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Abstract. Let Ω ⊂ Rn with n ≥ 2 be a bounded Lipschitz domain
with outer unit normal ν. For α ∈ R let Rα

Ω be the Laplacian in Ω
with the Robin boundary condition ∂νu+αu = 0, and denote by E(Rα

Ω)
its principal eigenvalue. In 2017 Bucur, Freitas and Kennedy stated
the following open question: Does the limit of the ratio E(Rα

Ω)/α2 for
α → −∞ always exist? We give a negative answer.

1. Introduction

Let n ≥ 2 and Ω ⊂ Rn be a domain with a reasonably regular boundary
(for example, Lipschitz, bounded or unbounded with a suitable behavior at
infinity) and outer unit normal ν. For α ∈ R denote by Rα

Ω the Laplacian
in Ω, u 7→ −∆u, with the Robin boundary condition ∂νu + αu = 0 on
∂Ω, which is rigorously defined as the unique self-adjoint operator in L2(Ω)
generated by the hermitian sesquilinear form rα

Ω given by

rα
Ω(u, u) :=

∫
Ω

|∇u|2 dx + α

∫
∂Ω

|u|2 dσ, D(rα
Ω) := H1(Ω),

where by dx and dσ we denote the Lebesgue measure and the hypersurface
measure in Rn respectively, the symbol H1 stands for the first-order Sobolev
space, and the restriction of u ∈ H1(Ω) on ∂Ω in the second integral on the
right-hand side is understood in the sense of the standard trace theorems
for Sobolev spaces. Further denote

E(Rα
Ω) := inf spec Rα

Ω ≡ inf
u∈D(rα

Ω), u ̸=0

rα
Ω(u, u)

∥u∥2
L2(Ω)

,

in particular, the quantity E(Rα
Ω) is simply the lowest eigenvalue of Rα

Ω for
bounded Lipschitz domains Ω.

The dependence of E(Rα
Ω) on the Robin parameter α and the geomet-

ric properties of Ω has been given a considerable attention during the last
decade, see the reviews in [3, 6]. Of particular interest is the case of large
negative α due to its applications to some reaction-diffusion equations and
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the appearance of boundary effects [9, 10]. If Ω is a bounded Lipschitz
domain, then for some cΩ ≥ 1 one has the two-sided estimate

−cΩα2 ≤ E(Rα
Ω) ≤ −α2 for α < 0 with |α| large enough,

see [3, Prop. 4.12] for the upper bound and [6, Lem. 2.7] for the lower bound.
Remark that these asymptotic estimates fail for non-Lipschitz domains, see
[12] and references therein. On the other hand, as shown in [2, 10], if Ω
has a better regularity (for example, if it is a so-called corner domain), then
a more precise asymptotic expansion holds,

E(Rα
Ω) = −CΩα2 + o(α2) for α → −∞, (1)

with some constant CΩ ≥ 1, and CΩ = 1 if Ω is a bounded C1 domain [11].
We refer to [3, 6] for a review of further asymptotic results for E(Rα

Ω) under
various additional assumptions on the regularity and geometric properties
of Ω, and we also mention the challenging case of large complex α [1, 8].

Based on the above observations, Bucur, Freitas and Kennedy asked in
[3, Open question 4.17] whether the asymptotic expansion (1) holds for any
bounded Lipschitz domain Ω with a suitable constant CΩ. In this paper we
give a negative answer. More specifically, our main result reads as follows:

Theorem 1 (Existence of “bad” domains). There are
• a bounded Lipschitz domain Ω ⊂ R2,
• two disjoint compact intervals I ′, I ′′ ⊂ (−∞, 0),
• two sequences (β′

k)k∈N, (β′′
k)k∈N ⊂ (−∞, 0) converging to −∞,

such that

E
(
R

β′
k

Ω
)

(β′
k)2 ∈ I ′ and

E
(
R

β′′
k

Ω
)

(β′′
k)2 ∈ I ′′ for any k ∈ N.

For a domain Ω as in Theorem 1 the limit lim
α→−∞

E(Rα
Ω)/α2 does not

exist and the asymptotics (1) fails. By taking the direct products of Ω with
finite intervals one produces counterexamples to (1) in any dimension n ≥ 2.

The rest of the paper is devoted to the proof of Theorem 1. In Section 2
we construct a “building block” which is an unbounded domain such that
the lowest eigenvalue of a Laplacian with mixed Robin-Dirichlet/Neumann
boundary conditions is nicely controlled in terms of some geometric param-
eters. In Section 3.1 we construct first an unbounded “bad” domain with
Lipschitz boundary by gluing together an infinite number of suitably scaled
copies of the building blocks. Using adapted truncations of the unbounded
“bad” domain we construct a bounded “bad” domain Ω satisfying the con-
ditions of Theorem 1 in Subsection 3.2 (in fact, its boundary is smooth
except at a single point). In Subsection 3.3 we show that the constructions
can be adapted to produce another example of a “bad” domain which is
non-compact but has a C∞ boundary.

2. Preparatory constructions

Let us recall the following known facts, see [10, Ex. 2.4 and Ex. 2.5].
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Figure 1. The infinite sector Sθ in Lemma 3.

Lemma 2. For any f ∈ H1(0, ∞) and α < 0, we have∫ ∞

0

∣∣f ′(t)
∣∣2 dt + α

∣∣f(0)
∣∣2 ≥ −α2

∫ ∞

0

∣∣f(t)
∣∣2 dt,

and the equality is attained for the function f : t 7→ exp(αt).

Lemma 3. For any θ ∈ (0, π
2 ) denote

Sθ :=
{
(x, y) ∈ R2 : y < −|x| cot θ

}
,

which is an infinite sector with opening angle 2θ, see Fig. 1. Then for any
v ∈ H1(Sθ) and any α < 0,∫∫

Sθ

|∇v|2 dx dy + α

∫
∂Sθ

|v|2 dσ ≥ − α2

sin2 θ

∫∫
Sθ

|v|2 dx dy,

and the equality is attained for the function

v : (x, y) 7→ exp
(

− αy

sin θ

)
.

For θ ∈
(
0, π

2
)

and L > 0 define a function

hθ,L : R → R, hθ,L(x) :=
{

L − |x| cot θ, |x| ≤ L tan θ,

0, |x| > L tan θ.

x

y

y = hθ,L(x)
θ θ

L

L tan θ−L tan θ

x

y

y = hθ,L,ε(x)

−L tan θ − ε L tan θ + ε

Figure 2. The graphs of the functions hθ,L (above) and
hθ,L,ε (below). Note that hθ,L,ε coincides with hθ,L except
in the ε-neighborhoods of 0 and ±L tan θ: The dark parts of
the graph of hθ,L,ε coincide with the respective parts of the
graph of hθ,L.
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Figure 3. The domain Uθ,L,ε,M . Its boundary is decom-
posed into the part Γθ,L,ε,M (bold curve) and the side bound-
ary (dotted lines).

The graph of hθ,L is shown in Figure 2. Pick any φ ∈ C∞
c (R) with

φ ≥ 0, supp φ ⊂ (−1, 1),
∫
R

φ(x) dx = 1, φ is even,

and for ε > 0 consider the functions

φε := 1
ε

φ
( ·

ε

)
, hθ,L,ε := hθ,L ⋆ φε,

with ⋆ being the convolution product. Then hθ,L,ε is C∞ with

∥h′
θ,L,ε∥∞ = ∥h′

θ,L ⋆ φε∥∞ ≤ ∥h′
θ,L∥∞∥φε∥1 = ∥h′

θ,L∥∞ = cot θ, (2)

and ∥hθ,L,ε−hθ,L∥∞
ε→0+
−−−−→ 0. Moreover, as hθ,L is a piecewise affine function,

the function hθ,L,ε coincides with hθ,L except in the ε-neighborhoods of the
points 0 and ±L cot θ (at which hθ,L is non-smooth), see Fig. 2.

Introduce a additional parameter M ≥ L tan θ and define a domain

Uθ,L,ε,M :=
{
(x, y) ∈ R2 : x ∈ (−M, M), y < hθ,L,ε(x)

}
and a subset of its boundary

Γθ,L,ε,M :=
{
(x, y) ∈ R2 : x ∈ (−M, M), y = hθ,L,ε(x)

}
⊂ ∂Uθ,L,ε,M ,

see Fig. 3. In what follows we will be concerned with the study of Laplacians
in scaled copies of Uθ,L,ε,M with special boundary conditions at different
parts of the boundary. Namely, for α ∈ R (Robin parameter), c > 0 (scaling
parameter) and ν := the outer unit normal we denote:

Qα,c
θ,L,ε,M := the positive Laplacian in cUθ,L,ε,M with the Robin bound-

ary condition ∂νu + αu = 0 on cΓθ,L,ε,M and Neumann
boundary condition on the remaining boundary.

More rigorously, Qα,c
θ,L,ε,M is the self-adjoint operator in L2(cUθ,L,ε,M ) defined

by the hermitian sesquilinear form qα,c
θ,L,ε,M given by

qα,c
θ,L,ε,M (u, u) =

∫∫
cUθ,L,ε,M

|∇u|2 dx dy + α

∫
cΓθ,L,ε,M

|u|2 dσ
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on the domain D(qα,c
θ,L,ε,M ) = H1(cUθ,L,ε,M ),

Q̃α,c
θ,L,ε,M := the positive Laplacian in cUθ,L,ε,M with the Robin bound-

ary condition ∂νu + αu = 0 on cΓθ,L,ε,M and Dirichlet
boundary condition on the remaining boundary.

In other words, Q̃α,c
θ,L,ε,M is the self-adjoint operator in L2(cUθ,L,ε,M ) defined

by the sesquilinear form q̃ α,c
θ,L,ε,M which is the restriction of the above form

qα,c
θ,L,ε,M on the domain

D(q̃α,c
θ,L,ε,M ) :=

{
u ∈ H1(cUθ,L,ε,M ) : u = 0 on ∂(cUθ,L,ε,M ) \ cΓθ,L,ε,M

}
,

where the condition u = 0 is understood in the sense of Sobolev traces (the
same convention will be used in the definitions of further operators and forms
below). For a lower semibounded self-adjoint operator A we will denote

E(A) := inf spec A.

Due to the min-max principle,

E(Qα,c
θ,L,ε,M ) ≤ E(Q̃α,c

θ,L,ε,M ). (3)

Furthermore, a simple scaling argument shows that the operator Qtα,c
θ,L,ε,M

is unitarily equivalent to t2Qα,tc
θ,L,ε,M and, similarly, the operator Q̃tα,c

θ,L,ε,M is
unitarily equivalent to t2Q̃α,tc

θ,L,ε,M , so we have

E(Qtα,c
θ,L,ε,M ) = t2E(Qα,tc

θ,L,ε,M ), E(Q̃tα,c
θ,L,ε,M ) = t2E(Q̃α,tc

θ,L,ε,M ) (4)

for any admissible choice of (θ, L, ε, M, α, c) and any t > 0.

Lemma 4. For any θ ∈ (0, π
2 ) and δ > 0 there exist ε0 > 0 and L0 > 0

such that for all ε ∈ (0, ε0), L ∈ (L0, ∞) and M ∈ (L tan θ, ∞) it holds that

E(Q−1,1
θ,L,ε,M ), E(Q̃−1,1

θ,L,ε,M ) ∈
[

− 1
sin2 θ

, − 1
sin2 θ

+ δ
]
.

Proof. Let u ∈ D(q−1,1
θ,L,ε,M ), then

q−1,1
θ,L,ε,M (u, u) =

∫∫
Uθ,L,ε,M

|∇u|2 dx dy −
∫

Γθ,L,ε,M

|u|2 dσ

≥
∫∫

Uθ,L,ε,M

|∂yu|2 dx dy −
∫

Γθ,L,ε,M

|u|2 dσ

=
∫ M

−M

[ ∫ hθ,L,ε(x)

−∞

∣∣∂yu(x, y)
∣∣2 dy

−
√

1 +
∣∣h′

θ,L,ε(x)
∣∣2 ∣∣∣u(

x, hθ,L,ε(x)
)∣∣∣2]

dx.

By (2), for any x ∈ (−M, M) we have√
1 +

∣∣h′
θ,L,ε(x)

∣∣2 ≤
√

1 + cot2 θ = 1
sin θ

,
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therefore, ∫ hθ,L,ε(x)

−∞

∣∣∂yu(x, y)
∣∣2 dy −

√
1 +

∣∣h′
θ,L,ε(x)

∣∣2 ∣∣∣u(
x, h′

θ,L,ε(x)
)∣∣∣2

≥
∫ hθ,L,ε(x)

−∞

∣∣∂yu(x, y)
∣∣2 dy − 1

sin θ

∣∣∣u(
x, hθ,L,ε(x)

)∣∣∣2
(use Lemma 2) ≥ − 1

sin2 θ

∫ hθ,L,ε(x)

−∞

∣∣u(x, y)
∣∣2 dy,

and we arrive at

q−1,1
θ,L,ε,M (u, u) ≥ − 1

sin2 θ

∫∫
Uθ,L,ε,M

∣∣u(x, y)
∣∣2 dx dy.

The min-max principle yields

E(Q−1,1
θ,L,ε,M ) ≥ − 1

sin2 θ
,

and the required lower bound for E(Q̃−1,1
θ,L,ε,M ) follows by (3).

For the upper bound we will use the observation that the shifted do-
main Uθ,L,ε,M − (0, L) “converges” to the sector Sθ from Lemma 3 as (ε, L)
approaches (0, ∞). Pick χ ∈ C∞(R) such that

0 ≤ χ ≤ 1, χ(t) = 1 for all t ≥ −1
2 , χ(t) = 0 for all t ≤ −3

4 .

Define the functions

v : Sθ ∋ (x, y) 7→ exp
(

− αy

sin θ

)
,

vL : Uθ,L,ε,M ∋ (x, y) 7→ v(x, y − L)χ
(y − L

L

)
.

Remark that the support of vL is contained in the set

Uθ,L,ε,M ∩
{

(x, y) : y ≥ L

4
}

≡
{

(x, y) : L

4 ≤ y < hθ,L,ε(x)
}

,

which is independent of M and represents a shifted copy of a finite piece of
Sθ with a rounded corner, and that ∥vL∥L2(Uθ,L,ε,M ) and q̃ −1,1

θ,L,ε,M (vL, vL) are
independent of M as well. A simple direct computation shows:∫∫

Uθ,L,ε,M

|∇vL|2 dx dy
(ε,L)→(0,∞)−−−−−−−−→

∫∫
Sθ

|∇v|2 dx dy,∫∫
Uθ,L,ε,M

|vL|2 dx dy
(ε,L)→(0,∞)−−−−−−−−→

∫∫
Sθ

|v|2 dx dy,∫
Γθ,L,ε,M

|vL|2 dσ
(ε,L)→(0,∞)−−−−−−−−→

∫
∂Sθ

|v|2 dσ,

which yields

q̃ −1,1
θ,L,ε,M (vL, vL)

∥vL∥2
L2(Uθ,L,ε,M )

(ε,L)→(0,∞)−−−−−−−−→

∫∫
Sθ

|∇v|2 dx dy −
∫

∂Sθ

|v|2 dσ∫∫
Sθ

|v|2 dx dy
= − 1

sin2 θ
,
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where the last equality holds by Lemma 3. Therefore, for any δ > 0 one
finds ε0 > 0 and L0 > 0 such that for all (ε, L) ∈ (0, ε0) × (L0, ∞) and all
admissible M we have

E(Q̃−1,1
θ,L,ε,M ) ≤

q̃ −1,1
θ,L,ε,M (vL, vL)

∥vL∥2
L2(Uθ,L,ε,M )

≤ − 1
sin2 θ

+ δ,

and the required upper bound for E(Q−1,1
θ,L,ε,M ) follows by (3). □

Lemma 5. For any θ ∈ (0, π
2 ), L ∈ (0, ∞), ε > 0 and δ > 0 one can find

M ∈ (L tan θ, ∞) and α0 < 0 such that for any α ∈ (α0, 0), we have

E(Q̃α,1
θ,L,ε,M ) ≥ E(Qα,1

θ,L,ε,M ) ≥ −(1 + δ)α2.

Proof. The left-hand inequality holds by (3), so only the right-hand one
must be shown. Let us choose some admissible (θ, L, ε, M) and any δ > 0.
Pick some ρ ∈ (0, 1): its precise value will be chosen later. For any α ≤ 0
and any u ∈ D(qα,1

θ,L,ε,M ) we estimate

qα,1
θ,L,ε,M (u, u) =

∫∫
Uθ,L,ε,M

|∇u|2 dx dy + α

∫
Γθ,L,ε,M

|u|2 dσ

=
∫∫

Uθ,L,ε,M

(
|∂xu|2 + ρ|∂yu|2

)
dx dy

+ (1 − ρ)
∫ M

−M

[ ∫ hθ,L,ε(x)

−∞

∣∣∂yu(x, y)
∣∣2 dy

+ α

1 − ρ

√
1 +

∣∣h′
θ,L,ε(x)

∣∣2 ∣∣∣u(
x, hθ,L,ε(x)

)∣∣∣2]
dx.

We estimate the term in the square brackets using Lemma 2:∫ hθ,L,ε(x)

−∞

∣∣∂yu(x, y)
∣∣2 dy + α

1 − ρ

√
1 +

∣∣h′
θ,L,ε(x)

∣∣2 ∣∣∣u(
x, hθ,L,ε(x)

)∣∣∣2
≥ − α2

(1 − ρ)2 wθ,L,ε(x)
∫ hθ,L,ε(x)

−∞

∣∣u(x, y)
∣∣2 dy

with
wθ,L,ε(x) := 1 +

∣∣h′
θ,L,ε(x)

∣∣2, (5)
which yields

qα,1
θ,L,ε,M (u, u) ≥

∫∫
Uθ,L,ε,M

(
|∂xu|2 + ρ|∂yu|2 − α2

1 − ρ
Wθ,L,ε|u|2

)
dx dy (6)

with Wθ,L,ε(x, y) := wθ,L,ε(x).
Decompose Uθ,L,ε,M into two parts,

U ′
θ,L,ε,M := Uθ,L,ε,M ∩

{
(x, y) : y > −M

}
,

U ′′
θ,L,ε,M := Uθ,L,ε,M ∩

{
(x, y) : y < −M

}
,

see Fig. 4, and consider the hermitian sesquilinear form given by

q′α,1,ρ
θ,L,ε,M (u, u) :=

∫∫
U ′

θ,L,ε,M

(
|∂xu|2 + ρ|∂yu|2 − α2

1 − ρ
Wθ,L,ε|u|2

)
dx dy
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x

y

U ′
θ,L,ε,M

−M M

y = −M

U ′′
θ,L,ε,M

Figure 4. The subdomains U ′
θ,L,ε,M and U ′′

θ,L,ε,M of Uθ,L,ε,M .

with D(q′α,1,ρ
θ,L,ε,M ) := H1(U ′

θ,L,ε,M ), which induces a self-adjoint operator
Q′α,1,ρ

θ,L,ε,M in L2(U ′
θ,L,ε,M ), and the hermitian sesquilinear form defined by

q′′α,1,ρ
θ,L,ε,M (u, u) :=

∫∫
U ′′

θ,L,ε,M

(
|∂xu|2 + ρ|∂yu|2 − α2

1 − ρ
Wθ,L,ε|u|2

)
dx dy

with D(q′′α,1,ρ
θ,L,ε,M ) := H1(U ′′

θ,L,ε,M ), which generates a self-adjoint operator
Q′′α,1,ρ

θ,L,ε,M in L2(U ′′
θ,L,ε,M ). Then Eq. (6) reads as

qα,1
θ,L,ε,M (u, u) ≥ q′α,1,ρ

θ,L,ε,M (u|U ′
θ,L,ε,M

, u|U ′
θ,L,ε,M

)

+ q′′α,1,ρ
θ,L,ε,M (u|U ′′

θ,L,ε,M
, u|U ′′

θ,L,ε,M
)

for any u ∈ D(qα,1
θ,L,ε,M ), and the min-max principle implies

E(Qα,1
θ,L,ε,M ) ≥ E(Q′α,1,ρ

θ,L,ε,M ⊕ Q′′α,1,ρ
θ,L,ε,M )

≡ min
{

E(Q′α,1,ρ
θ,L,ε,M ), E(Q′′α,1,ρ

θ,L,ε,M )
}

.
(7)

Remark that U ′
θ,L,ε,M is a bounded Lipschitz domain, so the operator

Q′α,1,ρ
θ,L,ε,M has compact resolvent and E(Q′α,1,ρ

θ,L,ε,M ) is simply its lowest eigen-
value. Further remark that Q′α,1,ρ

θ,L,ε,M is a type (B) analytic family with
respect to α2, see [5, Chap. 7.4] and the “unperturbed” operator Q′0,1,ρ

θ,L,ε,M

corresponding to α2 = 0 is defined by the hermitian sesquilinear form

q′0,1,ρ
θ,L,ε,M (u, u) :=

∫∫
U ′

θ,L,ε,M

(
|∂xu|2 + ρ|∂yu|2

)
dx dy,

so its lowest eigenvalue is 0, and it is simple with v := |U ′
θ,L,ε,M |−

1
2 being an

associated normalized eigenfunction. The first-order perturbation theory,
see [5, Sec. 7.4.6] shows that for α → 0− one has

E(Q′α,1,ρ
θ,L,ε,M ) = − α2

1 − ρ
B′

M + O(α4), (8)

B′
M :=

∫∫
U ′

θ,L,ε,M

Wθ,L,ε|v|2 dx dy ≡ 1
|U ′

θ,L,ε,M |

∫∫
U ′

θ,L,ε,M

Wθ,L,ε dx dy.
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Recall that ∥Wθ,L,ε∥∞ ≤ 1 + cot2 θ, see (2) and (5), and that
Wθ,L,ε(x, y) = 1 for |x| > L tan θ + ε. Due to the inclusion

U ′
θ,L,ε,M ∩

{
(x, y) : |x| ≤ L tan θ +ε

}
⊂ (−L tan θ −ε, L tan θ +ε)× (−M, L),

we obtain the upper bound∫∫
U ′

θ,L,ε,M

Wθ,L,ε dx dy ≤ |U ′
θ,L,ε,M | + 2(L tan θ + ε)(L + M) cot2 θ.

Hence, using |U ′
θ,L,ε,M | ≥ 2M2 one obtains

B′
M ≤

|U ′
θ,L,ε,M | + 2(L tan θ + ε)(L + M) cot2 θ

|U ′
θ,L,ε,M |

≤ 1 + 2(L tan θ + ε)(L + M) cot2 θ

|U ′
θ,L,ε,M |

= 1 + (L tan θ + ε)(L + M) cot2 θ

M2 .

In particular, we may chose a sufficiently large M ′
ρ > 0 such that B′

M ≤ 1+ρ
for any M > M ′

ρ. Using (8) for any M > M ′
ρ we obtain

E(Q′α,1,ρ
θ,L,ε,M ) ≥ −1 + ρ

1 − ρ
α2 + O(α4) for α → 0−,

and for suitable small α′(M) < 0 we have then

E(Q′α,1,ρ
θ,L,ε,M ) ≥ −

(1 + ρ

1 − ρ
+ ρ

)
α2 for all M > M ′

ρ and α ∈
(
α′(M), 0

)
. (9)

To analyze E(Q′′α,1,ρ
θ,L,ε,M ) we note that U ′′

θ,L,ε,M ≡ (−M, M)×(−∞, −M)
only depends on M , and the expression

q′′α,1,ρ
θ,L,ε,M (u, u) =

∫ M

−M

∫ M

−∞

(
|∂xu(x, y)|2 + ρ|∂yu(x, y)|2

− α2

1 − ρ
wθ,L,ε(x)|u(x, y)|2

)
dy dx,

shows that the operator Q′′α,1,ρ
θ,L,ε,M admits a separation of variables,

Q′′α,1,ρ
θ,L,ε,M = Aα,ρ

θ,L,ε,M ⊗ 1 + 1 ⊗ ρNM ,

where Aα,ρ
θ,L,ε,ρ is the operator

f 7→ −f ′′ − α2

1 − ρ
wθ,L,εf

in L2(−M, M) with Neumann boundary conditions and NM is the operator
g 7→ −g′′ in L2(−∞, −M) with Neumann boundary condition. In particular,

E(Q′′α,1,ρ
θ,L,ε,M ) = E(Aα,ρ

θ,L,ε,ρ) + E(ρNM ) = E(Aα,ρ
θ,L,ε,ρ).

We use again that Aα,ρ
θ,L,ε,ρ is a type (B) analytic family with respect to α2.

The “unperturbed” operator A0,ρ
θ,L,ε,ρ corresponding to α = 0 has the lowest
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eigenvalue zero with eigensubspace spanned by the normalized eigenfunction
ṽ := (2M)− 1

2 , and the first-order perturbation theory implies

E(Aα,ρ
θ,L,ε,ρ) = − α2

1 − ρ
B′′

M + O(α4) for α → 0−,

B′′
M :=

∫ M

−M
wθ,L,ε|ṽ|2 dx = 1

2M

∫ M

−M
wθ,L,ε(x) dx.

Using ∥wθ,L,ε∥∞ ≤ 1 + cot2 θ, see (2), and wθ,L,ε(x) = 1 for |x| > L tan θ + ε
we estimate ∫ M

−M
wθ,L,ε(x) dx ≤ 2M + 2(L tan θ + ε) cot2 θ,

B′′
M ≤ 1 + (L tan θ + ε) cot2 θ

M
,

so we can choose a sufficiently large M ′′
ρ > 0 such that for any M > M ′′

ρ we
get

E(Aα,ρ
θ,L,ε,ρ) ≥ −1 + ρ

1 − ρ
α2 + O(α4) for α → 0−.

Then for suitable small α′′(M) < 0, we obtain

E(Q′′α,1,ρ
θ,L,ε,M ) = E(Aα,ρ

θ,L,ε,ρ) ≥ −
(1 + ρ

1 − ρ
+ ρ

)
α2

for all M > M ′′
ρ , α ∈

(
α′′(M), 0

)
.

(10)

Now we choose ρ sufficiently small to have the inequality
1 + ρ

1 − ρ
+ ρ < 1 + δ,

then pick any M > max{M ′
ρ, M ′′

ρ } and set α0 = max
{
α′(M), α′′(M)

}
. For

all α ∈ (α0, 0) one can use both (9) and (10):

E(Q′α,1,ρ
θ,L,ε,M ) ≥ −(1 + δ)α2, E(Q′′α,1,ρ

θ,L,ε,M ) ≥ −(1 + δ)α2,

and the substitution into (7) finishes the proof. □

Lemma 6. For any θ ∈ (0, π
2 ), L ∈ (0, ∞), ε > 0, M ∈ (L tan θ, ∞) and

δ > 0 there is α1 < 0 such that for all α < α1, we have

E(Q̃α,1
θ,L,ε,M,1) ≥ E(Qα,1

θ,L,ε,M,1) ≥ −(1 + δ)α2.

Proof. Only the right-hand inequality must be proved, as the left-hand
one holds by (3). Pick any admissible (θ, L, ε, M) and any δ > 0. Let
γ : (0, ℓ) 7→ R2 be an arc-length parametrization of Γθ,L,ε,M and denote by
ν(s) the outer unit normal at the point γ(s), then the curvature k(s) of
Γθ,L,ε,M at γ(s) is defined by ν ′(s) = k(s)γ′(s). Remark that k has compact
support in our case. For a > 0 denote

U ′
a :=

{
(x, y) ∈ Uθ,L,ε,M : dist

(
(x, y), Γθ,L,ε,M

)
< a

}
and assume that a is sufficiently small such that the map

Φ : (0, ℓ) × (0, a) ∋ (s, t) 7→ γ(s) − tν(s) ∈ U ′
a
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is a diffeomorphism and a∥k∥∞ < 1. For any function u ∈ H1(U ′
a) denote

v := u ◦ Φ, then a standard computation shows the identities∫∫
U ′

a

|u|2 dx dy =
∫∫

(0,ℓ)×(0,a)

∣∣v(s, t)
∣∣2(

1 − tk(s)
)

ds dt,∫∫
U ′

a

|∇u|2 dx dy =
∫∫

(0,ℓ)×(0,a)

[ 1
1 − tk(s)

∣∣∂sv(s, t)
∣∣2

+
(
1 − tk(s)

)∣∣∂tv(s, t)
∣∣2]

ds dt,∫
Γθ,L,ε,M

|u|2 dσ =
∫ ℓ

0

∣∣v(s, 0)
∣∣2 ds.

Therefore, for any u ∈ D(qα,1
θ,L,ε,M ) one has

qα,1
θ,L,ε,M (u, u) =

∫∫
Uθ,L,ε,M

|∇u|2 dx dy + α

∫
Γθ,L,ε,M

|u|2 dσ

≥
∫∫

U ′
a

|∇u|2 dx dy + α

∫
Γθ,L,ε,M

|u|2 dσ

≥
∫ ℓ

0

[ ∫ a

0

(
1 − tk(s)

)∣∣∂tv(s, t)
∣∣2 dt + α

∣∣v(s, 0)
∣∣2]

ds.

(11)

In [7, Lem. 5.1] it was shown that for

λ(α, s) := inf
f∈H1(0,a), f ̸=0

∫ a

0

(
1 − tk(s)

)∣∣f ′(t)
∣∣2 dt + α

∣∣f(0)
∣∣2∫ a

0

(
1 − tk(s)

)∣∣f(t)
∣∣2 dt

it holds that λ(α, s) = −α2 + k(s)α + O(log |α|) for α → −∞, and the
remainder estimate is uniform in s. Therefore, for suitable C > 0 and
α∗ < 0 one has λ(α, s) ≥ −α2 + Cα for all s ∈ (0, ℓ) and all α < α∗, and
without loss of generality we additionally assume that −α2 + Cα < 0 for
all these (α, s). For the same (α, s) the last expression in (11) is estimated
from below as∫ ℓ

0

∫ a

0

[(
1 − tk(s)

)∣∣∂tv(s, t)
∣∣2 dt + α

∣∣v(s, 0)
∣∣2]

ds

≥
∫ ℓ

0
λ(α, s)

∫ a

0

(
1 − tk(s)

)∣∣v(s, t)
∣∣2 dt ds

≥ (−α2 + Cα)
∫ ℓ

0

∫ a

0

(
1 − tk(s)

)∣∣v(s, t)
∣∣2 dt ds

= (−α2 + Cα)
∫∫

U ′
a

|u|2 dx dy.

Therefore, for all u ∈ D(qα,1
θ,L,ε,M ) and all α < α∗ we have

qα,1
θ,L,ε,M (u, u) ≥ (−α2 + Cα)

∫∫
U ′

a

|u|2 dx dy

≥ (−α2 + Cα)
∫∫

Uθ,L,ε,M

|u|2 dx dy,
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which yields E(Qα,1
θ,L,ε,M ) ≥ −α2 + Cα. Finally, one chooses α1 < α∗ such

that |Cα| ≤ δα2 for all α < α1. □

Corollary 7. Let θ ∈ (0, π
2 ) and δ > 0, then one can find L > 0, ε > 0,

M > L tan θ as well as α1 ∈ (−∞, −1) and α0 ∈ (−1, 0) such that

E(Q−1,1
θ,L,ε,M ), E(Q̃−1,1

θ,L,ε,M ) ∈
[

− 1
sin2 θ

, − 1
sin2 θ

+ δ
]
,

E(Q̃α,1
θ,L,ε,M )
α2 ≥

E(Qα,1
θ,L,ε,M )
α2 ≥ −(1 + δ) for all α ∈ (α0, 0),

E(Q̃α,1
θ,L,ε,M )
α2 ≥

E(Qα,1
θ,L,ε,M )
α2 ≥ −(1 + δ) for all α ∈ (−∞, α1).

Proof. Using Lemma 4 we choose ε and L such that the first condition
is fulfilled for all M > L tan θ. Then we choose a sufficiently large M > 0
and a sufficiently small negative α0 to satisfy the second condition using
Lemma 5. By applying Lemma 6 we find a large negative α1 that satisfies
the third condition. □

3. Proof of Theorem 1

We will first construct an unbounded domain U with Lipschitz bound-
ary for which the limit E(Rα

U )/α2 for α → −∞ does not exist. Then we
construct a required bounded domain Ω using suitable truncations.

3.1. Constructing an unbounded “bad” domain. Pick arbitrary

0 < θ′ < θ′′ <
π

2
and denote

δ := 1
4 min

{∣∣∣ 1
sin2 θ′ − 1

sin2 θ′′

∣∣∣, ∣∣∣ 1
sin2 θ′′ − 1

∣∣∣},

then, in particular,

− 1
sin2 θ′ < − 1

sin2 θ′ + δ < − 1
sin2 θ′′ < − 1

sin2 θ′′ + δ < −(1 + δ).

Choose parameters (L′, ε′, M ′, α′
0, α′

1) for the angle θ′, then parameters
(L′′, ε′, M ′′, α′′

0, α′′
1) for the angle θ′′, such that the respective estimates of

Corollary 7 are satisfied with the above δ, then denote
α0 := max{α′

0, α′′
0} ∈ (−1, 0), α1 := min{α′

1, α′′
1} ∈ (−∞, −1)

and introduce the positive constants

t := α0
α1

< |α0| < 1, γ := 1
t

≡ α1
α0

> |α1| > 1.

For any m, n ∈ N one has:
−γmtn = −1 if m = n, −γmtn /∈ [α1, α0] if m ̸= n.

Using the inclusions [α′
1, α′

0] ⊂ [α1, α0] and [α′′
1, α′′

0] ⊂ [α1, α0] as well as the
scaling relations (4),

E(A−γm,tn

θ′,L′,ε′,M ′)
(γm)2 =

E(A−γmtn,1
θ′,L′,ε′,M ′)

(γmtn)2 etc.,
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we obtain for any m, n ∈ N, due to Corollary 7,

E(A−γm,tn

θ′,L′,ε′,M ′)
(γm)2 ,

E(Ã−γm,tn

θ′,L′,ε′,M ′)
(γm)2 ∈


[

− 1
sin2 θ′ , − 1

sin2 θ′ + δ
]
, m = n,[

− (1 + δ), ∞
)
, m ̸= n,

(12)

E(A−γm,tn

θ′′,L′′,ε′′,M ′′)
(γm)2 ,

E(Ã−γm,tn

θ′′,L′′,ε′′,M ′′)
(γm)2 ∈


[

− 1
sin2 θ′′ , − 1

sin2 θ′′ + δ
]
, m = n,[

− (1 + δ), ∞
)
, m ̸= n.

(13)

For n ∈ N consider the domains

Un :=
{

tnUθ′,L′,ε′,M ′ , n is odd,
tnUθ′′,L′′,ε′′,M ′′ , n is even,

then put them next to each other and glue along side boundaries such that
the left boundary corresponds to x = −A for some A > 0 and the right
boundary corresponds to x = 0. The domain is then completed by gluing it
with U0 := (−∞, −A)×(−∞, 0) on the left and with U∞ := (0, ∞)×(−∞, 0)
on the right. The constructions are illustrated in Fig. 5. The resulting
domain U has the form

U :=
{
(x, y) ∈ R2 : y < h(x)

}
for a continuous function h : R → R. If the transition from Un−1 to Un

happens along the line x = an, then on the interval (an, an+1) the function h
coincides either with tnhθ′,L′,ε′,M ′(t−n ·−bn) or with tnhθ′′,L′′,ε′′,M ′′(t−n ·−bn)
with some bn ∈ R, and h is identically zero outside (−A, 0). It follows that

∥h′∥∞ ≤ max
{
∥h′

θ′,L′,ε′,M ′∥∞, ∥h′
θ′′,L′′,ε′′,M ′′∥∞

}
< ∞,

in particular, h is Lipschitz. In fact, the above discussion even shows that
h is C∞ at all points except at 0.

We are interested in the associated Robin Laplacian Rα
U . By using the

standard Dirichlet-Neumann bracketing along the gluing lines one shows

E
(
Aα

0 ⊕
∞⊕

n=1
Aα

n ⊕ Aα
∞

)
≤ E(Rα

U ) ≤ E
(
Ãα

0 ⊕
∞⊕

n=1
Ãα

n ⊕ Ãα
∞

)

U1 ∼ tUθ′,L′,ε′,M ′

U2 ∼ t2Uθ′′,L′′,ε′′,M ′′

U3 ∼ t3Uθ′,L′,ε′,M ′

U4 ∼ t4Uθ′′,L′′,ε′′,M ′′

x

y

x = 0x = −A

U0 U∞

Figure 5. The structure of the domain U . The subdomains
Un are glued along the side boundaries shown as bold dark
gray lines.
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where Aα
n (respectively Ãα

n) are the Laplacians in Un with the Robin bound-
ary condition ∂νu+αu = 0 along the curve y = h(x) (the top boundary), and
Neumann (respectively Dirichlet) boundary conditions on the side bound-
aries.

The operators Aα
0 , Ãα

0 , Aα
∞, Ãα

∞ admit a separation of variables, and for
any α < 0 one has E(Aα

0 ) = E(Ãα
0 ) = E(Aα

∞) = E(Ãα
∞) = −α2. On top of

that, for any n ∈ N the following holds:
(i) Aα

n (respectively Ãα
n) is unitarily equivalent to Aα,tn

θ′,L′,ε′,M ′ (respec-
tively Ãα,tn

θ′,L′,ε′,M ′), if n is odd,
(ii) Aα

n (respectively Ãα
n) is unitarily equivalent to Aα,tn

θ′′,L′′,ε′,M ′′ (respec-
tively Ãα,tn

θ′′,L′′,ε′′,M ′′), if n is even.
Therefore, for any α < 0 we have

E
(
Aα

0 ⊕
∞⊕

n=1
Aα

n ⊕ Aα
∞

)
= min

{
E(Aα

0 ), E(Aα
∞), inf

n∈N
E(Aα

n)
}

,

= min
{

− α2, inf
p∈N

E(Aα,t2p−1

θ′,L′,ε′,M ′), inf
p∈N

E(Aα,t2p

θ′′,L′′,ε′′,M ′′)
}

,

and analogously

E
(
Ãα

0 ⊕
∞⊕

n=1
Ãα

n ⊕ Ãα
∞

)
= min

{
E(Ãα

0 ), E(Ãα
∞), inf

n∈N
E(Ãα

n)
}

,

= min
{

− α2, inf
p∈N

E(Ãα,t2p−1

θ′,L′,ε′,M ′), inf
p∈N

E(Ãα,t2p

θ′′,L′′,ε′′,M ′′)
}

.

To summarize, for any α < 0, we have

min
{

− 1, inf
p∈N

E(Aα,t2p−1

θ′,L′,ε′,M ′)
α2 , inf

p∈N

E(Aα,t2p

θ′′,L′′,ε′′,M ′′)
α2

}
≤ E(Rα

U )
α2

≤ min
{

− 1, inf
p∈N

E(Ãα,t2p−1

θ′,L′,ε′,M ′)
α2 , inf

p∈N

E(Ãα,t2p

θ′′,L′′,ε′′,M ′′)
α2

}
.

(14)

Let us substitute α := −γ2q−1 with q ∈ N. By (12) and (13) we obtain

E(A−γ2q−1,t2q−1

θ′,L′,ε′,M ′ )
(γ2q−1)2 ,

E(Ã−γ2q−1,t2q−1

θ′,L′,ε′,M ′ )
(γ2q−1)2 ∈

[
− 1

sin2 θ′ , − 1
sin2 θ′ + δ

]
,

E(A−γ2q−1,t2p−1

θ′,L′,ε′,M ′ )
(γ2q−1)2 ,

E(Ã−γ2q−1,t2p−1

θ′,L′,ε′,M ′ )
(γ2q−1)2 ≥ −(1 + δ) for all p ̸= q,

E(A−γ2q−1,t2p

θ′′,L′′,ε′′,M ′′)
(γ2q−1)2 ,

E(Ã−γ2q−1,t2p

θ′′,L′′,ε′′,M ′′)
(γ2q−1)2 ≥ −(1 + δ) for all p,

hence, the both sides of (14) are in
[

− 1
sin2 θ′ , − 1

sin2 θ′ + δ
]
, which implies

E(R−γ2q−1

U )
(γ2q−1)2 ∈

[
− 1

sin2 θ′ , − 1
sin2 θ′ + δ

]
for all q ∈ N.
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Simlarly, by considering α := −γ2q with q ∈ N and using again (12) and
(13) we show

E(A−γ2q ,t2p−1

θ′,L′,ε′,M ′ )
(γ2q)2 ,

E(Ã−γ2q ,t2p−1

θ′,L′,ε′,M ′ )
(γ2q)2 ≥ −(1 + δ) for all p,

E(A−γ2q ,t2q

θ′′,L′′,ε′′,M ′′)
(γ2q)2 ,

E(Ã−γ2q ,t2q

θ′′,L′′,ε′′,M ′′)
(γ2q)2 ∈

[
− 1

sin2 θ′′ , − 1
sin2 θ′′ + δ

]
,

E(A−γ2q ,t2p

θ′′,L′′,ε′′,M ′′)
(γ2q)2 ,

E(Ã−γ2q ,t2p

θ′′,L′′,ε′′,M ′′)
(γ2q)2 ≥ −(1 + δ) for all p ̸= q,

which yields

E(R−γ2q

U )
(γ2q)2 ∈

[
− 1

sin2 θ′′ , − 1
sin2 θ′′ + δ

]
for all q ∈ N.

Therefore, for the sequences (γ′
k)k∈N and (γ′′

k )k∈N,

γ′
k := −γ2k−1, γ′′

k := −γ2k, (15)

we have γ′
k

k→∞−−−→ −∞, γ′′
k

k→∞−−−→ −∞, and for all k ∈ N,

E(Rγ′
k

U )
(γ′

k)2 ∈
[

− 1
sin2 θ′ , − 1

sin2 θ′ + δ
]
,

E(Rγ′′
k

U )
(γ′′

k )2 ∈
[

− 1
sin2 θ′′ , − 1

sin2 θ′′ + δ
]
.

(16)

By construction, the intervals on the right-hand sides of (16) are disjoint,
so we are quite close to satisfying the requirements of Theorem 1, but the
domain U is unbounded.

3.2. Constructing a bounded “bad” domain. By construction, the
unbounded domain U coincides with the half-plane Ũ := R×(−∞, 0) outside
a compact set, so we can choose an open ball B with U \ B = Ũ \ B. Then
we pick another larger open ball B′ with B ⊂ B′, see Fig. 6.

Denote by T α the self-adjoint operator in L2(B′ ∩ U) given by the her-
mitian sesquilinear form tα defined by

tα(u, u) :=
∫∫

B′∩U
|∇u|2 dx dy + α

∫
B′∩∂U

|u|2 dσ,

D(tα) := {u ∈ H1(B′ ∩ U) : u = 0 on ∂B′}.

B

U

B′

Figure 6. Truncations of U .
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Any function in D(tα) can be extended by zero to a function in D(rα
U ), then

the min-max-principle implies
E(Rα

U ) ≤ E(T α) for any α ∈ R. (17)
Now let us pick two C∞ functions χ, χ̃ : R2 → R such that

χ2 + χ̃2 = 1, supp χ ⊂ B′, supp χ̃ ⊂ R2 \ B.

For any u ∈ D(rα
U ) one has the inclusions

supp χu ⊂ B′ ∩ U, supp χ̃u ⊂ U \ B ≡ Ũ \ B ⊂ Ũ ,

therefore,

rα
U (u, u) =

∫∫
U

|∇(χu)|2 dx dy + α

∫
∂U

|χu|2 dσ

+
∫∫

U
|∇(χ̃u)|2 dx dy + α

∫
∂U

|χ̃u|2 dσ

−
∫∫

U

(
|∇χ|2 + |∇χ̃|2

)
|u|2 dx dy

= tα(χu, χu) + rα
Ũ

(χ̃u, χ̃u) −
∫∫

U

(
|∇χ|2 + |∇χ̃|2

)
|u|2 dx dy

≥ tα(χu, χu) + rα
Ũ

(χ̃u, χ̃u) − C∥u∥2
L2(U)

with C :=
∥∥|∇χ|2 + |∇χ̃|2

∥∥
∞. The min-max principle implies

E(Rα
U ) ≥ E(T α ⊕ Rα

Ũ
) − C = min

{
E(T α), E(Rα

Ũ
)
}

− C.

The operator Rα
Ũ

admits a separation of variables, and with the help of
Lemma 2 for any α < 0, one obtains E(Rα

Ũ
) = −α2, which yields

E(Rα
U ) ≥ min

{
E(T α), −α2}

− C. (18)
For γk ∈ {γ′

k, γ′′
k} due to (15) and (16) one can find a large N ∈ N such that

E(Rγk
U ) ≤

(
− 1

sin2 θ′′ + δ
)
γ2

k ≤ −γ2
k − C for all k > N, (19)

then (18) implies E(Rγk
U ) ≥ E(T γk) − C, and by combining with (17) we

arrive at
E(Rγk

U ) ≤ E(T γk) ≤ E(Rγk
U ) + C for all k > N and γk ∈ {γ′

k, γ′′
k}. (20)

Now let us choose a bounded domain Ω ⊂ R2 such that B′ ∩ Ω = B′ ∩ U
and the boundary ∂Ω is C∞ outside B′, see Fig. 7, then Ω is a bounded
Lipschitz domain. Furthermore, the set Ω̃ := (Ω \ B′) ∪ (Ũ ∩ B′) obtained
by replacing the non-smooth portion B′ ∩ Ω of Ω with B′ ∩ Ũ is a bounded
C∞ domain, and Ω \ B = Ω̃ \ B.

B
B′

B
B′

Ω Ω̃

Figure 7. The bounded domains Ω (Lipschitz) and Ω̃ (C∞ smooth).
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As each function in D(tα) can be extended by zero to a function in
D(rα

Ω), the min-max principle yields

E(Rα
Ω) ≤ E(T α) for any α ∈ R. (21)

Using the same functions χ and χ̃ as above, for any u ∈ D(rα
Ω) we obtain

supp χu ⊂ B′ ∩ Ω ≡ B′ ∩ U, supp χ̃u ⊂ Ω \ B ≡ Ω̃ \ B ⊂ Ω̃,

therefore,

rα
Ω(u, u) =

∫∫
Ω

|∇(χu)|2 dx dy + α

∫
∂Ω

|χu|2 dσ

+
∫∫

Ω
|∇(χ̃u)|2 dx dy + α

∫
∂Ω

|χ̃u|2 dσ

−
∫∫

Ω

(
|∇χ|2 + |∇χ̃|2

)
|u|2 dx dy

= tα(χu, χu) + rα

Ω̃(χ̃u, χ̃u) −
∫∫

Ω

(
|∇χ|2 + |∇χ̃|2

)
|u|2 dx dy

≥ tα(χu, χu) + rα

Ω̃(χ̃u, χ̃u) − C∥u∥2
L2(Ω),

and it follows by the min-max principle that

E(Rα
Ω) ≥ E(T α ⊕ Rα

Ω̃) − C ≡ min
{
E(T α), E(Rα

Ω̃)
}

− C. (22)

One has E(Rα

Ω̃
) = −α2+o(α2) for α → −∞ as discussed in the introduction,

and due to (19) and (20) we can increase the above value of N to have

E(T γk) ≤ E(Rγk

Ω̃
) for all k > N and γk ∈ {γ′

k, γ′′
k}.

The substitution into (21) and (22) results in

E(Rγk
Ω ) ≤ E(T γk) ≤ E(Rγk

Ω ) + C for all k > N and γk ∈ {γ′
k, γ′′

k},

and by combining with (20) we arrive at

E(Rγk
U ) − C ≤ E(Rγk

Ω ) ≤ E(Rγk
U ) + C for all k > N , γk ∈ {γ′

k, γ′′
k}. (23)

Increase the value of N again to obtain additionally
C

(γ′
k)2 ≤ δ and C

(γ′′
k )2 ≤ δ for all k > N.

By combining (14) and (23) we obtain for all k > N :

E(Rγ′
k

Ω )
(γ′

k)2 ∈
[

− 1
sin2 θ′ − C

(γ′
k)2 , − 1

sin2 θ′ + δ + C

(γ′
k)2

]
⊂

[
− 1

sin2 θ′ − δ, − 1
sin2 θ′ + 2δ

]
,

E(Rγ′′
k

Ω )
(γ′′

k )2 ∈
[

− 1
sin2 θ′′ − C

(γ′′
k )2 , − 1

sin2 θ′′ + δ + C

(γ′′
k )2

]
⊂

[
− 1

sin2 θ′′ − δ, − 1
sin2 θ′′ + 2δ

]
.
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Figure 8. A non-compact but smooth “bad” domain V .

This shows the claim of Theorem 1 for the above Ω with the intervals

I ′ :=
[

− 1
sin2 θ′ − δ, − 1

sin2 θ′ + 2δ
]
,

I ′′ :=
[

− 1
sin2 θ′′ − δ, − 1

sin2 θ′′ + 2δ
]
,

and the sequences β′
k := γ′

N+k and β′′
k := γ′′

N+k.

3.3. Concluding remarks. By slightly modifying the arguments in
Subsection 3.1 one can also construct a non-compact but C∞ smooth domain
V such that E(Rα

V ) is well-defined for all α ∈ R but the ratio E(Rα
V )/α2 has

no limit for α → −∞. Namely, let us take the same domains Un as above
and put them next to each other in the order U0, U1, P1, U2, P2, U3, P3, . . . ,
where each Pn is an isometric copy of (0, 1) × (−∞, 0), see Fig. 8. One
uses again the Dirichlet-Neumann bracketing along the gluing lines as in
Subsection 3.1 and notes that the decomposition produces Laplacians Pn

admitting a separation of variables with spectra in [−α2, ∞). Then the two-
sided estimate (14) remains valid if one replaces E(Rα

U ) with E(Rα
V ), and

the same analysis implies that for any k ∈ N one has the inclusions

E(Rγ′
k

V )
(γ′

k)2 ∈
[

− 1
sin2 θ′ , − 1

sin2 θ′ + δ
]
,

E(Rγ′′
k

V )
(γ′′

k )2 ∈
[

− 1
sin2 θ′′ , − 1

sin2 θ′′ + δ
]
,

which shows that V possesses the required properties. As the curvature of
∂V is unbounded, the non-existence of lim

α→−∞
E(Rα

V )/α2 does not contra-
dict the existing results on the eigenvalues of Robin Laplacians in smooth
unbounded domains [4, 7].
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