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ABSTRACT. In a recent paper Behrndt, Holzmann, and Stenzel
introduced a new class of two-dimensional Schrodinger operators
with oblique transmissions along smooth curves. We extend most
components of this analysis to the case of Lipschitz curves.

1. INTRODUCTION

The recent paper [3] by Behrndt, Holzmann, and Stenzel introduced
a new class of two-dimensional Schrodinger operators with interactions
supported by curves. The case of smooth curves was studied in de-
tail, in particular, it was shown that these operators arise as a kind of
non-relativistic limit of Dirac operators, and some results on the de-
pendence of the eigenvalues on the coupling constant were obtained.
In the present work, we show that a significant part of the qualita-
tive analysis can be extended to Lipschitz curves as well, but, at the
same time, the non-smoothness may lead to an asymptotic behavior of
eigenvalues that is different from that obtained in [3].

Let 2, C R? be a bounded simply connected domain with Lipschitz
boundary . Set Q_ := R?\ Q, and denote by N = (n;,n,) the
unit normal on ¥ pointing to 2_. It will be convenient to use its
complexification

n:=mny+ing:>x — C.

A function f € L*(R?) will be identified with the pair (f, f_), where
f+ is the restriction of f on €2.. This gives rise to the identifications

LA(R?) ~ L*(Q)®L*(Q.), HY(RA*\X) ~ H(Q)OH*(Q_), s5>0,

where H? stands for the Sobolev space of order s, and similar notations
and identifications will be used for vector-values functions as well. We
further denote by 4+ the Dirichlet trace operator from {4 on X, i.e. for
functions f. € C*°(Q.) with compact support one has y* fi = fi|s,
which extends by density to a bounded linear map between suitable

Sobolev-type spaces on €2 and ¥ (as discussed in greater detail below).
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We are interested in the Laplacian on R? with the so-called oblique
transmission condition P,f = 0 on X, where

Pof =n(v"fr =7 f2) +a(v"0: f+ +770:1-), (1)
the expression
1
ag = 5(81 + 282)

is known as the Wirtinger derivative and o € R is a parameter. Our
goal is to construct a self-adjoint realization of the above operator and
to understand its spectral properties and the dependence on «.

The paper [3] was dedicated to the case when

Y is C*°-smooth, (2)
so let us review the available results first. Assume , then
7 HY Q) = HE(S)
are bounded linear maps. Denote by H, the linear operator in L*(R")
acting as
Holfr f-) = (=Af, =Af2)

on the domain
dom H,, := {(fy, f-) € H'(Qy) ® H'(Q-) ;
(aif-i-?aif—) S Hl(RQ)J Paf - 0}7

then from [3, Theorem 1.1] it is known that H, is self-adjoint with
SP€Coss H, = [0,00). The discrete spectrum is empty for o > 0 and
infinite and unbounded from below for o < 0, without accumulation
at 0, and for any fixed n € N the n-th discrete eigenvalue )\n(f[a) (if

counted with multiplicities in the non-increasing order) satisfies
4 _
M(Hy) = st O(1) for a — 0™ (3)

In addition, the operator H.,, can be obtained as a limit of Dirac oper-
ators. Namely, for ¢,n,7 € R, ¢ # 0, denote by B,, , the operator in
L?*(R?* C?) acting as

A

Bc,n,f(ﬁra f—) = (Dcf—'m DCf—)a

N 0 01—2'02 02 1 0
De:= ZC(&—I—Z'GQ 0 >+2<o —1)’

domBC,n,T = {(f—l-?f—) S HI(Q+7<C2) @ H1<Q—7C2) :

on the domain
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ic (2 g) (Y e = f2) +% (UJ(;T nOT) (T fe 47 h) = O}’

then [3, Theorem 1.2] states that for any fixed @« € R and A € C\ R
one has the norm resolvent convergence

H(BCV_QQ w2 — ()\+ %))1 _ ((I:Ia B >‘)_1 8) H = O<1>7 c — 00.

2 02 C

Our objective is to obtain similar results when the curve ¥ is non-
smooth. We will show that the basic properties as the self-adjointness
and the resolvent convergence can be adapted by a suitable extension
of operator domains. On the other hand, the asymptotics (3]) turns out
to be false in general.

From now we assume:

the curve X is Lipschitz. (4)
For s > 0 and open Q C R? define the space
H(9) = {g € H(Q) : Ag € L3},
which is a Hilbert space with the scalar product

(9, D) = (9, 9 s + (Ag, AG) 12 0)-
Recall that the Dirichlet trace maps 4+ can be viewed as bounded linear

maps from H3 () to H*2(%) for any s € (3, 2], see [2, Corollary 3.7].

For o € R denote by H,, the linear operator in L*(R?) acting as
Ho(fr, [-) = (=Af, =Af)
on the domain
dom Hy = {(f1,/-) € HA(Q) © HA(Q) -
(0:f+,0:f-) € H'(R?), P.f =0}.

In Section[2] we show that H,, is self-adjoint, its essential spectrum is the
positive half-line. The discrete spectrum is empty for o > 0 and infinite

(5)

(with accumulation at —oo only) for @ < 0. This part of the discussion
represents an adaptation of the analysis of [3] to the Lipschitz case with
the help of recent developments from [2, 4]. In Section |3| we discuss
the behavior of the eigenvalues of H, for « — 0~. Similarly to [3] we
use a relation with d-potentials, but due to the lower regularity of >
only much weaker assumptions can be used. As a result, we show the
two-sided estimate only: for any n € N there are 0 < A < B such that

B A _
—— < M(Hy) < > fora — 0.
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The asymptotic spectral analysis of Schrédinger operators with o-
potentials supported on non-smooth curves clearly has its own inter-
est. Due to an expected large number of technicalities, we prefer to
discuss it in detail somewhere else. In the present work, we restrict
our attention to the first eigenvalue and a special geometry to show
that the asymptotic behavior of eigenvalues can be different from the
one in the smooth case. More precisely, we show in Section [ that for
any B € (1,4) there exists a non-smooth curve 3 such that for the
associated operator H, there holds

B 1 _
M(Hy) = — = + 0<§) for « — 07,
which is clearly different from . The analysis in Sections (3| and 4] is
based on the min-max principle for the eigenvalues.

2. SELF-ADJOINTNESS AND BASIC SPECTRAL PROPERTIES

In addition to the Dirichlet trace maps v* we will consider the Neu-
mann trace maps .- defined for fi € C=(QL) by 7 fi := £(N, fils)
and then extended by continuity in suitable function spaces. In partic-
ular, v : H3(Qy) — H*2(X) are bounded for any s € (3, 3], see [2,
Corollary 5.7]

Recall that for any A € C\ [0, 00) the function

1

d(x) = 27T1r(0(—z'\/X|ac|), z € R?\ {0},

is a fundamental solution of —A — A. Here Kj is the modified Bessel
function of the second kind and the convention Im v\ > 0 is used.

For A € C\ [0,00) let 8(\) : L*(X) — L*(R?) be the single layer
potential given by

SMM@%3A®@—yw@ﬁw@LgeL%m,xeRNE, (6)

and S(\) : L*(Z) — L*(X) be the single layer boundary integral oper-
ator given by

Suw@waé¢@—ymwww@xgeL%m,xex (7)

One has by construction (—=A — A\)8(\) = 0 in R?\ ¥, and it is well
known that

S(A) : L2(D) — HY(R?), S(\): LX) — H'(D),



are well-defined and bounded, and there holds (8(\)g), € H E(Qi)
and

7 8(N)g=S(N)g and % 8(N\)g+7,8(N)g =g, (8)

for all g € L*(X), see [6, Theorem 1] and [I7, Theorem 6.11 and Eq.
(7.5)]. An integration by parts gives

2
)\”S(/\)QHLQ(Qi) - <8()\>g, _AS<)‘)9>L2(Qi)
and by it follows that
<S(/\)979>L2(2) = HVSO‘)QH%Q(Q” + HVSO\)QH%?(Q,)
2
The operator S(\) : L*(X) — L*(X) is compact (as it has a Hilbert-
Schmidt integral kernel), and for any A € (—o0,0) it is self-adjoint and
non-negative. We further remark that if S(\)g = 0 for some A < 0
and g € L*(X), then (9) shows that §(\)g = 0 in 4, and the second
identity in shows that g = 0. This means that S(\) is injective for
all A < 0.
Let H be the free Laplacian in L?(R?),

dom H := H*(R?), Hf:=—-Af.
For any f € L*(R?) and A € C\ [0,00) we have (H —\)~'f € H*(R?),
therefore,

YH =N, = [(H =N =y(H =N,
THO(H =N =7 [0:(H = N7 =20:(H - N7,
where
1

v H'(RY) = H2(Z), [ fls,
is the standard Sobolev trace, and for the boundary operator P, from
(1)) we have then

Pu(H = \)" f = 2070:(H — \)' /. (10)

Let us study in greater detail the expression on the right-hand side.

Lemma 1. For any A € C\ [0,00) define the operator ¥y as follows:
Uy LA(R?) = LA(X),  Waf:=2y0:(H — \)7'f, (11)
then:

(a) Uy : L*(R?) - L2(2) is compact with ran ¥y C H2 (%),
(b) W% = —20.8(\) with 8, := 1(0) — i0,),



(c) for any ¢ € L*(X) there holds
THOW0), + 7 (0-030) - = AS (Ve (12)
n(v*(‘lf’ism - 7‘(‘113@—) == (13)
Furthermore, if
Ny={fe H2(R?\ D) : (9:fy,0:f-) € H'(R?),
(—A=X)f=0inR*\X},
then
(d) W5 : L3(2) — Ny is bijective.

Proof. (a) The map ¥, is the double of the composition of the bounded
linear operators

(H—\)"': L*(R?) — H*(R?), 0;: H*(R*) — H'(R),
v HY(R?) = Hz(%).

As the embedding Hz (%) < L%(X) is compact, the claim follows.
(b) Let f € D(R?) and ¢ € L3(X), then

(—20.8(\)¢, [), ®) =~ /R (0, —i02)8( N f dx
_ /R (@ +i0)5(09) f da

(@& +i22)8(N) . )

= (s (1 - idn)f)

= (8(Vp,20:1)

D’(R?),D(R?)
D'(R?),D(R?)

D/(R2),D(R2)

Q/EQ) y)e ( ) do(y) 20: f(z) d

/
/ = / y)20:1(x) dz do(y)
= [#w)

e(y) 2y(H = X)7'0:f(y) do(y)

= <907 (H - )‘> 182f>L2(2)

One easily checks that (H — \)7'0.f = 0;(H — \)~'f (for example,
one applies the Fourier transform on both sides), so the previous com-
putations yield

< — 28ZS(5\) f>L2 R?) <90’ )f>L2(E)'
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This extends by density to all f € L*(R?) and implies the sought
identity.

(c) By [15, Eq (2.127)] there holds ran8(\) C HE(]R2 ¥), which
yields ran W% C H2(R2\X). For any ¢ € L*(X) one has (—A—X\)§(\) =
0 in R?\ %, and due to 8:9. = A we obtain

(0:93). = ( - %AS(A)sO)i
(15)

N | >l

(S(Np), € H? () C H'(),
We have §(\)p € H'(R?), hence,

T (8Ne), =7 (8(Nw)_ = 1S(Ve,
and gives

A - A
T(0:T5p) , = 2718(N¢ = 55V

This shows the identity as well as the inclusion
((0:239) . (0:030)_) € H'(R?). (16)

3
Let f = (f+,f ) € H'(R?) with fo € HE(2) and g = (g5,9.) €
Cg°(R?), then the integration by parts gives

i/znyi(%)zfi)%l do = /Qi 285((28zfi)gi) dz

- / (40:0, f1)gs dz + / (20.f+)(20z9+) da
Qt

Qi
= / (Afi)gs do +/ 40, (f+ 0z9+) do — f+40.0:9+ dx
Q4 Q4 Qi
_ / (Afs)gs do / Yyt furdog do— [ filrgs du
Q4 by Q4

= / (Vi f+)vg do / 2ny* f y0zg do — / v fe v gx do.
> > >

We have
Y= g T g =0,
which yields (with b := vg)
[0l @0t~ 2 @) hdo = [ (54 40t £ b do
b by

By density this extends to all g € H'(R?), hence, to all h € Hz (%),
and then for all h € L?(X), and one obtains

n(vH(20.f+) — v (20.12)) = v fr + 0l f-
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For f := 8()\)¢ with ¢ € L?(X) we have 20, f = —W}¢p, which results
in
+ (P —(* _ +Q(\ —-Q(
n( (T3 =7 (Bip)- ) = = (m8(Ne + 7, 8(N¢) = —

and proves .

(d) In D'(R? \ ¥) one has

— AU = —2A9.8(N)p = —20,(A8(N)p)
= —2(0.A8(N)p) = AV},

ie. (A —MNWip = 0in R?\ X. Together with and this
shows the inclusion W} (L2(Z)) C N, and implies the injectivity
of W3.

It remains to show W3 (L*(X)) = Ny. Let f = (f1, f-) € Ny and set

pi=—n(y" fr =7 f)ELND), g=Vp, u=f-g
We are going to show that u = 0. One has already g € N, hence,
1
u €Ny C H3(R?\X). Using we get
n(Y'g+ =7 g-) =—p=n(y"fr =7 f)

hence, n(ytuy — v u_) =0, and then yTu, =y u_. Due to u € N
we have (O;u,,d;u_) € H'(R?), and using the jump formula in D’(R?)
we obtain

Osu = (Ozuy, Osu_) +n(yTuy —y u_) = (Osuy, O:u_) € H'(R?).

As 0; is a first-order elliptic operator, due to the elliptic regularity

theorem one arrives at u € HE.(R?*). From the inclusion u € Ny

we obtain (—A — AM)u = 0 in R?\ X, and from u € HZ_(R?) it follows
(=A—XNu =0inR? sou € dom H with Hu = \u, and thenu = 0. [

Theorem 2. Let o € R, then:
(a) For any A € C\ [0,400) there holds
ker(H, — \) = Wi ker (I — aAS(N)). (17)
In particular,
A € spec, H, <= 0 € spec, (I — aXS(N)).
(b) For any A € C\ R the operator
(I —aASO) 7' L3(D) = L3(D)
1s well-defined and bounded, and there holds
(Hy =\ = (H =N+ ali(I—aAS(\) W, (18)
(¢) The operator H, is self-adjoint.
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Proof. Due to C°(R? \ ¥) C dom H, the operator H, is densely
defined. Let us show that it is also symmetric. Let f € dom H,, then

(Hof, flr2mey = (Af4, fo)rza) + (=Af fo) 2y
Using the integration by parts we obtain
(=Afx, fo) 2 = (4005 f+, [+)12(04)
= 4(0: [+, 0: f) 12000y F 20750 f, v  fi) 12,
Due to (s fy,0:f_) € H'(R?) one has y"0:f, = v d-f_, hence,
(Hof, f)ra@e) =4(0:f+, 0= f )72 (z2)
— (Y 0:f A7 0 f-n(V fe — ) oy
The transmission condition P, f = 0 implies
(Y fr = o) = —a(yT0:fr + 77 0:f2),
SO one arrives at
2
<Haf7 f>L2(R2) = 4H (82f+> 82][*) ||L2(1R2)
+ally O fy + 77012,

and the right-hand side is obviously real-valued, which shows the sym-

(19)

metry of H,,.
(a) Let A € C\ [0,400). We remark first that

ker(Ho, — A) = {f € N5 : P.f =0},

with N from (14). For each function f € Ny there is a unique ¢ €

L*(X) with f = U3¢, see Lemmal(l[d). By Lemmal[ljc) there holds

Pof =n(y"fr =7 f-) +a(y"0:f+ +770:f-)
= —p+arSA)p = —(I —arS(\))e,

showing that P, f = 0 if and only if ¢ € ker (I — aAS())).

(b) Let A € C\R. As H,, is symmetric, there holds ker(H,—\) = {0},
and then I — aAS()\) is injective by (a). As S(A) is compact, the
operator I — aAS()) is also surjective due to Fredholm alternative, so
its inverse is well-defined and bounded.

Let f € L*(R?), then (I — aAS(\)) ™' U\ f € L*(X) is well-defined,
so consider the function

g =(H =X +aUi(I —arS(\) 0, f. (20)

We are going to show that ¢ € dom H,. The first summand on the
right-hand side of is in H?(R?) and the second one is in Ny, which
yields

g€ HARA\S), (Dgs,0:9) € H'(R?).
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Using Lemma [I¢) we obtain
P (T — aXS(N) W, f
— — (I —axS(\) " Wsf 4+ axS(A) (I — aAS(N)) W, f
= —(I = aAS)) (I — aAS(N) "Wy f = — U, f,
and by we have P,(H — \)~'f = aW, f, therefore,
Pog = Py(H =N f + Wi (I —aXS(\) W, f
=—aV,f+al,f =0,
which shows g € dom H,. Finally, in D’'(R? \ ¥) there holds
(~A=XNg=(-A=-NH-N"f
Fa(—=A = (I —arS(\) LS,
and using (—A — A\)¥§ = 0, see Lemma (d), and
(CA=NH=N)"f=H-NH-N"f=]

we arrive at (—A — A)g = f. This shows g = (H, — \)"'f.
(c) We have seen that H, is symmetric, and due to (b) there holds
spec H, C R, which shows the self-adjointness. O

Remark 3. With the resolvent formula , many results obtained
in [3] for smooth ¥ can be transferred to the case of Lipschitz 3. The
resolvent formula has literally the same form as in 3], and most results
used for S(A) hold for Lipschitz ¥ too, as they are mainly based on
L?-estimates for the integral kernels and do not require the smoothness
of ¥. We will address some of the results in a more precise way.

Remark 4. For ¢,,7 € R, ¢ # 0, denote by B, . the operator in
L*(R* C?) acting as

Beyr(f4: =) == (Deft, Def-)
on the domain
dom B, , = {(f+,f_) e H2(Q,,C*) & H?(Q_,C?) :
(Dcf+a Dcf—) € LQ(Q-H C2) S LQ(Q—a C2)a
(0 @ - L+ 0 _
ic (n Q) (O fe =)+ <"OT UT) (Ve +rf) = 0},
then [4, Theorem 3.1] states that B, _,, is self-adjoint for any ¢ # 0

and € R and derives a resolvent formula. Namely, if one denotes by
B. the free Dirac operator in L*(R?, C?),

dOch = Hl(RZ,(CQ), Bcf = DCf7
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then for any A € C\ R one has the resolvent formula

(B, agoz — (0+2) = (B~ (1 +D))

72

-1

where
®y : L*(X,C?) — L*(R?,C?),
e /Gw— () dofy), = E€R\S,
A c
- i 2 ct3 0
Gi(z) == 27TCK0< 5 4|$|>< 02 ?5)

1 2 2 2 2 0 T — 11X
A _ga A e 1 2
+ 2mc|z| V ¢ 4K1< W |I|) T + iz 0 ’

oM =102 - 5)s(y/% - ).

c\c c?

With the above resolvent formulas one can use the same computation
as in [3, Theorem 1.2], which only involves L?-estimates for various
integral operators in L?(X), to show that for any fixed a € R and
A € C\ R one has

(5 - 05 2) " (5 D02, eroe

Remark 5. Similarly one derives the basic spectral properties of H,.
First, due to the compactness of ¥, see Lemma [l a) and the resolvent

formula we conclude that (H, —A)™' — (H — X\)~! is compact for
any A € C\ R, which implies

SPeCess Ho = specy H = [0, 00) for any a € R. (21)

For any o > 0 and any f € dom H, one has (H,f, )12 2) > 0 due to
(19), which gives spec H, C [0, 00), in particular,

spec i Ho = 0 for any a > 0.

As for any A < 0 the operator S()) is compact, self-adjoint, non-
negative, and injective (see the beginning of Section , we can enu-
merate its eigenvalues (S ()\)) counting the multiplicities such that

0< Ml(s()\)) < M2(5<>\>) <...
and for each n € N one shows that the maps
(—=00,0) 3 A= s (S(N)) € (0,00),
(—=00,0) 2 A = Ay (S(N)) € (—o0,0)
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are continuous and strictly monotonically increasing with
lim A, (S(A)) = —o0,  lim A, (S(A)) =0.
Jlim Ao (SQ)) = =00, lim A (S()

In fact, the argument of [3], Proposition 2.2(i)] for smooth ¥ still applies,
as the proof of the above properties is only based on the integration by
parts and some estimates from [14], which are also valid for Lipschitz
3. It follows that for any n € N and any a < 0 the equation

aru,(S(N) =1

has a unique solution A, (Ha), and by Theoremthe number A\, (H,) is
the n-th negative eigenvalue of H,, if enumerated in the non-increasing
order with multiplicities taken into account. This shows that specg;,. Ha
is an infinite discrete subset of (—o00,0) and does not accumulate at
0. At the same time, specy;,. H, cannot have any accumulation point
in (—o0,0): any such accumulation point would be in the essential
spectrum of H, in contraction to . As an infinite sequence has
at least one (infinite or finite) accumulation point, it follows that
lim \,(H,) = —oo for any a < 0.

n—oo

The discussion in this section shows that the qualitative spectral
picture for H, with Lipschitz 3 (essential spectrum, cardinality of the
discrete spectrum) is the same as for smooth 3. In order to show that
the non-smoothness produced some new effects, we will look at the
asymptotic behavior of A, (Ha) as a — 07 in the next section.

3. RELATIONS BETWEEN OBLIQUE TRANSMISSION CONDITIONS AND
0-POTENTIALS

As already mentioned in the introduction, in [3] it was shown that
for any fixed n € N one has

M(Hgy) = —% + O(1) for « — 07, if ¥ is smooth. (22)
The proof of this fact was based on a comparison of the eigenvalues
of H, with the eigenvalues of Schrodinger operators with d-potentials
supported by Y. Namely, for 5 € R and a simple Lipschitz curve
[' C R?, either closed or with a controlled behavior at infinity (which
holds in all subsequent examples), consider the sesquilinear form qg

given by

b0 = [ VI e [ fP do domh = 'R, (23
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which is closed and semibounded below and defines a unique self-
adjoint operator Qj in L*(R?), see [, Section 3.2]. We will be mainly
interested in the case I' := X, and we abbreviate

qp ‘= q?a Qﬁ = Q[Zila

but some other auxiliary curves I' will be used at various intermediate
steps of analysis below.

As ¥ is compact, one has spec,, Qs = [0, 00) and specy;,. @ s finite,
and for any A < 0 one has the equivalence

dimker(Qs — A) = dimker (1 + 3S(X)), (24)
in particular,
A € specyi. @ = 0 € specgy. (1 + BS()\)),

see [5 Lemma 2.3 and Theorem 4.2]. By taking the ordering into
account one concludes that for any A < 0, # < 0 and n € N one has
the equivalence

A= 1l @) = = = i (S).

Therefore, the discrete spectra of both H, and ()s are closely related
to each other, as both can be determined with the help of the eigen-
values of the integral operator S(A). The derivation of in [3] was
based on the analysis of (g for smooth ¥ in [I2]: For each fixed n € N
the operator )z has at least n negative eigenvalues for all sufficiently
large negative 3, and the nth eigenvalue pu, (Qp), if enumerated in the
non-decreasing order with multiplicities taken into account, behaves as

1
pn(Qp) = —152 4+ O(1) for B — —oo0, if ¥ is C*-smooth. (25)

Surprisingly, no similar results seem known for non-smooth ¥»: While
some conjectures can be found in the review [§], we are not aware of any
sufficient progress. In this section, we will prove some basic estimates
for the eigenvalues of Q? with Lipschitz or piecewise smooth >, which
will in turn produce new results for the eigenvalues of H,,.

Proposition 6. Let 0 < a < b and n € N be such that Qg has at least
n negative eigenvalues for all sufficiently large negative 5 and

—08” < pn(Qs) < —af for f — —oc, (26)
then
b1 a 1 3
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Proof. We have u, (S(Mn(Qﬁ))> = —%, therefore,

MH(QB)MH(S(NTL(QL?))) = _@7
and in view of we have
b5 < 1un Q)i (S (10(@9)) ) < aB. (28)

Furthermore (see Remark ,

af = % _ )\H(Hi)un(S()\n(HL))>a

b =
and the substitution into gives
Ma(H )it (SO (H 1)) ) < tin (@) (S (11n(Q5) )
As the function (—00,0) 3 A — Au, (S ()\)) is increasing, it follows
A(H ) < 1a(@3) < Ml(H 1) a5 5 — —oc. (29)

The reparametrization [ := i with a — 07 in the left-hand side of

gives
) o 1
)\n(Ha) < ,Un(Qi) < _ﬁ @-
Similarly, the reparametrization g := ﬁ with & — 07 in the right-hand

side of gives
b 1

A(Ho) > pn(Q 1) — 5 5 0

ax a2 052 ’

WE

Corollary 7. If for some b >0 and n € N one has

pn(Qp) = —bB* + o(5%) for B — —o0,
then ] )
Mn(Hy) = a2 + 0(9) fora —0".

Proof. For any € € (0,1) one has
—(14)bB% < 1 (Qp) = —(1 — €)bB? for f — —o0,
and Proposition [6] shows that for & — 0~ there holds
1+e¢ 1 1—c¢ 1
N (H) S
(1—¢)? ba? — (Ha) (14+¢)?2 ba?

As e can be chosen arbitrarily small, the claim follows. U
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Remark 8. By combining the last corollary with we see that for
smooth 3 one has \,(H,) = 4a~2 + o(a™?) for @« — 07, which is the
result of [3] with a weaker remainder estimate (which can be easily
improved by a small refinement of the above constructions).

We are now going to show that the dependence of the eigenvalues
of Qg on f can be different from (25)), which in turn gives a different
asymptotic for A\, (H,).

For the analysis let us recall the min-max principle. If @ is lower
semibounded self-adjoint operator in an infinite-dimensional Hilbert
space H, generated by a closed sesquilinear form ¢, then for any n € N
one defines

A(Q):= inf  sup alf, /)

pedoma repyioy [f]1?

It is known that n +— A, (Q) is non-decreasing with

lim A, (Q) = infspec,, @ (= 00 for spec.,, Q@ = 0),

n—oo

and for any n € N with A,(Q) < infspec,, @ the number A, (Q) is
the n-th eigenvalue of () if counted in the non-decreasing order with
multiplicities taken into account, see [19, Section XIII.1].

Proposition 9. For any n € N there are 5, < 0 and 0 < a < b such
that for all B < f3,, the operator Qg has at least n negative eigenvalues
(if counted with multiplicities), and

_bﬁ2 < ,un(QB) < _aﬂQ fOT all B < B. (30)

Proof. The standard trace inequality, see e.g. [16, Theorem 1.5.1.10],
implies that there exists ¢ > 0 such that

1
/w*mzdas(:(a/ vifast |f+\2dx)
) Q4 € Ja,

for all fy € H'(Qy) and € € (0,1). (31)

For any f € H'(R?), 3 < 0 and ¢ € (0,1) we obtain then

QB(faf):/Q V1P dx+/ﬂ ViP dx—|6|/2|v+f+|2 do

2 2 1 2
> [ s o= [ 9npace D [ inpac)

— (1 [Blee) / Vi a1 / ful de.
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The above inequalities are valid, in particular, for any 8 < —c¢~! and
= (—cB)~!. In that case 1 + fce = 0, and
il 1.0) 2 =60 [ 1P o 2~ ey
Q4
showing
A (Qp) > —c*B% for all B < —c 1. (32)

Let n € N. Pick n distinct points py,...,p, € 2. Let j € {1,...,n},
then there exist constants A, B > 0 and a Lipschitz function h; :
(=A,A) = (=%, Z) and an orthogonal coordinate change

®;: (—A, A) x (=B, B) 3 (y1,52) = R?, @;(0,0) = pj,
such that
®;((-A,A) x (-B,B))Nx
= (I’j({(?/hyz) sy € (—AA), yo = hj(%)}%

see [10, Definition 1.2.1.1]. By taking sufficiently small A one may ad-
ditionally assume that the n rectangles V; := ®;((—A, A) x (—B, B)),
j € {1,...,n}, are mutually disjoint and A, B are independent of
j, and denote M := max; [|h)]l. Let g € C*(R*) with suppg C
(—A,A) x (=5,2), g > 0 and ¢(0,0) = 1. Let § € (0,1) (a precise
value will be chosen later) and for all negative § with |3 > 6~ define
fj : R* = C such that supp f; C V; and

fj(q)(th)) = g(y1,0|6|(y2 —hj(yl)))7 (y1,92) € (A, A) x (=B, B).
As f; is Lipschitz with compact support, one has f; € H'(R?), and

2 2 o
/|f3| dx_/ il dx_/AA)x( BB)’<f (I))} dy

< [ om0 )t

— (018]) / / (. 2)|* d= dys = (B18) g 22ce.

L1 a0 = [ lotn 0 U I00F a2 o0
0 _

We further have

V(85050 = |19 (11, 0181 (52 — hy(n)) )
- 9|B|h;<y1)829(y17 G\ﬁl(yz - hg(%))) )2

+ )9[6|8gg(y1,9\5!(y2 - hj(yl))r
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2

< 4(M?+1)(08)?

)

(ylﬁlﬁ\(yz — hj(yl)))

therefore,

/ IVf|? de = IVf])? do —/ ’V(fj o CD]')!Q dy
R2 V; (—A,A)x(—B,B)

a0 [ (9001310~ b))

(=4,4)x

§4(M2+1)(96)2/A/R‘V9 yl>0|6|(y2_hj(y1))>‘ dys dy

A
<1+ 0037 @18 [ [ Vot ) d dus
—AJr
= 4(M* 4+ 1)0|BIV gll72 g2)-
It follows
qﬁ(fﬁfj) < (M2+1)0|B|HV9HL2 R2) ‘Bmg HL2 (—A,A)
HfJHL?(R? (QWD 1||g||L2(R2
A 4 )8 Vg gy — Olla- O[22 e

Cp ‘= )
H9HL2(R2)

- C@ﬂ27

and we can choose 6 > 0 sufficiently small to obtain ¢y < 0. Remark
that ¢y is independent of j.

Let F' := span{fi,..., fn}.- As fi,...,f, have mutually disjoint
support, for any f = by fi +--- 4 b, f, € F' with b; € C we have

=) IbiPas(fi £5) < oD 0Pl fill 722y = coB I f 12y,
j=1 j=1

hence,

Qo) < sup ULT)
rervioy 1 172 e

This implies that A;(Qg) = un(Qp) for all j € {1,...,n}, and by
combining with we obtain with a := —cg and b := 2. U

< ¢pB* < 0 = inf spec ., Qp-

By combining Propositions [6] and [9] we arrive at the following two-
sided estimate:

Corollary 10. For any n € N there are 0 < A < B such that

B A _
_E</\ (Ha)g—ﬁfora%() .
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It is not clear if the result can be improved. In particular, we do
not know if the assumption of Corollary |7 holds at least for some n for
general Lipschitz . Nevertheless, we are going to show that at least
for some Y and n = 1 the asymptotic fails.

4. ANALYSIS OF A PIECEWISE SMOOTH CURVE WITH A CORNER

Let us pick § € (0, 7) and denote
Ty:={(rcosw,rsinw) € R>: r >0, |w| =6},

which is the union of two half-lines meeting at the origin with the
angle 260 between them. For the associated operator Qg with f < 0 it
is known that

52

SPCCegs QFO - [_Za OO), SP€Cqisc Qge 3& @7
in particular,
1
—bp = m(Q) <=7, m(Qf) = —byB* for all § <0,
see [12 [18].

Theorem 11. Let ¥ C R? be a simple closed Lipschitz curve such that
(i) for somer >0 and 0 € (0,%) there holds

XN By (0) = L'y N By (0), (33)

(i) X is C* smooth at all points except at the origin,
then
,ul(Qg) = —bpB* +O(1) for B — —cc.

Proof. During the proof denote I' := I'y and b := by. Let x1,x2 €
C>(R?) be such that 0 < x; <1, x? + x3 = 1, with

xi1(xz) =1for |[x| <r and xo(z) =1 for |z| > 2r,

and denote C' := [||[Vx1]*+|Vx2|?||c < 0o0. Then a direct computation
shows that for any f € H'(R?) there holds

@ (1) =a;0af xaf) + 4 (et xaf)
= [Vl + V)P e (34)

> @5 (xaf xf) + @5 (xaf xaf) = ClIf1 722

Due to the assumption (ii) in by rounding the corner at the
origin we can construct a simple closed C* smooth curve ¥ such that
2N (R*\ B,(0)) = 20N (R*\ B,(0)), then obviously

a5 (X2, x2f) = q5° (o f, xof ) for all f € H'(R?). (35)
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Furthermore, let Q? be the self-adjoint operator in L*(B,,(0)) gen-
erated by the sesquilinear form (j? given by

B9 = [ [VoPdoss gl do
Bar(0) Bar (0)NE

on the domain dom g§ = Hg(Bs(0)). As each function in dom g3 can
be extended by zero to a function in dom qg, we have by the min-max
principle

A(QF) SM(QF), BER (36)
For any f € H'(R?) one has x1f € H}(B-(0)) with

@ (it xaf) = G (xafo xaf)-
By combining these observations with we obtain

QE(fu f) + C“f”%/Q(R?) > @?(lea le) + QEO(Xva X2f>7 f € H1<R2>
The right-hand side is the sesquilinear form of the operator Q% @ Q?O

computed on ((x1f,x2f), (x1f, x2f)) and that the map f — (x1f, x2f)
preserves the L?-norm, so the min-max principle implies

M(QF) - C>MQF®Q)), BeR

and we have Aﬂ@% & Q?O) = min {Al(()g), Al(ng)}, so in combina-
tion with we arrive at

min {A4(Q%), M(QF)} - € < M(QF) < M(QF), BeR (37)

The same argument can be applied to Q} instead of Q%, which gives

min {Al(Qg),Al(ng)} —C<M(Q)) <A(QE), BeER, (38

where I' is a C*-smooth curve coinciding with I' in R?\ B,(0) and QY is
the self-adjoint operator in L? (BQT(O)) generated by by the sesquilinear
form cjg given by

Q5(9.9) =/ Vg|*dz + lg|* do
Bar-(0) B (0)NT

on the domain dom c'jg = H; (BQT(O)). We have noted above for any
£ < 0 we have Al(Qg) = —bp?% (while b > %), and by [I3 Section 5]
for § — —oo one has

1
A(@F) = (@) = =377 + 0(1).
In particular, for  — —oo one has Al(ng) - C > Al(Qg), and

implies

A(Q) — C < M(QF) < M(QE), B — —oo,
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in particular,
A(QF) = Mi(QF) + O(1) = —b8* + O(1) for B — —oc.
We further remark that due to the assumption (i) in we have
Qs = Q%, and by for ¥ := Y, for B — —oo we have
M(QE) = i (@F) = 57 +0(1) > A(@F),
SO yields that for § — —oo one has

Al(@?) -C< A1(Q§) < A1(@§)>

in particular,
M(QF) = Mi(QF) +0(1) = A (QF) + O(1) = =b5* + O(1).

The right-hand side is negative (i.e. lies below the bottom of the es-
sential spectrum of Q%), SO Al(Qg) = ul(Q%?) for all sufficiently large
negative [3. O

By combining Theorem [T with Corollary [7]we arrive at the following
observation:

Corollary 12. If X satisfies , then for the respective operator H,
one has

1 1 )
M(Ho) =~ +0<&>, a0

Theorem 13. For any B € (1,4) there exists a simple closed Lipschitz
curve X3 such that for the associated operator H, there holds

B 1
M (Hy) = 2 + 0<$> forao— 0.

Proof. By [I1, Section 5] the function (0,%) > 6 — (—by) is continu-
ous and monotonically decreasing, and by [7, Theorem 1.11] and [0}

Theorem 2.2| one has

1
lim (—bg) = —1, lim (—bg) = —Z.

0—0+ 9-}%‘

Therefore, for any B € (1,4) there exists 6 € (0, §) with by =
the claim follows by Corollary O
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