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1. Introduction & formal framework

Motivation:

» Infinite partition-of-unity copulas recently introduced in Pfeifer et al.
(2016)

» Construction of new multivariate copulas on the basis of a generalized
infinite partition-of-unity approach (extendable to the uncountable
infinite case)

Construction allows for tail-dependence as well as for asymmetry
Can be easily implemented for risk management purposes
Particular interest: how to fit such copulas to highly asymmetric data?
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1. Introduction & formal framework

Formal framework:

let Z'={0,12,3,} and suppose that {y,(u)},,. and {y;()} . are
non-negative maps defined on (0,1) such that:

iwi(U)zi%(V)ﬂ (1)
i=0 j=0
a; :=f<p,.(u)du>0, 8, :=fz/1j(v)dv>0, i,jez". )

> {gp,(u)}l.e% and {%(v)}jeﬁ can be thought of representing discrete dis-

tributions over Z* with parameters u and v, resp.
> The sequences {a,.},.ew and {ﬁj}jez‘ represent the probabilities of the

corresponding mixed distributions.
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1. Introduction & formal framework

Formal framework:

Let {p,.j}’_'jEZ+ represent the probabilities of an arbitrary discrete bivariate

distribution over Z* xZ" with marginal distributions given by

p.=>_ py=0;and p,; =3 p; =0, fori,jeL’. (3)
j=0 i=0
Then
cu) =33 p, LYy e 09 (@)
i=0 j=0 Q; j

defines the density of a bivariate copula, called (infinite) partition-of-
unity copula.
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1. Introduction & formal framework
Formal framework:

From a "dual" point of view, we can rewrite (4) as

c(u,v) ii 3 90'(“)1” Y S S fwe ), uve©) )
i=0 j=0 j i=0 j=0
where
Q; 5,-

denote the densities induced by {¢,(u)},_,. and {¢/(V)};ez+' This means

that the copula density c(u,v) can also be seen as a mixture of product
densities.
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1. Introduction & formal framework

Formal framework:
Example 1 (Binomial distributions — Bernstein copula):

For fixed integers a,b>2, consider the family of binomial distributions
given by their point masses

a—1

Soa,i(u): [ I

0, i>a

u(d-u)y?", i=0,-,a—1

@)

and v, (v) =, (v) for i,j€Z" and (u,v) € (0,).

We have
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1. Introduction & formal framework

Formal framework:

Example 1 (Binomial distributions — Bernstein copula):
1 1 1 1
Gy = f e du=—, B, = f Uy () =, (8)

f,, and g,; are densities of a beta distribution with parameters

(i,a+1-i) and (j,b+1—j) resp., p, :% and p,; = L SO

E:

u(1—-u) v (1=v)* 7, u,v €(0,1) (9)

a b —1(b—-1
Ca,b(ulv):abzzpij[ai ][ j

i=0 j=0

which is the density of a bivariate Bernstein copula.
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1. Introduction & formal framework

Formal framework:
Example 2 (Negative binomial distributions):

For fixed integers a,b >2, consider the family of negative binomial dis-
tributions given by their point masses

@, (u) = [a +,.i N 1]u"(1—u)a, (10)

and v, (v) =, (v) for i,j€Z" and (u,v) € (0,).

We have
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1. Introduction & formal framework

Formal framework:

Example 2 (Negative binomial distributions):

;
a b
ai = | PaiW)du= - 5 '+ Ppj = - : ' (11)
o [“" @ Tt 1 br Nt
f,, and g, , are densities of a beta distribution with parameters
. . a b
(i+1a+" and (j+1,b+1), p, = . ~ P,; = . ~, SO
! Pe= @1+ ™ = bt pbr1+))

at+i+1\(b+j+1

J

G (U, v)=(a+1N(b+1)

o0
i=0

Zpij

j=0

_ u'(1-u)yv/(1-v)°,u,v €(0,1).
1

(12)
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1. Introduction & formal framework

Formal framework:

Example 2 (Negative binomial distributions):

Negative binomial copulas typically show a tail dependence:

B 1123 ]| 4 5 6 7 8 9 10
A@B) | 15| | 93 | 1es ) 793 1619 | 26333 | 53381 | 215955
v 2 | 8 | 16 | 128 | 256 | 1024 | 2048 | 32768 | 65536 | 262144
11
2
f f ¢,(u,v)dudv 2125) Y [ ; ] :
X'y
ith A =limt-< = dxdy =1-"/ 1
wi »(B) Itm 1—t Fz(ﬂ) ff(x+y)2ﬁ+1 xay 4° m
for large g.
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1. Introduction & formal framework

Formal framework:
Example 3 (Poisson distributions):

For fixed a,b>0 consider the family of Poisson distributions given by
their point masses

a L(u)’

@pi(U) =(1—u) —— (13)

L) :=—In(1=u), ¥, ;(v) =, ;(v), i,j €Z", (u,v) €(0,1).

We have
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1. Introduction & formal framework

Formal framework:

Example 3 (Poisson distributions):

a ) b Y b
?][ a+1] Poi = [b+1] [1_b+1] (4

which correspond to geometric distributions over Z* with means a and b,

1

= [, (u)du =

0

i,jez", (15)

a ] i b’

a
pio_ a+1] _a+1 _(a+1),'+1lp.j_(b 1)]+1I

Cou) =@+ Db +D>3 Uw

i=0 j=0

L(Ww)A—uylv)A-v)°, u,ve(0,1).(16)
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1. Introduction & formal framework

Formal framework:

Bernstein copula, m=3; Negative binomial copula, 3 =3; Poisson copula, v =5

no tail dependence Ay (B) = 0.6875 no tail dependence
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1. Introduction & formal framework

Formal framework:

Remark: Sklar's theorem provides a general method to construct pairs of
discrete r.v.’s (X,Y) with joint probabilities p;, = P(X =/,Y = j) and mar-
ginal probabilities {o;} . and {61.}]_6Z+ :

Assume quantile functions Q,,Q, of X,Y and a pair of rv's (U,V) with a
given copula C. Then (X,Y)=(Q,(U),Q,(V)) has joint probabilities

i—1 i j—1 J
p; =P(X =iy = j):P[Zak <U<> o> B <V gZﬁk]
k=0 k=0 k=0 k=0

Pfeifer / Mandle / Ragulina e Data driven partition-of-unity copulas with applications to risk management 14
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1. Introduction & formal framework
Formal framework:

Idea: use appropriate continuous extensions C of the empirical copula
for modeling the {p, } ., (cf. Bernstein approach).

Lemma 1: Let (U,V) be a pair of rv’'s with given copula C. Then the (X,Y)
with {pii}; i @S joint probabilities from Examples 1, 2 and 3 can be con-

structed as follows (note: [z]=min{x e R|x > z},|z| =max{x e R|x < z}):

Example 1: X =[aU]|, Y =[bV/],

Example 2: X = ﬂ, yz‘ bv ‘
1-U 1-V

Example 3: X = —In(1-U) Y = —In(1-V) .
In(a+1-Ina In(b+1)—Inb
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2. Construction from given data

Assumptions:

> rv's (X,,Y;),i=1,...,n iid pairs with pairwise copula C
» continuous marginal distributions (no ties!)
> Ry =(Ry,R,) and R, =(R,,,---,R,,) being the ranks of the vectors

X=(X,-,X,) and Y =(Y,,---,Y, ), resp.

The empirical copula is usually identified with the point set of relative
: { r, }
ranks, i.e. .

1n
n+1n+1
For the construction of appropriate {pif}; ., Weneed. ..

r11 r21 n

n+1'n+1

I I
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2. Construction from given data

Lemma 2: Let C,,---,C, be arbitrary bivariate copulas with densities c,,---,c,
and (U,,V;) independent random vectors with the copula C; for each pair

(U,V,), i=1--,n. Let further r,=(r,,-,r,) and r,=(r,,r,) be arbi-

trary permutations of (1,2,---,n)" and the random variable / follow a dis-

crete uniform distribution over the set {1,2,---,n}, independent of the
(U,,V;) for i =1,---,n. Then the random vector (U,V) defined by

u=f=14Y oy 1Y (18)

n n

has continuous marginal uniform distributions over (0,1) and density

c(u,v)=n)_1 (u)-1 (v)-¢, (nu—r, +1,nv—ry, +1), u,v€(0,1. (19)
k=1

H—1 n
’
n 'n

A =1 ng
’
n 'n

Pfeifer / Mandle / Ragulina e Data driven partition-of-unity copulas with applications to risk management 17
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2. Construction from given data

To obtain a realization of (U,V) first select a pair (r,,r,;) from the set of all
permutation pairs by a discrete uniform distribution over {1,2,...,n} and

-1 r1, | i1 1 rz,
n 'n n 'n

This corresponds to a particular patchwork copula construction, see
e.g. Durante et al. (2013).

then draw a sample from C; rescaled to the interval

The following graphs show different realizations of such a construction for
n=10 and r,=(3,1,4,2,8,6,5,7,9,10)" and r, =(8,5,7,2,4,6,1,3,9,10), with
local Gaussian copulas for given fixed pairwise correlation p:

Pfeifer / Mandle / Ragulina e Data driven partition-of-unity copulas with applications to risk management 18



CEQURA Conference on Advances in Financial and Insurance Risk Management,
Munich, Sept. 25 - 26, 2017

universitdt | OLDENBURG

2. Construction from given data

1 1 1
09 | 08 ‘ %
08 — 08 A
07 +—1 07
06 06 - -
> 05 > > 05 e -
04 — M%
02 +—1 02
0.1 —?‘ 01
o | = ‘ 0
o0 01 02 03 04 05 08 07 08 08 1 0 01 02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 08 07 08 08 1 0 01 02 03 04 05 06 07 08 08 1
u u u U

p=0.75 p=10.90 p=-—0.75 p=-—0.90
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2. Construction from given data

Models of particular interest:

For the rook copula see Cottin and Pfeifer (2014); for the so-called shuffes
of M (Fréchet shuffles) see e.g. Nelsen (2007), chapter 3.2.3.

1 1

08 09

08 08

07 07

06 06

> 05 T i > 05 > 05

04 04

03 03

02 02

01 01

. 0 0
0 01 02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 08 07 08 08 1

rook copula upper Fréchet shuffle lower Frécht shuffle
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3. Case studies

» Data set treated in Cottin and Pfeifer (2014), Example 4.2 and Pfeifer et
al. (2016), Section 4.

> Effects of the kind of dependence modeling (w/ or w/o upper tail de-
pendence) on the V@R for the aggregated portfolio with various risk
levels; similarly to Maciag et al. (2016)
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3. Case studies

3,0 22
. 20 .
25 18 o
* 16 7 L]
20 3
14 °
¢ 12 . I
=15 N .
3 10 *
101 o o':? 8 ! . ¢
o
* 6 .
05 4 .
2 3
0,0 0 :
0 2 4 6 8 10 12 0 2 4 6 8 10 12 14 16 18 20 22
X; Tpi
scatterplot of original data scatterplot of ranks
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3. Case studies

5,000 simulated pairs of the data-driven copulas and empirical copula
(large points):

10

08 08

o0a

08 08 08—

07

07

07

08

06 1=

05

= 08

= 05T
04

04

04
03

03+ 03

02

02 4 0.z

0.1 01+

01
; o e ‘
0o ot 02 03 04 05 06 07 08 08 10 00 01 02 03 04 05 06 07 08 08 10 oo o1 02 03 04 05 06 07 08 08 10

% %
%

0o

00

upper Fréchet shuffle rook copula lower Fréchet shuffle

binomial copula, a =22, b=27
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3. Case studies

5,000 simulated pairs of the data-driven copulas and empirical copula
(large points):

10 - 8 10
04 08 08
08 08 08
o7 - ‘. : - — o7 - i 07
0B : 06 17 08
= 05 - 05 = 05
04 04 04
03 03 03
02 02 02
01 B 01 0.1+
uuw‘ ‘ K u‘u‘ t ———F
go o1 02 03 04 05 0B 07 08 08 10 D‘DD‘D 04 02 03 04 05 06 07 08 08 10 0o o1 02 03 04 05 0B 07 08 08 10
X X
X
upper Fréchet shuffle rook copula lower Fréchet shuffle

negative binomial copula, a=17, b=22
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3. Case studies

5,000 simulated pairs of the data-driven copulas and empirical copula

(large points):

00 04 02 03 04 05 0B 07 08 08 10 00 04 02 03 04 06 06 07 08 08 10
X

%

X

upper Fréchet shuffle rook copula lower Fréchet shuffle

Poisson copula, a=17, b=22
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3. Case studies

Q7 (u) based on the largest 100,000 observations from a total of 10°
simulations:

22

empirical quantile functions Q")

empirical quantile functions Q"\(u)

20

— Binomial
— Negative Binomial 25
—— Poisson

— Binomial
— Negative Binomial
— Poisson

0,990

0,992 0,994 0,996 0,998
u

1,000

Pfeifer / Mandle / Ragulina e Data driven partition-of-unity copulas with applications to risk management
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3. Case studies

Q~(u) based on the largest 100,000 observations from a total of 108
simulations:

empirical quantile functions Q") empirical quantile functions Q1)
22 55
20 — NB-Rook 0 — NB-Rook
—— NB-Upper Fréchet Shuffle ~ NB-Upper Fréchet Shuffle
i —— NB-Lower Fréchet Shuffle o ~ NB-Lower Fréchet Shuftle

6 15
0,92 0,93 0,94 0,95 0,96 097 0,98 0,99 1,00 0,988 0,990 0,992 0,994 0,996 0,998 1,000

u u

empirical quantile functions O («), negative binomial copula
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3. Case studies

Q~(u) based on the largest 100,000 observations from a total of 108
simulations:

empirical quantile functions Q”(u) empirical quantile functions Q”(u)
22 55
2 — Poisson-Rook 50 — Poisson-Rook
— Poisson-Upper Fréchet Shuftle — Poisson-Tpper Fréchet Shuffle
18 — Poisson-Lower Fréchet Shuffle 45 — Poisson-Lower Fréchet Shuffle

6 15
0,92 093 0,94 0,95 0,96 097 0,98 0,99 1,00 0,988 0,990 0,992 0,994 0,996 0,998 1,000

empirical quantile functions Q0" (u), Poisson copula
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3. Case studies

The position of the pairs (i,j) for which the p; are positive follows the
graph of rank vectors (empirical copula) very closely:

plot of pairs (i,j) with p;> 0 plot of pairs (i;/) with p;;> 0 plot of pairs (7,/) with p, > ¢
* .o 2 o 28 T ™ S — ,.
26 .o:. 26 .::o 2% o
24 .o 24 .o .o
.o . .o .o 24 . X
2 T 3= 2 R IIT z R S
20 LR 20 .o
. . e .o 20 =¥ e
18 . . 18 L L4 18 . .
. .o .o .o g i
16 .o 16 .o 6 P
. » .o .o t i
~ 14 1 IR ~ 14 e es e - ol
12 L3 12 oo 12 =4
H s .o .o M .o
10 .o .o 10 . .o 10 by by
. b4 ce e o ee
8 L3 8 =9 8 oo
.o L84 * e
6 oo e 6 LR 6 . .
. . bt .0
4 oo 4 oo 4 .o
3 : .o .o .o .
2l eee 2leee 2l ee
.o NER) b
0
0 2 4 6 8 10 12 14 16 18 20 22 0 2 4 6 8 10 12 14 16 18 0 2 00 2 4 6 8 10 12 14 16 18 20 22
i i i
lower Fréchet shuffle rook copula upper Fréchet shuffle

binomial copula, a =22, b=27
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3. Case studies

The position of the pairs (i,j) for which the p; are positive follows the
graph of rank vectors (empirical copula) very closely:

plot of pairs (i) with p, > 0 plot of pairs (/) with p,;> 0 plot of pairs (i) with p,> 0

160 160 .

140 140 140

120 120 120

100 [ LY 100 100

~ 80 ~ 8 ~ 80

60 y T 60 60

o) ‘ 40l W

0 2 - 20|s 20

% '-"20 40 60 8 100 120 140 160 40 60 80 100 120 140 160 % 20 @ 6 @ M0 120 10 160

i i i

lower Fréchet shuffle rook copula upper Fréchet shuffle

negative binomial copula, a=17, b=22
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3. Case studies

The position of the pairs (i,j) for which the p; are positive follows the
graph of rank vectors (empirical copula) very closely:

plot of pairs (i./) with p, > 0 plot of pairs (i./) with p, > 0

plot of pairs (i,/) with p,, > 0
P — e 120 —

100 100
80 80
~ 60

40

20 °

0

0 20 40 60 80 100 120

lower Fréchet shuffle rook copula upper Fréchet shuffle

Poisson copula, a=17, b=22
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3. Case studies

Pairs (i, j) for the negative binomial rook copula with a=17, b=22 (de-
tail: lower left part) and corresponding values of the p; :

. oo L o 00 e o o« 00 w0
o
LR 4 ) ) = b 5 b 0 0 @ ¢ 0 ) ¢ 0 e oo
F
LR s
o
P
P T T
oo o e
I
e o o o 5 o o o
e o o o P
L o ®
PRI
o o 0 e o o 0
o o
o o 0
o )
o o 0
P TR
L 2
o 0o
. o o
oo o e
. o o e & o o
o o o 0 core
00088 oo e
e o o oo e
. o o o o 00 o o « 0o 0o
. o I T R SR SR » I
LI R T T R T T S I
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4. Extension to arbitrary dimensions
Assumptions:

> {gok,.(u)}i€Z+ for k =1,...,d discrete probabilities with

f:gok,.(u) =1 for ue(0,1) (20)
i=0
:
f@k,(u)du:ak,>0 foricZ" . (21)
0

> {p},_,. is a distribution of an arbitrary discrete d-dimensional random

vector Z over Z*¢ where, with i=(i,,---,i;),
P(Z=i)=p, i€Z™. (22)
» marginal distributions with

P(Z =i)=ay, i€Z' k=1.d. (23)

Pfeifer / Mandle / Ragulina e Data driven partition-of-unity copulas with applications to risk management
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4. Extension to arbitrary dimensions
Then

Q.

c(u) = Z dLH 0 (U, U= (U, uy) € (0,1 (24)

defines the density of a d-variate copula, which is again called generalized
partition-of-unity copula. Alternatively, we can rewrite (24) again as

d
cw)=>_ p][f, W) u=(u,-,u,) 6(0,1)d (25)

ezt k

where the fk,.(-):go""—('), i€Z",k=1--,d denote the Lebesgue densities
Qi

induced by the {¢,(u)}

iezt "
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