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An Alternative Proof of a Limit Theorem for
the Pélya—Lundberg Process

By D. Pfeifer

Abstract

For the jump time sequence {X,,;n=0} of a Polya-Lundberg process it is
shown that n/X,, is asymptotically gamma-distributed, the limiting distribu-
tion being related to the unconditional risk distribution of the process. A
statistical inference problem arising from this fact is also discussed.

1. Introduction
We consider a Pélya—Lundberg process {N(?); =0} with intensities

A=A 20 (a,4>0). (1)
1+ ait

This kind of process has in detail been studied by Lundberg (1940) who also
investigated applications to insurance problems.

As has recently been shown by the author, the process {N(z);t=0} can
equivalently be described by the jump times

X,=sup{t=0;N(t)=n}, n=0 ?2)
which actually form a Markov chain (MC) with transition probabilities

1-F, (1)

P(X,>tX,_  =s5)= 1=F (5)"

0<ss<t, n=1 (3)

and initial distribution F, where
t
F()=1—exp {f A,(5) ds} =1—(1+adt) """ n =0, @)
0

It is the purpose of this paper to show that T,:=n/X,, is asymptotically
gamma-distributed for n—o with a limiting density of the form

() Pep—— P RN (5)
(ai)l/a F(i)

a

Note that for A=1, this coincides with the unconditional risk distribution of
{N(1); t=0}. This result is also implicit in the work of Lundberg (1940), but
has not been stated in the above form.
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2. The Limit Theorem
Let f(0=F)(=Aan+1)(1+ad)~"*'*V0 >0, n=0, denote the density

function corresponding to F,. By the MC-property of {X,,; n=0}, a density
h,, for (X, ..., X,) is given by

hn(to,...,tn)= ﬁ_ﬁ(tL

i), <..<t, 6)
k=0 1=F1(t) () o

In our case,

n

Bo(tys ooes 1) = 2 [ T (ak4 D) (14 ade,) 0119 o< gy<.. <1, )
k=1

The density g, of X,, can now easily be obtained by integration, giving

g, = i'z"“ [T (@k+1) (A+ain= 100, 450, @®)
n.:

k=1

Note that (8) is similar to the frequency function of a Pélya-distribution
(Lundberg, 1940, (13)).
The density of T,, now is

Le (£>= 1 t"““r(”HH/a)(H ! >—("+H]m) t>0. (9)
2 = (al)uar(1> nVT(n+1) ain ’

a

A passage to the limit shows that

lim 2L g,,(%> —AD), >0, (10)

hence we have proved the following limit law:

Theorem. Under the assumptions made above, T,,@» T for n—»x where T is
following a gamma-distribution given by (5).

As can easily be seen by the densities (7) and (8), (1+1/n)T, is the
maximum-likelihood-estimate for A, and 7, is a minimal sufficient and
complete unbiased estimate for A, hence among all unbiased estimates for 4
depending on X,,...,X,, T, has minimum variance V(T,)=A*(1+an)/(n—1).
However, by the Theorem, T, is not consistent for n— oo, hence there is no
suitable estimation of 4 from the observation of a single process.

For a convenient estimation of A from several independent processes see
Lundberg (1940), p. 137.
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