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Introduction

Important relationships between

semigroups < | probability
Feller semigroups < | Markov processes
convolution semigroups <> | Poisson approximation

representation theorems < | Bochner and Pettis integral
approximation theorems law of large numbers
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Introduction

Semigroups {T(t)|t >0} C L[X, X] of class (C,) on a Banach space X :

e T(0) =1 (identity)
o T(s+t)=T(s)oT(t) for s,t>0
. ILrp”T(t)f—f”:O forall fex

There exist constants M >1, we R such that |[T(t)| < Me** for t >0

Infinitesimal generator:

Af(x) = Iim%[T(t)—l]f(x) for f e D(A) and AT(t)f =T(t)Af = %T(t)f
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Introduction

Feller semigroups {T(t)|t >0} for standard Lévy processes {X, |t >0}:
T(t)f(x) = E|f(x + X,)] for f € X = UCB(R)

Infinitesimal generator:

for f € D(A)

A= 'i{p%[T(t)—l]f(x) —lim E|f (x+ ):t)—f(x)]
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Introduction

Feller semigroups {T(t)|t >0} for standard Lévy processes {X,|t > 0}:
T(t)f(x) =E|f(x + X,)] for f € X = UCB(R)

Example: Brownian motion: P* = N(ut,o’t) with u€R, o >0:

E[f(x+X,)—f 2
Foct tf) (X)]zuf'(x)—i—%f"(x)

Af(x)=Ilim
t|0

for f e D(A)={f e X|f'.f" e X}
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Introduction

Feller semigroups {T(t)|t >0} for standard Lévy processes {X, |t >0}:
T(t)f(x) = E|f(x + X,)] for f € X = UCB(R)

Example: Brownian motion: P* = N(ut,o’t) with u€R, o >0:

E[f(x+X,)—f(x)]
t

—E[X [f! (x)+—E[x2]f"(x)+(9(t2)

— uf () +Z f"(X)+O(t2)
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Introduction

Feller semigroups {T(t)|t >0} for standard Lévy processes {X, |t >0}:
T(t)f(x) = E|f(x + X,)] for f € X = UCB(R)

Example: Gamma process: Pt =T'(t,\) with A >0:

E[f(x+ X) - f()] _ Jeufocta=f,,

Af(x)=Ilim
t10 t u

0

for f € D(A) ={f € X|f'€ X} [pure jump process]
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Introduction
Feller semigroups {T(t)|t >0} for Lévy processes {X,|t >0} :
T(t)f(x) =E|f(x + X,)] for f € X = UCB(R)

Example: Poisson process: P* = P(\t) with A\ >0:

E[f (x + X,)— (x)]

Af(x) =lim = A[f(x + 1) —f(x)]

for fe D(A)=X
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Introduction
Convolution semigroups {T(t)|t >0} on X =¢* with pe{1,00}:

T@t)f =p(t)xf for fe X

where p(t) = (p(t)(0), p(t)(1), p(t)(2),---) € ¢' is an infinitely divisible dis-

crete distribution, i.e.

p(s +1t) = p(s) * p(t) for s,t > 0.
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Introduction
Convolution semigroups {T(t)|t >0} on X =¢* with pe{1,00}:
T(t)f =p(t)«f for feX

Example: Negative binomial convolution semigroup: p(t) = NB(t,p) with
O<p<:

w(t)(m) =

—1) n I(t+n) .
]p(1—p) “To-m” p'(1-p)

—In(p)-f(0) ifn=0

Af(n) = I|m [T(t) 11f(n) = for fex

Z p)k[f( —K)—f(n)] ifn>0
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Introduction

Convolution semigroups {T(t)|t >0} on X =¢* with pe{1,00}:
T(t)f =p(t)xf for fe X

Example: Poisson convolution semigroup: p(t) = P(\t) with A >0:

—Xf(0) ifn=0

AF(n—1—f(n)] ifn>0 O TEX

Af(n) = Iim%[T(t) —1]f(n) = {
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Introduction

Representation theorems for {T(t)|t >0} :

History (excerpt): Hille (1942), Widder (1946), Yosida (1948), Kendall
(1954), Trotter (1958), Kato (1959), Chung (1962), Ditzian (1969), Butzer
& Hahn (1980), Shaw (1980), Pfeifer (1984-1986)

00 k
If A is bounded: T(£)f = ef — %Akf for f € D(A) = X
k=0 .
T(t)f = ef = lim I+%A f for feD(A) =X
T(&)f = e%f — lim I—%A f for feD(A)= X
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Introduction
General case (A unbounded):
Hille’ s first exponential formula: with A, = %[T(h)—l]:

T(t)f = IL[? exp(tA,)f for fex

Hille-Yosida: with resolvent R(\; A)f = (\l— A) 'f = fe‘”T(t)fdt, A>w:

0

T(t)f = Lim exp(tB,)f for feXx
with
B, = A[XR(\; A)—1] for A>w

13
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Introduction
General case (A unbounded): with A :%[T(h)—l]:
Kendall:

T(t)f = |ihg\[|+%A1,n]nf for fex
Shaw:

. t !
T(t)f:ILg][l—;Aﬁn f forfex

[particular cases of Chernov’s product formula]
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Probabilistic representations of operator semigroups
Some notation:
oy (t) == E[t"|=>"t"P(N =n)
n=0

[probability generating function for a non-negative integer valued
random variable N]

ut)=Ele”]= L

n=0

[moment generating function for a non-negative real valued ran-
dom variable X]
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Probabilistic representations of operator semigroups

Main Representation Theorem (Pfeifer 1984): Let N be a non-negative
integer-valued random variable with E(N)=( and Y >0 be a real-

valued random variable with E(Y)=~ such that ¢,(§)<c and
Y, (6,) <o for some & >1 and 6,>0. Then for sufficiently large n,

r
n

e L[X,X] with

Pn [E

oy |E

i

T[%]”} f for f € X with &= ¢y,

and

T(Qf = lim {soN E

16
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Probabilistic representations of operator semigroups

Corollary: comprises (all) known representation theorems: for example:

Choose P" = B(1,¢) [binomial distribution] and Y =1, then

[o[efr]

Choose P" = NB(1,£) [negative binomial distribution] and Y =1, then

} _ [| —§A1,n]n (shaw)
n

]}” = [I + %AV,,]” (Kendall)
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Probabilistic representations of operator semigroups
Corollary: comprises (all) known representation theorems: for example:

Hille’s first exponential formula: Choose PY = P(¢) and Y =1, then

el e

E

én|T %]—IU — exp(¢A,,)
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Probabilistic representations of operator semigroups

Corollary: comprises (all) known representation theorems: for example:

Hille-Yosida: Choose P" = P(¢) and P” = £(1), then

o0

E|T Y f:fe‘“T y fdu:nfe‘"VT(v)fdv:nR(n;A)f forfeXx
n 0 n 0
and hence

T[%]mn = exp(&n[nR(n; A)—1]) = exp(¢B,)

L
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Probabilistic representations of operator semigroups

Idea of proof: Let {Y,} . bei.i.d. as Y, independent of N. Consider the

N
random sum X = ZY,( with ¢, (t) = go,\,(z[}y(t)). Then in some sense

k=1

00

E[T(X)]= ;E‘T[ZY ” P(N = n)

M L[Ve

E[T(Y,)oT(Y,)o--oT(Y,)]-P(N = n)

E[T(Y)]"-PIN =n) =, (E[T (V)]

5
II
o



D. Pfeifer ® Conference in honor of Paul Deheuvels, Paris, June 20-21, 2013

universitdt | OLDENBURG

Probabilistic representations of operator semigroups

Now take i.i.d. copies {X,} = of X and consider X, :1ZX,< which
nis

neN

converges a.s. (and thus also in probability) to ¢ =(y. By the law of
large numbers, it follows that
1
n

wlf,€,8) = sup{|(T) - T(©)f| | |t — ¢ < 6,£ > 0}

f=IlimE E

n—oo

T

T(©f =limE(T(X,) .

” f for f e X.

f= |im{g0N

n—oo

Idea of proof: modulus of continuity

[Note that for f €¢ X and ¢ > 0, there exists a § >0 with w(f,&,6) < ¢]

21
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Probabilistic representations of operator semigroups

For all 6 >0, we have
HE[T (X,)]f - T(g)f” - HE[T (X,)- T(g)]f” < EH[T (X,)- T(g)]f”

T(X,)- T(g)]fHdP

- f H{T()_(”) B T(E)]fHdP - f{xn—£<5}u{x,,—£za}

}{HT()_(,,)H+||T(§)||}dP

Xp—€[>8

< w(f,&,6)+|f] ﬁ

<wlf,€,6)+[f|P(|X, — &> 5)M{E[em |+ e } < 20(f,£,6)

for sufficiently large n.
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Probabilistic representations of operator semigroups

Crucial point: In which sense does E[T(X)] exist, and does there hold
E[T(X+Y)|=E[T(X)oT(Y)]=E[T(X)]cE[T(Y)] (*)

for independent random variables X,Y?

Bad News Theorem (Pfeifer 1984): If Iir‘?liznf||T(t)—T(z)|| >0 for some

z >0 and the semigroup is injective in a neighbourhood of zero, then
t—T(t) is neither Borel-measurable nor separably valued, hence

E[T(X)] does in general not exist as a Bochner expectation.
Example: semigroup of translations: T(t)f =f(.+t) for f € X = UCB(R)
with |T(t)—T(z)| =2 whenever t = z.

Solution: (modified) Pettis integral (uses a suitable subset of the dual
space of L[X,X] and the Hahn-Banach-Theorem) — (*) can be justified!
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Probabilistic representations of operator semigroups

Consequence: Main Representation Theorem (and extensions) can be
used to find estimates for the rate of convergence, central idea:

E[T(X)]f —T(E)f = E(X — &) T()AF + %E(X — ¢ T(EAY +R~ %T({)Azf
with ¢° = Var(X); more precisely (among other results):

HE[T(X)]f—T(g)f—%T(g)Azf HA3fH{ “E|X —€f +w{E(X - )} {1 Bw )}1’3}

for fe D<A3) — starting point for joint work on Poisson approximation
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The semigroup approach to Poisson approximation

History (excerpt): Le Cam (1960), Franken (1964), Chen (1974), Serfling
(1975, 1978), Arenbaev (1976), Shorgin (1977), Presman (1984), Barbour
& Hall (1984), Serfozo (1985), Deheuvels and Pfeifer (1986-1989)

Startup framework: Let X,,---, X, be independent binomially distrib-
uted over {0,1} with P(X,=1)=p,;€(0,1) and T be Poisson distributed

with parameter \ > 0. Define S:= EX,. Then for a large class of prob-
i=1

ability metrics p, we have

{ﬁ(l + p,A)— e“‘}f

i=1

()|

p

for a suitable Banach space X with norm
Here A is the generator of the Poisson convolution semigroup.

, and a suitable f e X.

25
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The semigroup approach to Poisson approximation
Examples:

total variation:

p(P°,PT)=sup !

ACZ*

P(Se A)—P(TcA): x =1,

P

Y If - (110101) = g

Kolmogorov metric:

p

p(P°,PT)=sup

meZ*

P(S<m)—P(T <m): X=1¢(%,

of,..f=(11-)=h

Fortet-Mourier (Wasserstein) metric:

p(P°.PT)= f]P(s <m)-P(T<m): Xx=(,

k=0

p

41 ] f = (111111“') = h
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The semigroup approach to Poisson approximation

Theorem (Deheuvels & Pfeifer 1986): Under the assumptions of the
startup framework, it holds

p(P°.PT)= ‘Hﬁ“ +pA) - e)\A}f

— %He“‘ (25A + AZ)pr + (’)(max {v,sz, (\— t)z})

P

A—t

if s=0(1) witht=> p,, s=> p;, v=> p; and 6=
k=1 k=1 k=1 S
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The semigroup approach to Poisson approximation

Particular cases: A=) p, =t [i.e. E(S)=E(T)]:
k=1

p(P*.PT)= H{H(I +pA)— e“}f

Slea]
2 P

P

total variation:

t*(a—t) N t*(b—t) 2
al b! t2ne

et =152 8 e okt 4 kik— 1= e’{
v 243 k!
1 1 ZPk
1 1 1 1 1
t+5+ t+Z, t+5— t-’rz,

b=
\/_Zpk

with a = so p(PS,PT)

28
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The semigroup approach to Poisson approximation

Particular cases: A:Zpk =t [i.e. E(S)=E(T)]:
k=1

=]

p(P5,PT) :HH (l—i—piA)_eAA}f

~Sfeat|
2 P

p

Kolmogorov metric:

{t“(a—t) t‘”(b—t)} 1

k-1
e a’f| =e sup |t — k| = e max al ' b | t2re

kez*t k!
1 1 1 1
th—+ [t th—— [t +—
2 4 2 +4

> P
L=
2\27e

;Pk

with a = ,b= , SO p(PS,PT)N

29



D. Pfeifer ® Conference in honor of Paul Deheuvels, Paris, June 20-21, 2013 E{0]

universitdt | OLDENBURG

The semigroup approach to Poisson approximation

Particular cases: A=Y p, =t [i.e. E(S)=E(T)]:
k=1

~3lea]
2 P

p(P*.PT)= H{H(I +pA)— e“}f

P
Fortet-Mourier (Wasserstein) metric:

L

00 k—1
Je 4], =2 e St -k =2" i~ o
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,§,f):= %

e” (26A + AZ)fH w.r.t. 6!
4

The solution is of the form § = §(t) lO%] with A=t +6(t)s

% if0<t<2
.. 1 32—t .
total variation: S(t)={——=—"— ifV2<t<ie6
) 2 2t3-t \/_ _\/_
0 ifie<t<2
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,s,f) ::%

e” (26A + AZ)fH w.r.t. 6!
4

Examples:
0.06
t tz n= 10
p.=—k=1--,n s=— 0.05]
n n S pT) ¢ __
o] p(P°.P ), §=0
0.03] A(t,0,f) A(t,0.5,f)
0.021
S pT o
. ,o(P P ),570.5

07 07 04 06 08 1 12 14 16 18 2
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,s,f) ::%

e” (26A + AZ)fH w.r.t. 6!
4

Examples:
t 2
p.=—k=1--,n s=— 0021
n n p(PS.PT),5=0
00154
0.01] A(t,0,f) A(t,0.5,f)

"o p(PS.PT),6=05

33




D. Pfeifer ® Conference in honor of Paul Deheuvels, Paris, June 20-21, 2013

SSIET

universitédt|OLDENBURG

The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,§,f):= %

e” (26A + AZ)fH w.r.t. 6!
4

p(P°,PT),6=05
0.0257

t? 0021

pk :ilk:1l...lnl S=—

Examples:

n n p(P5,PT), 5=0.0
0.0157
p(P*,PT), 6 =6(t)
1 32—t . s At 5(t),f)
8(t) = E—Z—tﬁ |f\/§<t§\/€ 0.005]
0 ife<t<2
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,8,f) = %He“‘ (26A+A2)f w.r.t. 8!
p

The solution is of the form § = §(t) € O%‘ with A =t+6(t)s

1 1
—— ifO<t<3-1
2 2(1+1t) =0

1 t ;
—— if Vv3—-1<t<1
2 2+t? 3 -

Kolmogorov metric: o(t) =
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,s,f) ::%

e” (26A + AZ)fH w.r.t. 6!
4

Examples: 0061
2 n=10
pkzilk:'],...’n’ S:t_ 005
n n
0.044
p(P*.PT),6=0.5 A(t,0.5,f)
0,024
0.021 A(t,0,f)

0.011 ;)(PS,PT>,(S:0

0 0z 04 06 08 1 12 14 15 18 2
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,s,f) ::%

e” (26A + AZ)fH w.r.t. 6!
4

Examples: 00781
t 0.0164 n=10
pe=—k=1--,n s=— 0.014]

n n
0.0124 p(PS,PT), §=0.0
0.01]
1 1

2 aMey TOStSV3T PO0s p(P%PT), 6 =0.5
6(t) = 0.0064

1 t .
3 3. if3-1<t<1 0.0041
0.002

p(P*,PT), 6 =6(t)

A(t,6(t),f)

o 02 04 08 0's
t

37
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,8,f) = %He“‘ (26A + Az)f

w.r.t. 6!
P

The solution is of the form § = 6(t)

O%‘ with A\ =t 4 6(t)s

% if0<t<In2
. : 0 ifln2<t<1
Fortet-Mourier metric: 5(t) = ; -
- ifl<t<a
2 2t

0 ifa<t<?2

where o =1.6784... is the positive root of 2(1+ ) = e“.

38
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The semigroup approach to Poisson approximation

II’

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,s,f) ::%

e” (26A + AZ)fH w.r.t. 6!
4

Examples:
t £ 0.05 n=10
p.=—k=1--,n s=—
n n 0047 p(P5,PT), 5=0.5
0.034
A(t,0.5,f)

A(t,0,1)

p(P*,PT),6=0

0 02 04 06 08 ]

39
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,$,f) ::% X (26A+A2>fH w.r.t. §!
4

p(P*,PT),6=05

Examples: ”
t t?
:_lk:1l"'lnl =
P n 3 n 0.081
0.05 ] p(PS,PT),ézo.O
1 .
— ifo<t<In2 S pT) s_ s
> < - p(P*,PT), 6 =6(t)
0 ifln2<t<1
6(1‘):1 . A(t,6(t), 1)
———  ifil<t<a 0.027
2 2t
0 ifa<t<?2

05 ] 15 7
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,6,f) = %

e” (26A + AZ)fH w.r.t. 6!
4

The solution is of the form 6 = §(t) with A =t + §(t)s
(dependent on the underlying metric!)

For the total variation and the Fortet-Mourier metric, 6(t):% is opti-

mal for small values of t with )\:t+%~2—ln(1—pk) [Coupling ap-
k=1

proach, Serfling 1978] but e.g. not for the Kolmogorov metric!
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

Answer: Minimize A(t,5,f):= %‘

e” (26A + AZ)fH w.r.t. 6!
4

letA(28a + A2)g] 4=
2

n-1
le®4c2sasainll _ = e sup Eq=|(1-28)5-n] -
£ n20

ot max { 1:"'1(cc-l (1-28)8) td""((?i?zs)t - a)}

w k-2
e % AT |1 - 2k(b+ % - 86) + 6(t - 28¢)] =
k=0 ™7

c-1 a-1
2 e-t{ t (cc-!(‘I-ZS)t) Lk (((‘11?28)t-d) S

~ t)jZ_'ﬁ max{Eexp(- E—gﬁ) , ;l;- exp(—- %gz)}
i lrml ) donl- 30)1
3 ~ L_exp('_ ..L) (t> )
\ s . £92% 2t
t72we

where ¢ =‘[t-r+’/‘c—:r_2']!, 4 = ”:t-r—]/t:r—‘?]]

and r = Gt-%, §=81/T;-+1/’1 +8%
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The semigroup approach to Poisson approximation

Question: What is an (asymptotically) “optimal” choice of \?

e” (26A + AZ)fH w.r.t. 6!
4

Answer: Minimize A(t,5,f):= %‘

k-1
||e“‘(2¢SA+A?-’)nIIl1 -et QEOEEHK- (1-28)t ] =

N k N
28 - 48 Ze_tﬁ—, + 287t I
k=0 ¢

34

=

2
2 28%¢ -
~ O exp(- 1_25) + 28 - 48 ¢ (-264%) (t»w)

x
2
where N = [(1-28)t] and ¢(x) = f% exp(— uT)du'
-0 ™

and for & »O0,

45¢(-—28ﬁ)~y:?texp(-262t) (t= o).
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The semigroup approach to Poisson approximation

Extensions:

e multinomial distributions
e point processes

e Markov chains

e mixed distributions

e Poisson-stopped sums

e weighted metrics

e signed measures
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