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IInnttrroodduuccttiioonn  
  
Important relationships between  
 
semigroups  probability 
   
Feller semigroups  Markov processes 
convolution semigroups  Poisson approximation 
   
representation theorems  Bochner and Pettis integral 
approximation theorems  law of large numbers 
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IInnttrroodduuccttiioonn  
  
Semigroups { }³ Í0  [ , ] of class ( )0C  : on a Banach space   ( )|T t t

  
  (identity) = I(0)T

 ( )  for  + =( ) ( )T s t T s T ³, 0s tt

 


-
0

lim ( )
t

T t f f = 0 Îf

w Î1,

 for all  

 

There exist constants  such that ³M  w£ tMe ³ 0t( )T t  for   
 
Infinitesimal generator: 
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IInnttrroodduuccttiioonn  
  
Feller semigroups { }³( )| 0t { }³T t  for standard Lévy processes | 0 :tX t  

  
( )é ù+= ë ûtX f( ) ( )T t f x E f x Î = � ( )UCB  for   

  
Infinitesimal generator: 
 

[ ]
( )

 

é ù+ -ë û( )tx X f x
Î( )f A= - =

0 0

1
( ) lim ( ) ( ) lim

t t

E f
Af x T t f x
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I  for  

 



5 D. Pfeifer   Conference in honor of Paul Deheuvels, Paris, June 20-21, 2013  

IInnttrroodduuccttiioonn  
  
Feller semigroups { }³( )| 0t { }³T t  for standard Lévy processes | 0 :tX t  

  
( )é ù+= ë ûtX f( ) ( )T t f x E f x Î = � ( )UCB  for   

  
Example: Brownian motion: m s=  2( ,t )t  with  tXP m sÎ >, 0 :
 

( ) s
m



é ù+ -ë û= =
0

( )
( ) lim +

2

'( ) ''(
2

t

t

E f x X f x
)Af x f x f x

t
  

 
for { }Î = Î ( ) | ',f A f f Î''f  
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IInnttrroodduuccttiioonn  
  
Feller semigroups { }³( )| 0t { }³T t  for standard Lévy processes | 0 :tX t  

  
( )é ù+= ë ûtX f( ) ( )T t f x E f x Î = � ( )UCB  for   

  
Example: Brownian motion: m s=  2( ,t )t  with  tXP m sÎ >, 0 :
 

( )
[ ] ( )
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2

''( )f x t

t
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IInnttrroodduuccttiioonn  
  
Feller semigroups { }³( )| 0t { }³T t  for standard Lévy processes | 0 :tX t  

  
( )é ù+= ë ûtX f( ) ( )T t f x E f x Î = � ( )UCB 

= Gt l> 0 :

 for   
  

Example: Gamma process: t  with  l( , )XP
 

( ) l
¥

-



é ù+ -ë û= = ò0
0

( )
( ) lim t u

t

E f x X f x f x + -( ) ( )u f x
Af x e d

t u
u   

 
for { }Î = Î( ) |f D A f Î'f   [pure jump process] 
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IInnttrroodduuccttiioonn  
  
Feller semigroups { }³( )| 0t { }³T t  for Lévy processes | 0 :tX t  

  
( )é ù+= ë ûtX f( ) ( )T t f x E f x Î = � ( )UCB 

=t l> 0 :

 for   
  

Example: Poisson process: )  with  l(XP t
 

( )
[ ]l



é ù+ -ë û= = + -
0
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( ) lim ( 1) ( )t
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E f x X f x
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for  Î = ( )f A
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IInnttrroodduuccttiioonn  
  
Convolution semigroups { }³( )| 0tT t  on  with = p { }Î ¥1, :p

= f Îf

 
 

*  for   p( )t( )T t f

  
where ( ) 1),=p p p p( ) ( )(0), ( )(1), ( )(2t t t t Î   is an infinitely divisible dis-

crete distribution, i.e.  
 

+ = *( ) (s tp p( )s t ³, 0.s tp )  for  
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IInnttrroodduuccttiioonn  
  
Convolution semigroups { }³( )| 0tT t  on  with = p { }Î ¥1, :p

= f Îf

 
 

*  for   p( )t( )T t f

  
(Example: Negative binomial convolution semigroup: )=p( ) ,t NB t

:
p  with 

< <0 1p   
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IInnttrroodduuccttiioonn  
  
Convolution semigroups { }³( )| 0tT t  on  with = p { }Î ¥1, :p

= f Îf

lp( ) ( l> 0 :

 
 

*  for   p( )t( )T t f

  
Example: Poisson convolution semigroup: )t  with  = t

  

[ ]
[ ]) i

l
l

ì - =ïï= - = íï - - >ïî0

(0) if 01
( ) lim ( ) ( )
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³( )

IInnttrroodduuccttiioonn  
  
Representation theorems for { }| 0t :   T t
 

History (excerpt): Hille (1942), Widder (1946), Yosida (1948), Kendall 
(1954), Trotter (1958), Kato (1959), Chung (1962), Ditzian (1969), Butzer 
& Hahn (1980), Shaw (1980), Pfeifer (1984-1986) 
 

If A is bounded:   
¥

= =å( )
k

tA k

k

t
T t f e f Î = ( )f A

=0 !
A f

k
 for  
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IInnttrroodduuccttiioonn  
  
General case (A unbounded): 
 

Hille’ s first exponential formula: with [ ]= -
1

( )h
h

I :  hA T
 

( )


=
0

( ) limexp hh
T t f f ÎftA  for  

  

Hille-Yosida: with resolvent   
ll l

¥
- -= - = ò1( ; ) ( ) ( ) ,tR A f A f e T t f dtI l w> :

0

 
( )ll¥

=( ) limexT t f f Îfp tB  for  

with  
[ ]  for    l l l l= -( ;B R I l w>)A
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IInnttrroodduuccttiioonn  
  

General case (A unbounded):  with [ ]= -
1

( )h
h

I :  hA T

 
Kendall: 
 



æ ö÷ç= + ÷ç ÷çè ø0
( ) lim

n

h

t
T t f fI Îf1/nA

n
 for  

 
Shaw:  

-



æ ö÷ç= -ççè ø0
( ) lim

n

h

t
T t f f

n
I Îf÷÷1/nA  for  

 
[particular cases of Chernov’s product formula] 
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PPrroobbaabbiilliissttiicc  rreepprreesseennttaattiioonnss  ooff  ooppeerraattoorr  sseemmiiggrroouuppss  
  
Some notation:  
 

j é ù= =ë û å( ) :
¥

=

=
0

(N n
N

n

t E t t P N )n  

 

[probability generating function for a non-negative integer valued 
random variable N] 
 

y
¥

=

é ù é= = ù
ë û ë( ) : tX

X t E e ûå
0 !

n
n

n

t
E X

n
 

 

[moment generating function for a non-negative real valued ran-
dom variable X] 



16 D. Pfeifer   Conference in honor of Paul Deheuvels, Paris, June 20-21, 2013  

z > 0Y

=

PPrroobbaabbiilliissttiicc  rreepprreesseennttaattiioonnss  ooff  ooppeerraattoorr  sseemmiiggrroouuppss  
  
Main Representation Theorem (Pfeifer 1984): Let N be a non-negative 
integer-valued random variable with  and  be a real-

valued random variable with  such that 

=( )E N

g( )E Y ( )j d <¥1N  and 

( )y d <¥2Y  for some  and  Then for sufficiently large n, d1 > 0.>1 d2

j
æ öé ùæ öç çê úç ççç ê úç è øè øë û

N E T ÷÷ ÷Î÷ ÷÷ ÷
 [ ,

Y
n

 ] with 

wæ ö
j j y

é ù æ öæ ö æ ö÷ç ÷ç÷ ÷ç çê ú÷ £ ÷ç ÷ ÷çç ç÷ ÷÷ ÷ç çç ÷ç÷ê úç è ø è øè øè øë û
,N N Y

Y
E T M

n n
 

and 

x j
¥

ì üæ öé ùï ïæ ö ÷ï ïç ÷çê ú÷= çí ý÷ççç ê úçï ïè øè ø÷÷ ÷ë ûï ïî þ
( ) lim

n

Nn

Y
T f E T

n
Îf x z= .f  for  with g  



17 D. Pfeifer   Conference in honor of Paul Deheuvels, Paris, June 20-21, 2013  

x(1, ) º1,Y

PPrroobbaabbiilliissttiicc  rreepprreesseennttaattiioonnss  ooff  ooppeerraattoorr  sseemmiiggrroouuppss  
  
Corollary: comprises (all) known representation theorems: for example: 
 

 Choose  [binomial distribution] and  then  =NP B

  

 
xæ ö

èè ø
j
ì üæ öé ùï ïæ ö ÷ï ïç ÷ ÷ç çê ú÷ = +çí ý÷ ÷ç ç÷÷ ÷ç çç ÷ê úçï ïè ø øë ûï ïî þ

1/

n n

N n

Y
E T A

n n
I

x(1, ) º1,Y

   (Kendall) 

 
Choose  [negative binomial distribution] and  then  =NP NB
 

x -æ ö
è ø

j
ì üæ öé ùï ïæ ö ÷ï ïç ÷ ÷ç çê ú÷ = -çí ý÷ ÷ç ç÷÷ ÷ç çç ÷ê úçï ïè øè øë ûï ïî þ

n

N n

Y
E T

n n 1/

n

AI    (Shaw) 
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x( º1,Y

PPrroobbaabbiilliissttiicc  rreepprreesseennttaattiioonnss  ooff  ooppeerraattoorr  sseemmiiggrroouuppss  
  
Corollary: comprises (all) known representation theorems: for example: 
 

Hille’s first exponential formula: Choose )  and  then  =NP
 

( )x
öù
ú =
úø

j x
ì üæ ö æé ù éï ïæ ö æ ö÷ ÷ï ïç ç÷ ÷ç çê ú ê÷ ÷= -ç çí ý÷ ÷ç ç÷ ÷÷ ÷ç çç ç÷ ÷ê ú êç çï ïè ø è øè ø èë û ëï ïî þ

1
exp

n

N

Y
E T n T

n n û
1/exp nAI  
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= = (1),YP

PPrroobbaabbiilliissttiicc  rreepprreesseennttaattiioonnss  ooff  ooppeerraattoorr  sseemmiiggrroouuppss  
  
Corollary: comprises (all) known representation theorems: for example: 
 

Hille-Yosida: Choose  and  then  x( )NP
 

( )
¥ ¥

- -é ùæ ö æ ö÷ ÷ç çê ú = =÷ ÷ç ç÷ ÷ç çê úè ø è øë û
ò ò
0 0

u nvY u
E T f e T f du n e T v f

n n
= ( ; )dv nR n A f Îf for  

 

and hence 
 

[ ]( )j x
ì üæ öé ùï ïæ ö ÷ï ïç ÷çê ú÷ = -çí ý÷ç ÷÷çç ÷ê úçï ïè øè øë ûï ïî þ
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n

N

Y
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n
( )x= exp nBI  
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PPrroobbaabbiilliissttiicc  rreepprreesseennttaattiioonnss  ooff  ooppeerraattoorr  sseemmiiggrroouuppss  
  
Idea of proof: Let { } În n

Y


1

 be i.i.d. as Y, independent of N. Consider the 

random sum 
=

=å
N

k
kX Y  with ( )y= ( )Yy j( )X Nt .t  Then in some sense 
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é ù é= ⋅ = = ùë û ë
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0 1

1 2
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E T Y T Y T
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 
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PPrroobbaabbiilliissttiicc  rreepprreesseennttaattiioonnss  ooff  ooppeerraattoorr  sseemmiiggrroouuppss  
  

Now take i.i.d. copies { }
=

= å
1

1 n

n k
k

În n
X


 of X and consider X X

n
x z= .

which 

converges a.s. (and thus also in probability) to g  By the law of 
large numbers, it follows that 
 

( )x j
¥ ¥ ¥

ì üæ öé ù é ùï ïæ ö æ ö ÷ï ïçé ù ÷ ÷ç çê ú ê ú÷= = = çí ý÷ ÷ç ç ÷ê ú ÷ ÷ç çë û ÷ê ú úï ïè ø øç êç èè øë û ëï ïî þ
( ) lim lim lim

nn

n Nn n n

X Y
T f E T X f E T f E T f

n n
Î .f

û
 for  

  

Idea of proof: modulus of continuity  
 

( ){ }w x d x= -( , , ) : sup ( ) ( )f T t T f x d- < >, 0t t

Î e> 0, w x d <( , , )f

  
 

[Note that for  and  there exists a  with e ] f d > 0
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0,

PPrroobbaabbiilliissttiicc  rreepprreesseennttaattiioonnss  ooff  ooppeerraattoorr  sseemmiiggrroouuppss  
  
For all  we have d >
 

( ) ( ) ( )

( ) ( ){ } { }

( ){ }{ }

( ) { }w w

x d x d

x d

x x

x x

w x d x

w x d x d

È- < - ³

- ³

é ù é ù é- = - £ -ê ú ê ú êë û ë û ë

é ù= - =ê úë û

£ + +

é ù£ + - ³ + x

x

w x d

ù
úû

é ù-ê úë û

£ê úë û

ò ò

ò

( ) ( )

( )

( , , ) ( )

( , , ) n

n n

n

n n n

n n

n

X
n

X X

X

E T X f T f E T X T f E T X T

T X T f dP

f f T X T dP

f f P X M E e e

( )

( )

2 ( , , )

f

T X T f dP

f

 

 
for sufficiently large n. 
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PPrroobbaabbiilliissttiicc  rreepprreesseennttaattiioonnss  ooff  ooppeerraattoorr  sseemmiiggrroouuppss  
  

[ ](E T X )  exist, and does there hold Crucial point: In which sense does 
 

[ ] [ ] [ ] [ ])   (*) + = =( ) ( ) ( ) ( ) (E T X Y E T X T Y E T X E T Y 
 

for independent random variables X,Y? 
 

Bad News Theorem (Pfeifer 1984): If 


liminf
t z

-( ) ( ) 0T t T z

0

>  for some 

>z  and the semigroup is injective in a neighbourhood of zero, then 
( )t  is neither Borel-measurable nor separably valued, hence t T

[ ]

( ) Î = ( )f UCB 

(E T )  does in general not exist as a Bochner expectation. X
 

Example: semigroup of translations:  for  

with 

= +( )f f tT t

- = 2 whenever  ( ) ( )T t T z ¹ .t z
 

Solution: (modified) Pettis integral (uses a suitable subset of the dual 
space of  and the Hahn-Banach-Theorem) → (*) can be justified! [ , ]
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PPrroobbaabbiilliissttiicc  rreepprreesseennttaattiioonnss  ooff  ooppeerraattoorr  sseemmiiggrroouuppss  

  
Consequence: Main Representation Theorem (and extensions) can be 
used to find estimates for the rate of convergence, central idea: 
 

[ ] ( ) ( ) s
x»

2
2( )

2
T Ax xx x x- = - + - +2 21

( ) ( ) ( ) ( )
2

E T X f T f E X T Af E X T A f R

(X

f  

 

with );  more precisely (among other results): s =2 Var
 

[ ] ( ){ } { }{ }wx x w wx x y- £ - + -
2/33 6 1/33( ) ( ) (3 )

6 X

M
E T X f T f A f e E X E X

s
x-

2
2( )

2
T A f

 

for ( )3Îf A  → starting point for joint work on Poisson approximation 
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1, , n

TThhee  sseemmiiggrroouupp  aapppprrooaacchh  ttoo  PPooiissssoonn  aapppprrooxxiimmaattiioonn    
  

History (excerpt): Le Cam (1960), Franken (1964), Chen (1974), Serfling 
(1975, 1978), Arenbaev (1976), Shorgin (1977), Presman (1984), Barbour 
& Hall (1984), Serfozo (1985), Deheuvels and Pfeifer (1986-1989) 
 

Startup framework: Let X X  be independent binomially distrib-
uted over { }0,1  with ( ) ( )0,1  and T be Poisson distributed 

with parameter  Define .X  Then for a large class of prob-

ability metrics  we have 

= =1i

l> S

,

Îip

=

=å
1

:
n

i
i

P X

0.

r
 

( ) ( ) l

r

- A
ip A e f



r
=

ì üï ïï ï= +í ýï ïï ïî þ


1

,
n

S T

i

P P I  

 

r
 Î .ffor a suitable Banach space  with norm  and a suitable  

Here  A is the generator of the Poisson convolution semigroup. 
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TThhee  sseemmiiggrroouupp  aapppprrooaacchh  ttoo  PPooiissssoonn  aapppprrooxxiimmaattiioonn    
  
Examples:  
 

total variation:   

( )r
+Í

= Î -, sup ( )S T

A
P P P S A P


Î( ) :T A  

r
= = = 1

1 1
, , (1,0,0, )

2
f g    =  

 

Kolmogorov metric:  
 

( )r
+Î

= £ -, sup ( )S T

m
P P P S m P


£( ) :T m   

r ¥
¥= = = = , , (1,1,1, )f h     
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where  is the positive root of  a =1.6784.
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Extensions:  
 

 multinomial distributions  

 point processes 

 Markov chains 

 mixed distributions 

 Poisson-stopped sums 

 weighted metrics 

 signed measures 

 … 
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