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l l A  l l =  2  i n  a l l

m i  x ' i n g  r .  v .  X  i  .  e .

operator  set t ing

( 1 . 8 )  d 1 ( u , v )  =  *  t l ( u -  v ) s  l l u r ,  9  =  ( 1 , 0 , 0 , . . . )

( 1 . 9 )  d 2 ( u , v )  =  l l ( u -  , ) h  l l u - '  [  =  ( 1 , 1 , 1 ' . . . )

( 1 . 1 0 )  d 3 ( u , v )  =  
l g l l ( u - u ) h n  l l u t '  h n  =  ( 1 ' . . . , 1 , 0 , 0 , . . . )

( con ta in ing  n  t imes  1  and  0  o therw ise ) ,  fo r  a l l  p ,v€ l l l .  I f  spec i f i ca l l y

U  i s  a  Po isson  d is t r i bu t ion  w i th  mean  E>0 ,  then  the  semig roup  repre -

sentati on

( 1 . 1 1 )  u = . A 6 =  ;  * o o
k=0  o '

holds where the in f in i tes imal  generator  A is  def ined

, . 9 ( n - 1 ) - g ( n ) ,  n > 1
( 1 . 1 2 )  A s ( n )  =  l

t - g ( 0 ) ,  n = 0

Obviously ,  A js  a bounded l inear  operator  on X wi th

cases .  Now i f  u  i s  a  m ixed  Po isson  d is t r i bu t ion  w i th
@  ) - 7  - k  v

u ( t k ] )  =  I . - * t  i T  P ^ ( d E )  f o r  k > o ,  o r  i n  t h e  a b o v e
o

( 1 . 1 3 )  u =  E ( . A X )  = 7 . A E p * ( o E )
0

by

which by the uni form cont inu i ty  of  the semigroup ex is ts  as a Pet t is

in tegra l  ln  g(X) ,  the Banach a lgebra of  a l l  bounded endomorphisms on X,

where the composi t ion of  mappings p lays the ro le of  the (Banach)  pro-

duct. For the estjmation of the djstances d. '  i t  is therefore necessary

to analyze the nonn distances

( 1 . 1 4 )  l l  E ( . A x ) g  -  . A E g  l l x

for  e lements g€X.  This  can be done in  genera l i ty  by means of  the

probabi l is t ic  representat ion theory of  operator  semigroups as developed

i n  P f e i f e r  [ 6 ] ,  t 7 l .

Actual ly ,  re lat ionships between convolut jons and semigroups have

been  inves t iga ted  ear l i e r  ( see  LeCam [5J  and  Fe l ]e r  [4 ] ) ,  even  fo r  more

general Banach spaces. However, for our purposes, we shal l  need est ' ima-

t ions independent  f rom the convolut ion st ructure,  such as the fo l lowing

(ma in )  resu l t .



THE0REM 1. Let x be a Banach space (which may be arbitrary) and A
the (bounded) generator of a contraction semigroup on X. Let further X
be a non-negat ive real -va lued random var iable.  Then for  a l l  g  ex,  the
fo l low ing  es t ima t ions  ho ld  t rue .

( 1 . 1 5 )  l l E ( . A X ) g - . A E g  l l * s |  E ( x -  E ) 2  l l n z g  l l *  i r  x €  L 2 ( p )  a n d  E ( X ) =  E ;

,<  i  l l r ( .Ax)g-  .AEg l lx -  l lE tx  -  E) .AE Ae*+ E(x -  612eAEszs l lx l( 1 . 1 6 )  r  .'  .  *  l l n t n  l l * r 1  l x  -  E l 3 ) ,  i r  X e  r 3 ( p ) ,

r117\  |  l lE ( .AX)g-  .A€g l l x -  i lE (x  -  E) .AEng * *  , (x  -  E)2 .AEnzg l l x l
\ a ' r r '  

t t l l " o t ' ' n3g  l l *E | x -  E l3 )  * {  t t o tn  l l * r 1x  -  E )4 ,  i f  x .  r - a1n1 .

Here  th roughou t ,  g>0 .
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Proof .  Theorem 1 is  basica l ]y  an extension of  Theorem 4.1 in
Pfei fer 17 ) ,  the proof hence fol I  ows the same I i  nes . t^Je shal 

' l  g ' i  ve
here  a  de ta i led  p roo f  o f  (1 .L7 )  on ly .  S ince

r(.AX)g-.AEg = Et(x-E).AEAg * ]tx-e ) 
2"AEn2s-! 

ry.AuA3s dr 1,

t he  rema inder  te rm in  (1 .17)  i s  ob ta ined  by  a  su j tab le  es t ima t ion  o f
the  expec ta t ion  o f  the  la t te r  i n teg ra l .  I f  I ( . )  deno tes  the  ind ica to r
r . v .  o f  the  even t  spec i f i ed ,  we  have

rg ' f  (x-r lz .ArA3s du1 = Err (x>E)  \  "+ f
r

.n(u-7;.A612A3g o,
l r z E E

- r(r.tz< x s 6) i Iry.A(u-z).AEl2R3g a,
X :

E

I
X

2

g i  v i  n g

- I (x s E/4 j ry): .A'A3s d,l,

l lE t l  ä  e^ 'A 'siry.A'A3s oul ll*s rtI(x> 61 iry-11"AE/2ots ll*du
+  I G t z < X s E )  I

Xi  
*#11eAE/2n3s l lxdul r(x s E/z) l ln3g l lx3s ll*]af1-1

= +  E Ix -E l3 l  l l  eAE/zA3s l l x * *  l l n3g  l l * r1 r (x  s  E /211x-E l3 ) .

Now by  Hö lder ' s  and  Markov 's  inequa l i t y ,

a

3
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E [ r (x  s  E/z)  [x -El3 t=  1p(x  < E/z) ) t /4  g(x-6)4) t l4  s l  e1x-e)a ,

which  f i n i shes  the  p roo f .

C1ear1y ,  the  r igh t  hand  s ide  o f  (1 .17)  can  fu r the r  be  improved  by

e.g.  exponent ia l  bounds for  (P(X< E/211L/+,  for  instance i f  the moment

generat ' ing funct ion of  X ex is ts .

Theorem 1 is  the key for  su ' i tab le est imat ions for  dt  (u 'v)  in

r e l a t i o n s  ( 1 . 8 )  t o  ( 1 . 1 0 ) .  T h j s  w i l l  b e  w o r k e d  o u t  i n  m o r e  d e t a i l  ' i n

the subsequent  chapters.

2.  Aooroximat ion of  Mixed Po' isson Dist r ibut ions -  The Unbiased Case
l l

Here we shal l  assume that  for  the mix ing r .v .  X we have E(X)  = 6

(wh' ich wi l l  be referred to as the unbiased case'  s ince then the

v a r i a n c e  o f  X , o ? ,  p l a y s  t h e  c e n t r a l  r o l e  i n  ( 1 . 1 5 )  t o  ( 1 . 1 7 ) ) .  T h e

fo l lowing est ' imat ion for  the d is tances dr(u,v)  can immediate ly  be

derived from Theorem 1.

CoROLLARY 1.  Let  v  be a mixed Poisson d is t r ibut ion wi th mix ' ing

r . v .  X  s u c h  t h a t  E ( X )  =  E ,  a n d  p  a  P o ' i s s o n  d i s t r i b u t i o n  w j t h  m e a n  E > 0 .

Then

( 2 . 1 )  d i  ( u , v )  s  K r o 2 ,  i f  x  e  t 2 1 e 1 ,

w h e r e  K r = K r = 1 ,  K Z = i ,

- 2  A F  2  ?  . ?

l d . ,  ( u , v ) -  c i T l l . ^ n A ' s i  l l x - I  <  5  r i E ( l x -  E l " ) ,  i f

( 2 .2 )  xe  L3 (P ) ,  whe r .  c t= * ,  c r=  ö t=  1 ,  x l=  x3  =  9 - r ,  xz=  L - ,

9 1  =  ( 1 , 0 , 0 , . . . ) ,  9 2 =  9 3 =  ( 1 ' 1 , 1 " " ) ;

i f  a d d i t j o n a l l y  a l s o  X e  f - 4 ( p ) ,  t h e n  t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 2 )  c a n

also be replaced by

( 2 .3 )  c i / 611 .AE l2n3s i  l l x . ,E ( l x -  g l 3 )  * *  * . , / 6E (x -  E )4 .
l

Note that  here for  d,  no longer  l imi t  re lat ions have to be considered,
2  u  1  _ 3

s i n c e  n o w  A - g ,  =  ( 1 , - 1 , 0 , 0 , . . .  )  e  g r ,  A ' g 3  =  G L , 2 , - 1 , 0 , 0 , . . .  )  a  1 1 .
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Corol lary  I  a l lows for  sharp upper  and lower bounds for  the d is-
tances  d t  i n  the  low range  fo r  6  ( re la t ion  (2 .1 ) ) ,  i n  the  modera te  range
( r e l a t i o n  ( 2 . 2 ) )  a n d  t h e  h i g h  r a n g e  ( r e l a t i o n  ( 2 . 3 ) ) ,  i n  t h e  t a t t e r
cases prov ' ided that  E(  lX-  E13)  and E(X-  E)4 ur .  smal l  enough in  compar-
i son  w i th  J ,  resp . ,  s ince  the  norm te rm in  (2 .3 )  can  rough ' l y  be
estimated by

A r t ,  ?
( 2 . 4 )  l l e ^ n / ' A " g *  l l _' , ( i

An exact evaluation of the norm

THE0REM 2. t^l i th the notat ion

y"AE/2ozsi llrx. = z llsA€/zn2\ | [x.i

terms in  Corol lary  1 is  g iven below.

o f  Coro l la ry  1 ,  we  have  fo r  a l l  t>  0

( 2 . 5 ) t t .Atn2gr lxr r{d+u-t) + ro-tÄt-u,}.-r,

I l.Atn3gz

( 2 . 7 )

where [ .  ]

( 2 .  8 )

Fur ther ,

( 2 . e )

(2.10)  l l .A 'n3sr

(2.6) lt.Atn2gz l lxz n,u*{ tu-l{u-t l , qj-} .-t,

l l .A'nzgg l lx3 S .-t ,

denotes the in teger  par t  o f  the real  number speci f ied,  and

a  =  t t +  j +  ,ETJ .B1 ,  |  =  t t + |  -  {W)  .

t txz +#.- ' *#

1lx3 l l .Atn2gr l l * ,  .

Proof .  Relat ion (2.5)  was proved in  Deheuvels  and Pfe i fer  lZ)  ,  whi le
(2 .6 )  and  (2 .7 )  were  p roved  in  Deheuve ls  and  p fe i fe r  [3 ] .  Fo r  the  p roo f
of  (2.g)  and (2.10)  we only  have to observe that  A3g2 = A3g3 = -A2g1,

f rom wh ich  (2 .10)  i s  jmmed ia te ly  obv ious .  A lso ,
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l l .A 'R2g, ,  I l  ̂ -  = , rp . - t  # l *  -  znt+n(n- l )  |-l 
.*1, n>b

( 2 .11 )  =  r r p  . - t  +  I  ( n - t ) 2 -  n l

.  l= :  ^- t " ' tn- l  *  I  . , , . '  " - t  jn  '2: '  ; ! l ' - t  C+ .  i ; !8 '- '  S {n-t) ' '
f rom wh ich  (2 .9 )  fo l l ows  by  S t i r l i ng ' s  fo rmu la .

I t  should be pointed out  that  the express ions on the r ight  hand

s ide  o f  (2 .5 )  and  (2 .6 )  can  a lso  be  represen ted  as

t u - l { a - t l  =  t k - l { r - t )  w h e n e v e r  k - l k s t < k +  1 - , / R + T ,  k 2 1 ,

t n - 1 f t - n )  =  t k - 1 [ t - r )  w h e n e v e r  k + , / k < t < k + 1 + , z E T T ,  k > 0 .

373

(? .12)

( 2 . 1 3 )

In fact, part of these developments (however for the Poisson bino-

mia l  se t t i ng )  have  been  g iven  by  Barbour  and  Ha l l  [1 ] ,  p .  477 ,  who

suggested that  the quant i t ies above would be "not  in  genera l  very neat ly

express ib le " .  A lso ,  by  S t ' i r l i ng ' s  fo rmu la ,  we  have

t , ,  A t ^ z  , ,  .  . - 1  / 2(2.L4,  
l *  f  11.""4 '91 l lxr  (2ne) - ' -  -  .242,

a fact  that  has a lso been observed by Barbour  and Hal l  t l l ,  apparent ly

wi thout  recogniz ing the constants n and e being involved here.

Ac tua l l y ,  by  use  o f  S t i r ' l i ng ' s  fo rmu la ,  we  can  g ive  the  fo l l ow ' ing

b o u n d s  o n  ( 2 . L 2 )  a n d  ( 2 . 1 3 ) .

LEMMA. l^le have

(z .Ls l  I  zre)-L/?exp(-3/  e, r l ) )  = ta- l {a- t )  . - t=f t rn.  ) -L/2,  t }  3-  y '3,

{ t r " .  ) - t /2 "^p( -2 / { r ) .  
tb - l {u - t )  . - t  .  f t rn .  ) - t /2 " *p(2 lGf rD,

t >  3 + / 3 ,

- 1  t ,
(2n t )  ^ "exp( -3 l  (2 t )  )

- 1  l t  -
( 2 n t )  ' r - / I + Z / t ,  t 2 1 .

( 2 . 1 6 )

( 2 . r 7  ) = # . - t =
tk 1 r-t1_TT-P r o o f .  L e t  H ( t )  = f o r  k  -  f r . s  t<  k+  1 - , / k ; f ,  k>  3 .  In  tha t
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(2 . I s )

range ,  H( t )  i s  max ima l  fo r  t=  k+  |  
-  ,m7A and  min ima l  fo r  t=  k - , f r .

S i m i l a r l y ,  i f  J ( t )  =  t o [ l - k ,  . - t  t o ,  k + , / - k s t < k +  ] . + , / F f ,  k ] 3 ,  t h e n
J ( t )  i s  m a x i m a l  i n  t h a t  r a n g e  f o r  t =  k +  L / 2 + R + V 4 ,  a n d  m i n i m a l  f o r
t=  k+  1+ / IT [ .  By  the  use  o f  a  l i t t l e  ana lys is  and  S t i r l ' i ng ' s  fo rmu la ,
( 2 . 1 5 )  t o  ( 2 . L 7  )  a r e  n o w  e a s i l y  p r o v e d .

By means of Corol lary 1, Theorem 2 and the above Lemma we have at
once a ' large number of  upper  and lower bounds for  the d is tances d i (u,v)
a v a i l a b l e .  N o t e  t h a t  a l s o  f o r  t > 0

l l . A t n 3 g ,  l l * -  =  . - t  :  t k - 3  '  ' 3  3 k t 2 +  3 k ( k - 1 ) t -  k ( k - 1 ) ( k - z )  |
(2.18) 

-t  "  ̂ 1 plg 
-T- 'r  t  '

=  *  r l l r - t l  3 y  -  +  E ( l T - t t )  * - f  r l r y
t "  t '  t '

where  T  i s  a  Po isson  random var iab le  w i th  mean  t ,  g i v ing

u.Atn3gr lrxr F- * 
. 

ü 
= o(*)

for  t * -  which is  the same rate as in  the second order  est imat ions ' in

Barbour  and  Ha l l  t1 l  fo r  the  Po isson  b inomia l  se t t i ng .

An in terest ing asymptot ic  resul t  is  g iven by

COR0LLARY 2.  suppose that  the d is t r ibut ion of  X depends on the
mean E and the variun.. o2 in such a way that

n ^ 2
E(x -  E ) -  =  o ( : )  fo r  E+" . .  Then

t  
z  . r , n  z

(2.20)  dr  (u,v)  = 
| t  Zre)-  t t  '  +  o (5)  ,
- ,  

. t ^  
t ,

(2.2r) dz(u,v) = 
frfzne)- 

t l  t  + o(b) ,
q

2  , , n  2
(2.22) ds(u,v) = l tTnd- 

t l  '  + o(f t )  .

Note that  in  Coro l lary  2,  we n. . . r rur i ty  f 'ave
h e n c e  o ' =  o ( * ) .

q

D .  P f e i f e r

o2  .  o  s i  nce  o4  s  E(x -E)4 ,

An impor tan t  example  o f  mixed Po isson d is t r ibu t ions  are  the  negat ive
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Poisson b inomial  d is t r ibut ' ions v = vO where each vO is  a geometr ic
k = l  

N

d i s t r i b u t i o n  w i t h  v p ( { O } )  =  p k  w h e r e  0 < p k  1 - q k . 1 .  I n  t h i s  c a s e ,  w e

may choose X = 
f . l f  

Xf  where Xt , . . . ,Xn are independent  exponent ia l ly

d is t r i bu ted  r . v . ' s  w i th  means  Ap /Rp  each  s ince

A,  r ,Xk  n  AX, ,  n  AX,  n
( 2 . 2 3 )  v = E ( . * = t  ) = E ( . l t " e  

* )  E ( e  * )  = . * . u k
k=1  k= l  k= l

( c f .  a l s o  F e l l e r  [ 4 ] ,  p .  5 7 3 ) .  A l s o ,

E(eAXk)  =3n r3 l  =  ( r  3A) -1P p  ' P p '  a p

where R denotes the resolvent of the semigroup and I the identi ty

opera to r  ( see  Deheuve ls  and  P fe i fe r  l 2 ) ,  o r  P fe i fe r  [7 ] ) ,  wh ich  g ives

a just i f icat ion for  the name "negat ' ive Pojsson b inomial  d ' is t r ibut ion"

fo r  v .  Here ,

( z . z s )  E =  1 3 ,
r l t  P k '

( 2 . 2 6 )  E ( X  -  E ) 4  =  6

wh' ich fo l  I  ows easi  ly  by the rel  at ion

( 2 . 2 7 )  E ( x  -  E ) 4  =  G ( a ) 1 0 1  *  3 o 4 ,

w h e r e  G ( s )  =  l o g ( E ( . t X ) ) ,  s >  0 .

Now i f  the qu depend on n in  such a
n n ' ' n ^
r  Q u + - ,  (  r  q r , ) (  L  q r ' )  =  0 ( 1 )  f o r

k=l  ^  k=l  ^  k- -1 ^

o2 = ,.!,tff"'

o!, ,ff,* 
+ 3o4 s so4 '

- t  /z
f

w a y  t h a t  m a x ( q r , . . . , 9 p )  *  0 ,

f . r ->@r then by Corol lary 2,

n 2 n - ,
o (  ( o l 1  Qk ' ) ( o l ,  ep ) - ' ) ,

I rSr '
(2.?B) d1(p,v)  = 

t# 
(2ne)

rlr pt
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(2 .2e ) ot  (u ,v )  =

( 2 . 3 0 )  d g ( u , v )  =

D.  Pfe i fe r

r rlr,*,'z : - i l
r.lr Pr

, o!,'ff"2m
/ u!: pu

(2ne) -t /2 + o t f  
o!,  

oot) {o!,  oo )-2) ,

(zn)-t /Z + otro!,  oo')  {o! ,  oo )-3/\ .

F o r  t h e  ' i  . i . d .  c a s e  c o n s i d e r e d  b y  V e r v a a t  [ 9 ] ,  i . e .  p k =  p ,  a l l  k ,  t h i s

means hQ +  oo ,  n2q3 *  0 ,  n ' |  @r  g i  v i  ng

(2 .31)  dr (u ,v )  = f r tz re) - t tz  +o(* )

(2.32)  dz(u,v)  = 
+ 

(2ne)- t lz  *  o(*)

a n d  i f  a l s o  n 3 q 5 * 0 ,  h + @ r

(2.33) ds(u,v) = i  ^f I )3/?(znft /Z * oU*) .

Rela t ion  (2 .31)  improves  Vervaa t ' s  l 9 l  bound

(2 .34)  dr (u ,u)  s  f i
asymptot ica l ly  by the factor  (2ne)- r /2 .  In  th is  low and moderate range
f o r  6 ,  r e l a t i o n s  ( 2 . 1 )  t o  ( 2 . 3 )  w i l l  i n  m a n y  c a s e s  a l s o ' i m p r o v e  u p o n
t h i s  e s t i m a t i o n .  F o r  i n s t a n c e ,  a s  l o n g  a s  E < 2 -  Q ,  w e  h a v e

d1 (u,v) s mi n {oz 1t  -  
}ae-€ + zo3 ,  (z -  ,Q}y

< min{ .231 + 
#, 

.s6B} fi . fi .
( 2 . 3 5 )

3.  Approximat ' ion of  Mixed Poisson Dist r ibut ions -  the Biased Case
For  Po isson  approx imat ion  w i th  respec t  to  Po isson  b inomia l  d i s t r i -

but jons,  i t  has turned out  that  wi th in the 1ow range for  the mean,
unbiased approx ' imat ion ' is  asymptot ica l  ly  less ef fect ive than b iased
approx imat ion  (see  Deheuve ls  and  P fe i fe r  l z l ,  t s l ) .  Th is  sugges ts  tha t
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for  Poisson approx imat ion ' in  the mixed

should hold t rue.  In  fact ,  the genera l

an ansv ' rer  to  th is  quest ion.

3 7 7

Po i  sson  case ,  a  s im ' i l  a r  resu l  t

formulat ion of  Theorem 1 g ives

C0R0LLARY 3 .  Le t  v  be  a  m ixed  Po isson  d is t r i bu t ion  w i th  m ix ing  r . v .

X  s u c h  t h a t  E ( X )  =  6 ) 0 ,  a n d  p  a  P o i s s o n  d i s t r i b u t i o n  w i t h  m e a n  E > 0 .

Then

l d i (u ,v )  -  c i  l l (e  -  E) .AEAgi  - | t re -  E)2*  o?) .AEnzgt  l l * . ,  I

=  *  * . , E (  l x  -  E l 3 ) ,  i f  x  e  t 3 ( p ) ,
( 3 . 1 )

w h e r e  C i , , g i ,  X i ,  K j ,  i  =  t , 2 , 3  a r e  a s  i n  C o r o l l a r y  1 .  I f  a d d ' i t i o n a l l y

a l s o  X € L ' t ( P ) ,  t h e n  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 1 )  c a n  a l s o  b e  r e p l a c e d

b y  ( 2 . 3 )  .

A genera l  development  for  the norm terms in  (3.1)  can be found' in

Deheuve ls  and  P fe i fe r  l ?1 ,  re la t ion  (2 .15) ,  and  Deheuve ls  and  P fe i fe r

l3 l ,  re l  a t ions  (3 .19)  and  (3 .20)  .  t ' l e  sha l  I  no t  d i  scuss  th i  s  i n  de ta i  I

here but  wi l l  ra ther  concentrate on the case when e -  E = 
i t t t -  E)2*  oz) ,

oF ,  equ iva len t l y ,

( 3 . 2 )

provi ded

opt imal

g i  v i  ng

( 3 . 3 )

( 3 . 4 )

E --  e -  02/6+G1 ,

t h a t  o 2 . n t n ( e  , 1 ) .  T h i s  c h o i c e  i s  a s y m p t o t i c a l l y  ( w h e n  o 2 * 0 )

i n  t h e  1 o w  r a n g e  f o r  q  ( p r o v i d e d  t h a t  r ( l x -  E l 3 )  =  o ( o 2 ) ) ,

d1(p,v)  =  i  o '#  . -6*  o(o2)

a r ( u , v )  =  i " ' * o ( o 2 ) .

Surpr i s ing ly ,  fo r  d2 ,  a  b iased  cho ice  fo r  E  w i l ' l  i n  genera l  no t  resu l t
j n  (essen t ia l l y )  improved  es t imat ions ;  c f .  a l so  Theorem 3 .1  in

D e h e u v e l s  a n d  P f e i f e r  t 3 l . A  b i a s e d  c h o i c e  o f  E  a c c o r d j n g  t o  ( 3 . 1 )  w ' i 1 1

asympto t i ca l l y  ( fo r  o2*0 )  be  be t te r  than  an  unb iased  cho ice  in  (3 .3 )

as  long  as

( 3 . 5 )  e  <  1 +  ( / z +  \ l / g  -  @ -  1 ) 1 / 3 -  1 . s 9 6

(c f .  Deheuve ls  and  P fe j fe r  [2 ] ) ,  and  be t te r  than  an  unb iased  cho ice  in
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(3 .4  )  as  
' l ong  

as

( 3 . 6 )  6 < l o g  2 - . 6 9 3

(c f .  Deheuve ls  and  P fe i fe r  t3 l ) .

For  negat i  ve Poi  sson b inomial  d js t r ibut ions,  v ' ,e  genera l  ly  have

E ( x -  E ) 4  =  n ( a ) 1 0 ) + 3 ( ( 6 -  E ) 2 *  o ? 1 2 + 4 G , , , ( 0 ) ( e  - E )
( 3 . 7 )

+  6 ( (  q -  E ) Z  *  " 2 ) ( e -  E ) Z  *  G -  e ) a

w i t h  G  a s  ' i n  ( 2 . 2 7 ) ,  g i v i n g

( 3 . 8 )  r ( x - q ) 4  s L 4 o 4 , i f  o z s r / q .

t ^ le  thus  have  E1 lx -  e  l3 )  =  o (o2)  fo r  o2*  o ,  hence  b iased  Po isson  approx ' i -

mat ion ' is  asymptot ica l ' ly  more ef fect ive for  negat ive Poisson d is t r ibu-

t ions in  the 
' low 

range than unbiased approx imat ion.  For  instance,  in

t h e  i . i . d .  c a s e ,  u n d e r  t h e  a s s u m p t i o n s  t h a t  q  ( . 1 ,  . 0 4  < r " < 2 - t T ,  w e
have in  the b iased case

(3 .e )  d1(u ,v )  =  i  oz ( t *  o2 ) . -6*  Z  o t  =  ( .180  -  # l  *l i P

wh ich  i s  asympto t i ca l l y  be t te r  than  (2 .35) .
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