v € {v,7.}. (20)

Now let us choose a bounded domain Q C R? such that B'NQ = B'NU
and the boundary 99 is C* outside B’, see Fig. 7, then € is a bounded
Lipschitz domain. Furthermore, the set  := (Q\ B') U (U N B') obtained
by replacing the non-smooth portion B’ N of Q with B'NU is a bounded
C> domain, and Q\ B = Q\ B.

FIGURE 7. The bounded domains Q (Lipschitz) and © (C* smooth).
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As each function in D(t%*) can be extended by zero to a function in
D(rg), the min-max principle yields

E(RS) < E(T®) for any a € R. (21)
Using the same functions x and X as above, for any v € D(r3) we obtain
suppxu C BNQ=B'NU, suppyxuC N\ B= SNI\EC Q,

therefore,
ra(ww) = [[ V0P dedy+a [ P do
Q o0
+// \V(gu)dexdera/ Ful? do
Q oN
= [ 49+ 9P uf? dz dy

= (v ) + 18, Xu) = [ (9 + V)l de dy
> 1% (xu, xu) + & (Xu, Xu) = CllulF2q),
and it follows by the min-max principle that
E(RG) = E(T* @ RE) — C = min {E(T), E(R%)} - C. (22)
One has E(R%) = —a?+o0(a?) for « — —oco as discussed in the introduction,
and due to (19) and (20) we can increase the above value of N to have
E(T™) < E(R%"‘) for all k > N and ;. € {7, 7 }-
The substitution into (21) and (22) results in
E(RY) < E(T™) < BE(RY) + C for all k > N and v € {7, }
and by combining with (20) we arrive at
E(RY) — C < E(RY) < E(R}) +C forall k > N, v, € {7,710} (23)

Increase the value of N again to obtain additionally

?2§5and €2§5forallk>N.
(%) (%)
By combining (14) and (23) we obtain for all £ > N:

E(RJ) 1 C 1 C
- - — o

apr €L e e O o)

1 1

[_ sin? @’ 9 “anZe T 26]’

BE(RY 1 C 1 C
<//QQ> {_ 2 AN Gin2 +0+ //2}
(V%) sin®0” () sin 6" (V&)

1 1
[_ sin20” 7 sin?0” + 26}'
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FIGURE 8. A non-compact but smooth “bad” domain V.

This shows the claim of Theorem 1 for the above 2 with the intervals
1

! . - -
Ii= [ sin? ¢/ %, sin? ¢/ + 26]’
1 1
"o, __ _ _ _
= [ sin2 9" " sinZ 6" + 25] ’

and the sequences 3}, := vy, and By := Y-

3.3. Concluding remarks. By slightly modifying the arguments in
Subsection 3.1 one can also construct a non-compact but C*° smooth domain
V such that E(R$) is well-defined for all o € R but the ratio F(R{)/a? has
no limit for « — —oo. Namely, let us take the same domains U,, as above
and put them next to each other in the order Uy, Uy, P1,Us, P>, Us, Ps, ...,
where each P, is an isometric copy of (0,1) x (—o00,0), see Fig. 8. One
uses again the Dirichlet-Neumann bracketing along the gluing lines as in
Subsection 3.1 and notes that the decomposition produces Laplacians P,
admitting a separation of variables with spectra in [~a?, 00). Then the two-
sided estimate (14) remains valid if one replaces E(Rf;) with F(Rf;), and
the same analysis implies that for any & € N one has the inclusions

E(Rﬁ‘/}/“) [ _ 1 _ 1 L 5}
(7:)? sin? @’ sin? ¢’ ’

B(RY) LS S
()2 sin?0”’  sin2 6" ’

which shows that V possesses the required properties. As the curvature of
0V is unbounded, the non-existence of ll)m E(R$)/a? does not contra-
a——0oQ

dict the existing results on the eigenvalues of Robin Laplacians in smooth
unbounded domains [4, 7].
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