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THE STRUCTURE OF ELEMENTARY PURE BIRTH PROCESSES

DIETMAR PFEIFER.* Technical Uniuersitv. Aachen

Abstract

A complete characterization of elementary pure birth processes is given by
means of record counting processes from independent (non-identically) distri-
buted random var iables.

PURE BIRTH PROCESS: RECORD VALUES: COUNTING PROCESS

l. Introduction

Call a pure birth process {N(t); t > 0} with standard transition probabilities

p ^ ^ ( s , t ) :  P ( N ( r ) :  , ? ?  l N ( s ) :  , ) ,  n , m  > 0 ,  0 <  s  <  t

and N(0) :0 elementarY if.

(1) {N(t);  t  > 0} possesses r ight-continuous paths;

(2) all birth rates

^" (r) : l in, I o^^*,(t, t + h),

are positive and finite;

for  the sequence {X";  n > 0} of  jump-t imes given by Xn :

sup{r  >0; N(/) :  n}  a l l  f in i te-dimensional  marginals are abso-

lutely continuous with respect to Lebesgue measure.

It is the aim of this paper to show that {X" ; n = 0} is identically distributed

with the record sequence {R, ; n > 0} from independent r.v. 's with after-record

changing distributions whose c.d.f. 's are

F " ( t ) - l - e  
\ n ( ' )

n , t 2 0

(3)

(4)

where A" (t) : J;  ̂ " (s )ds, t > 0, n > 0.
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-  N ( s )
:

r'-----------'--
I
I

by (1) and (2) s ince for 0 5 5 (  t ,  pnn(s,r)  is  r ight  cont inuous with respect to s by

(1).  Now (3) impl ies that

P ( X ^  >  t l X o :  s o ,  " ' ,  X n  r  :  s ^  r )
( 9 )  /  t n t  \: l i n  " ( * "  t r l  

n  
{X  e  ( su , su  + t l I ) : pnn (s " - , , r )a.s .

(cf  .  [2] ,  Theorem (6.3)) .  Since by our assumptions 7 -  p^^ (s", ' ,  . )  has al l

propert ies of  a c.d. f .  the theorem is proved.

Theorem 2. {X^; n > 0} is identically distributed with the record sequence

{ R ^ ; n  = 0 }  f r o m  a  f a m i l y  { X , r , ,  X ^ x i n , k >  1 }  o f  i n d e p e n d e n t  r . v . ' s  w i t h  l i :

l -e -n"  be ing  the  c .d . f .  o f  the  Xnx ,  n  >0 .  Equ iva len t ly ,  {N( r ) ; t>0}  i s  iden t i -

cal ly distr ibuted with the corresponding record-count ing process #{n;R" s t } ,

t  > 0 .

Proof. BV (3) we have conditional Lebesgue densities /"(r lt) of X" given

Xn-t: s, and applying Theorem 1, we obtain a forward difterential equation

(10) f^Q ls) :  -  ^P: ),^(t)p,^ (s, r) ä.e., 0 < s < /.

Let  F^(r  l r )  
-  1-  p""  (s ,  r ) .  Then by (10) ,

( 1  1 ) f i t-rn(l -n(' ls))) :1f1#: ^"(') a-e.
or equivalently,
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