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Introduction

We investigate the approximation of the distribution of
the sum of independent‘(but not necessarily identically
distributed) Bernoulli random variables by Poisson
distributions with respect to selected probability
metrics (total variation, Kolmogorov metric, Fortet-
Mourier metric). Special emphasis is given to the
problem of the (asymptotically) best choice of the
Poisson mean as well as a precise evaluation of the
leading term in the corresponding distance. The general
approach to these kind of problems chosen here is an
appropriate application of the theory of operator
semigroups, generalizing and improving earlier results

of LeCam (1960).
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§ 1. Preliminaries and basic definitions

Let Xq,..,Xn be independent Bernoulli random variables

with values in {0,171} and success probabilities

IN
P
N
=}

pi(n) = P(Xi=1)’ 1

(possibly depending on n), and Y,,..,Y_ be independent
y p ] 1 ' 'n

Poisson random variables with expectations
= = i é
E(Yi) ﬂi(n), 1 £ i 4 n.

We are interested in the approximation of the
distribut%on of Sn = fgqxi by the (Poisson) distribution
of Tn = iE%Yi. As a measure of accuracy, we shall
consider suitable metrics on the set of all probability
measures concentrated on the non-negative integers Z+,

such as

(1.1)  a(s,,T ) = sup IP(SneM)-P(TneM)|
+
Mcz

/‘ o
- Ekgo I P(s, = %) - P(T, = K)|

(total variation),

m
(1.2) dO(Sn’Tn> =mseu;+ kgo {P(Sn =k) - P(Tn = k)}

(Kolmogorov metric), and
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(1.3)  da,(s_,T)) = inf E (|sn-Tnt)

w | k
= Z | Z4{p(s_=3)-P(T_ =3}
Zo j:O{ (8, =3 h=

where Q ranges through all possible joint
distributions £(8,,T,) of (Sn,Tn) with given
marginal distributions I(Sn) and i(Tn)
(Fortet-Mourier metric; a specific Wasserstein

metric).

Note that we have used the notation d(Sn,Tn) etc.
instead of d(i(Sn),x(Tn)) for simplicity.

For a good survey on probability metrics the interested
reader is referred to Zolotarev (1984) and Vallender
(197%). Statistical applications of these metrics are
outlined in Serfling (1978) and Deheuvels, Karr, Pfeifer
and Serfling (1986).

While the case of Poisson approximation in total variation
has received relatively complete treatment by various
authors such as LeCam (1960), Kerstan (1964), Chen
(1974, 1975), Serfling (1975, 1978), Barbour and Hall
(1984) and Deheuvels and Pfeifer (1986a ), relatively
little is known with respect to the metrics do and 4,
(see e.g. Franken (1964), Gastwirth (1977), Serfling
(1978)). Following an idea developed in Pfeifer (1985a),
we shall show in the sequel that approximation problems
of the above kind can very generally be treated in an

operator semigroup framework resembling LeCam's (1960)
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approach, allowing at the same time also for a
discussion on (asymptotically) optimal choice problems
for the Poisson mean as in Deheuvels and Pfeifer

(1986 a).

For abbreviation, we shall denote by p(n) =
(p(m)yeeyp (@), w(0) = (wy(n),.. e (0)) and A(n) =
(lq(n),..,ﬂn(n)) where

L}

(1.4)  X;(m) = -1log C1-pi(n)), 1< i£n.

The choices w(n)

"

p(n) and w(n) = A(n) are of special
interest here since they turn out to be asymptotically

optimal when

.

n n 2
(1.5  Zpin)—=> o, 'qui(n) =0(1) (n=>e0)
: 1= i=

D

or

(1.6) 'gapi(n) = o(1) (n—> o).
i=

More generally, it will be of importance to consider

also the choices
(1.7)  wy(n) = py(0) +p(t) pS(n), 1 £1i€n
17 .
for some constant y(t) e [0,5] in case that

n
(1.8) ':11)

; ;(n) > ¢, max {pi(n)} = 0(1) (n=)

14i4n
for some positive finite t. It will be shown in the

sequel that under condition (1.8), there will always
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be such a y(t) which asymptotically minimizes the
distance between .;t(Sn) and J?('l‘n) measured with respect

to the above metrics. (The case t =0 could have been

/!

included here as well since A.(n) = pi(n) +3 p?(n) 4 een

BN

oo + O(p?_(n)), hence ¥(0) = 5 would be an appropriate
choice; correspondingly, under (1.5) which corresponds

to the case t =<, we would have y(w0) = 0.)

§ 2. The semigroup setting of Poisson approximation

Let X denote either the Banach space Z’] of all
absolutely summable sequences or the Banach space 2%
of all absolutely bounded sequences f = (£(0),f(1),...),
resp. If M denotes the set of allvprobability measures
concentrated on Z+, then any measure m ¢ M can be
identified with the sequence f = (m({o}) ,m({1%),...)

c £/'S %X . For f ¢ 11, g ¢ X the convolution f*g is
defined by

n
(2.1) fxg(n) = & £(kx) gln-k), ne z'.
k=0
Then again f»g ¢ ¥ , and we have

(2.2)  lfxgl <l 4 Hel
) x

where || .|| denotes the corresponding norm on X .

x
Any measure m € M thus defines a bounded linear operator

on ¥ via

(2.3) mg= f.%8 = fom({k}) Bkg, g e X
k=
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where Bg=¢é,%g, and ¢, for k ¢ Z" denotes the Dirac
measure concentrated at k. If, as usual, I denotes the
identity mapping on X, then A=B-I generates a

contraction semigroup given by

=) k g k
(2.4) ePhg- kzo.;;;T JL kzoe-t%ak* g=P(t)g, geX

for t ® 0, where P(t) denotes the Poisson distribution
with mean t. The semigroup given in (2.4) is also called
the Poisson convolution semigroup. It is easy to see
that the generator A is a difference operator on X

which can also be expressed by

v
D

g(n-1) -g(n), n
(205) Ag(n) = y & € X .
-S(O)s n =20

On the other hand, if B(t;), 1 ¢ i ¢ n, denote
binomial distributions over {0,1} with success

probabilities t; e [0,1] then also
(2.6) (I4—tiA)g = B(ti)g, g e X,
and hence, in the case of independence,
n
(2.7) TT(I-+pi(n)A)g =&L(S )g, g e ¥.
k=" n

Further, by (1.1) to (1.3), we see that for measures

m,, m, e M the metric distances can equivalently be

expressed by
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1 .
(2.8) d(m,],mz) =-2-"(m,] - mg)g“ ; with g=(1,0,0,...)
(2.9) do(m,‘ ,m2) = "(m,] - m2)h"£¢ with h=(1,1,1,...)
(2.10) d,(my,my) = lim | (my - my)h | ; with

n-»eo

h = (1,1,..,1,0,0,...), containing n ones

followed by an infinite string of zeros.
For short, we shall also write
(2.11)  d4(my,my) = | (m, -mz)h"qu with h as in (2.9),

although h is not an element of ,41, considering this
expression as the limit in (2.10).

dith g,h as above, we can thus write
(2.12) 4a(s_,T )=%|[(exx>{£a-(n)h- m (I+p-(n))A)g||
n'mn f=1 1 i= 1 £
n n
(2.13)  ag(8p,2) = [[Cexp {3 s ()}a- TT (Tep; (mDaX]

n n
(2.14)  a,(5,,T ) = "(exp{qui(n)}A - E‘(I-rpi(n))A)h"l,] .

In order to evaluate these expressions precisely it will

be necessary to deal in general with differences

n
(2.15) % - iTT1(I+tiA) for t 20, t, ¢ [0,1] .

n
For t = :_ t, we would expect the difference in (2.15)
i=1
n
to be close to the operator %{Z t?} e%42 in some
i=1
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sense. A more precise statement is as follows.

Theorem 2.1. Let ¥ be an arbitrary Banach space and A
the bounded generator of a (uniformly continuous)
contraction semlgroup actlng on X. Let further t; e [0,1],

4¢icn, and t= I t, i s=Zt and v = Zt3 )
i=1 i=1 i=1

Then, for all f e¢ ¥, we have

(2.16) othe - '|13|' (I+tiA) £-2 etAAzf" 4
i=1
KI|A2IIS+ ||All{ “ tAABf" K g2 | tAALLf"}

where K = 1 +j2- (1 +||A|I)e“A".

Proof, We shall make use of a suitable telescoping
argument valid for commuting operators U’l""Un’

V,‘,..,Vn on X for which we have

n n n
(2.17) TTu, - TTv, = Z Uy
i=1 i=1

e U (U,=V.)V =V,
121 i+l n-i "i’"1

i-1

(cf. also the proof of Theorem 1 in LeCam (1960)).

From this we obtain, letting w, = 2 t,
* J#i 3’

(2.18) oUA

n A
Zt. eVi A2i‘“ ‘

n
f- TT(I+t.A)f-
i i=1

1
=1 i 2

i

. 2
Tl ol 4t epditne

R t? " wlA 2%11?!:': e_tlA(IH:lA) - I}f"
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Further, for every u 2 O, we have

u
(2.19) e A (I+un) = (T+uh) {T - uh+ f (u-x)e~**a2 ax}
5

u
= T-u2A2 4 (I+up) f (u-x)e~XAa2 ax,
0
hence

2
(2.20)  [e ™ (z+ur)| £ 1+u21421 + (1+ulal )%—eu"AHHAell

which is bounded by exp(K"Aeﬂue) for u € 1.

Second, we have, by Taylor's formula and the contraction

property, for u,w = 0, £ ¢ ¥,

2 u 2
(2.21) |l evA(e®A - (I+uA+32—A2))f“ 4 fSB'E—XLlieWAA5fl|dx
0

- Lo ha31]

Third, by (2.17), we have, for every w 2 0, f ¢ ¥,

i-1 _t.a
(2.22) ”eWAAe{ T e ™ (1+tlA)-1}f" ¢
1=1

i-1 i=1 . _

= 17 e e mll e 1A @re a)-1)6Aa%|
1=1 J=1+1 J

= exp(KHA2Hs) Kls"eWAAAf"

where the last estimation follows from (2.19).

Fourth, for j = 1,2,%, we have
(2.23)  Jle"ifadzll ¢ e Titl I tAadell ¢ SMAU| AT

hence the right hand side of (2.18) is bounded by
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(2.24)

[22 .
Kla2ls + IIAML Letha3eli+ £ 2] ®An%sl }

Fifth, we have, again by Taylor's formula,

n w.A n
P tf e 142 _ zt§ etAAef“ <
i=1 i=1

(2.25)

n ~-t.A )
= 2l - 1)etAa2ell ¢ v oMl PAn3el
i=1

The theorem now follows from (2.18), (2.24) and (2.25).a

It should be pointed out that if I+uh, 0€ué1, also
is a contraction (as is the case in our applications,
where I+uA =2B(u) ), then K may likewise be replaced by

oIt

the smaller constant K* = 1 +% . Note that in

general, the semigroup e %4;

u2 0} used in the proof
will in general not be a contraction (as is the case in

our applications), but that we only have
1 = Izl élle_uA“ | cuAl 4IXe—uA“, u0.

The following result will be the key for an appropriate
treatment of optimal choice problems in Poisson

approximation mentioned above.

Theorem 2.2. Under the conditions of Theorem 2.1,

we have, for arbitrary u=20, f e %,
(2.26) | euhe - %%'(I+tiA)f" - g"etA(23A+A2)f"+-R (£)
i=1 n

with
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2
(2.27) |Rn(f)| < eK“A I s+||AI{% v“etAAz’f" + -Ié{-selletAAq'f“}+
oot 282 52 max{"euAA2f“ ’ "etAAef" }

where § = u;t'

Proof. We have

(2.28) lle™s- .'lrl[l(l-rtiA)f—% VA (28a4n2)2| ¢
1=

n
letAe - 17 (T+t,0)f -8 eP2a2¢ |l 4+ lle¥r — oAr - (u-t)e®22ll.
i=1

The assertion now follows by Theorem 2.1 and another
application of Taylor's formula as in Deheuvels and

Pfeifer (1986 a), Lemma 4.1. »

Theorems 2.1 and 2.2 generalize results obtained in
Deheuvels and Pfeifer (1986 b) for the special case of

Poisson convergence in total variation.

In the sequel we shall apply Theorem 2.2 to the norm
representations (2.12) to (2.14) of the various
distances under consideration, allowing for precise
determination of the leading terms in the asymptotic
expansions, and for determination of the asymptotically
best choice of the corresponding Poisson parameters.
The results obtained here are (at least asymptotically)
better than those of LeCam (1960) due to the fact that
we consider second order expansions rather than only

first order expansions for the semigroup, and that
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"etAA“ and ”etAAau tend to zero with t tending to

infinity.

§ 3. Consequences for Poisson convergence

Let again denote g = (1,0,0,...), h = (1,1,1,...). Then
Ah = -g, which is an element of 11. Since in all
investigations, only powers A¥ with kx ¢ N are of
interest, no more limit relations have to be considered
with respect to asymptotic expansions for the Fortet-
Mourier metric (i.e. the right-hand side of (2.26) and
(2.27)).

The following expansions and estimations have, in
different contexts, partially been obtained earlier

(Pfeifer (19850b), Deheuvels and Pfeifer (1986a) ).

Lemma 3%.1. For the Poisson convolution semigroup,

we have, for t 2 O,

-

(-]
(3.1)  le®Aanll 4 = ¥ et ET =1
£ k=0
© k-1
(3.2) le®4p2nll - "etAAg“ = etk It -x| =
11 11 k=0 k1
5 ot tﬁtﬂ

2
e A (t—= 0 )
IeD: vewt
where [ .] denotes integer part

(%2.3) "etAABh"£1 = "etAA2g"‘e,| =

0 k-2
T et EET—-Ite—Ekt+k(k-—1)| =
k=0 '
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-t{ta 1(a t) , £°” 1(t—b)}N (t — )

t¥2me

with a=ﬂ:t+%+l/t+%jﬂ, b=ﬂ:t+%-h:+%ﬂ

) let®anll = let®a2gll . ¢ min{s, &
(z.s) e ; el 4 {8, ==

(3.5) ”etAAug“‘e,] £ 16 min{’], .t%%
tA -t 7 -t tIt] 1
(3.6) le®anll = e P sup Xy =ePi nv—— (t>w)
P 130 n! [t1! m
n-"1
(3.7)  le®™a2nll - &t sup L —|t-n]| =
£ n: -
n20
a-1 b-1 p
et max{ a%a t), t bgt bl} d (t =)
ty2me
(3.8) le®4a2nll - &t sup lt -Int + n(n-1)| ¢
£ n20

inf2, ==
mln{ t'{t}
(3.9) ||etAA4h"£wé 16 min{’l, tﬁé}_

Further, by (2.5), we see that in any case, we have
IAll € 2, hence K = 13 (K *= 5, resp.) would also be
an admissible value in (2.16) and (2.27).

A simple comparison of Lemma 3.1 and Theorem 2.2 with
relations (2.12) to (2.14) shows that under condition
(1.8) the asymptotically optimal choice for the Poisson
mean g= Zrl_ yi(n) is actually given by (1.7), at least
for somel;gal constant y(t). The following expansions

show that we may indeed restrict the range for (%)
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to the interval [O,-;—].

Lemma 3.2. For the Poisson convolution semigroup,

we have, for t+ 2 O and every real §,

(3.10)  lle®A(2sa+42)e) , -
2

k-2
6% T T | kP - ok(t+4-8t) + t(v-28%)| -
k=0

c-1 d-1
> e-t{ £ (cc-!(1—2s)t) L& ((3;28)t-d)§

~ £ {?exp(- —15) + 31 exp(- %52) §

t12n 2g 5
> 4 (t > )
ty2re =

where ¢ = |[t-—r+‘Vt+r2ﬂ, d = I[t—r-?/;;é]]

and r = 61:-%, §=81/?+1/’1 +62t

n-1
(3.11)  Jle® (28a+a2)nll - &% sup L~ |(1-28)t-n]| =
£ n=20

e~ max { tc'q(cc-l (1-28)%) td'“<(gT25)t - d)}

~ t’|21|‘ max{§exp(— 53'-2_) , % eXp(- %§2)}
~ _%

t’,/?TGXD(- '2':';2') (t» )

o k=1
(3.12) Nt 26auanll , = 7 = B |k- (1-28)t] -
£ k=0 ~°
N k N
-t t -t t
28 - 48 kgoe ¥t 2 e §T
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2 28%%
—ee - 222 28 - 48P (-2867%) (trw)
N ek exp( "2‘5) * ¢

X
2
where N = [(1-268)t] and (b(x) = f4—;_—_—_— exp(—ge—)du,
-00 w

and for & >0,

45¢(-284€)~4/:Tt exp(-28°t) (t—= o).

Note that some of the above asymptotic relations are
valid only for & 2 O, but from the exact representation
of the norm terms it is easy to see that only this range

for 8 is the interesting one.

Correspondingly, we see that under condition (1.6), in
all three cases the choice &= % gives the asymptotically
minimal value for the norm terms above. The fact that
instead of taking yi(n) = pi(n)~+% p?(n), we prefer the
choice w(n) = A(n) (which is asymptotically equivalent)
is due to the circumstance that it can be shown by
different methods (see Serfling (1975), (1978) and
Deheuvels and Pfeifer (1986 a)) that the latter is
precisely optimal in some cases. Intuitively, we should
expect that under (1.6), the difference between the
probabilities of observing zero will be the major

contribution to the metric distances above, which is

(3.1%) | TT(1=p.(n)) - exof £ ¢ (n>}|
k=1 k k=1 K

and which is zero for the choice u(n) = A(n).

In what follows we shall for short omit the variable n
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in p(n), u(n) etc., writing p,u etc., and we shall write
Tn((,l.) instead of 'I‘n, expressing that Tn follows a Poisson
n

distribution with mean -
i=1

The following statement gives & summary of the results,
without explicitly appealing to the operator-theoretic

background.

Theorem %.1.

n
A) Under the condition ¥ p; > O (n->) we have
i=1

n
(3.14) inf a(8,,T, () w A8y, T~ G £ pf
(3.15) 30t 6508, 2, (1))~ dg (ST, (1)) w dg (8,7, (p))
1§52
a-FEns
(3.16) inf a,(S_,T (u)wa (S ,2 (M)l £ p
. lﬁ 48 T (p))m d (5, T (M) 3 ig,‘pi
n
(3.17)  a(S,,T_(p))wd,(S_,T_(p))w ,quf \
i=

all relations valid for n»> w.

n
B) Under the condition ¥~ p;>te (0,00), max{pii-’o
i

1€ién
(n+ o), we have

-1 b1
(3.18) a(s,,T (p))w3 f:/'pf e-t{ta aga—t)+t bgt-b)}
1=

with a,b as in (3.3)

n I+]
(3.19)  a(s,,T, (M) w3 .quf L duis
1=
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which is asymptotically larger than d(Sn,Tn(p))
iff tr1+ @2+ )3 w3-1)1221.500...

AME

a-1 b-1
(3.20) dO(Sn’Tn(p))N% p§ e-tmax{t a%a-tl’t bgt-b)}

i
with a,b as in (3.3)

PR i
e

,]pi Teh |

M

I]
(5.21) dO(Sn’Tn(’\>)N-2'

i
which is asymptotically always larger than
do (8, T, (P))

5 _t 1:Et]]
€ Tou!

-

n
1=

(3.23) a.(5..7 (A wd & p2
5.23 1" n'n’ NEi'z:—,]pi

which is asymptotically larger than

d,](Sn,Tn(p)) iff t>log2= .6931... ,
all relations valid for n—-»o.

n
Under the condition ¥_p

n
1?0, Zp?l = 0(1) (n» o)
i1

i=1
we have
n
2_Pj
(3.24) inf d(Sn,Tn(tL))Nd(Sn’Tn(p))N ! 1;1
® 2we
~ Py
i=1
n
Epf
1 i=1

(3.25) a(s,,T (M)w ——

n
292w /.: by
Ti=1
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(3.26) inf dn(8 ,T (@)~ dg(s ,T ()

(J.
n
of
~ 1 i=1
2v¥2me f:p
i=1
n
b=
(3.27) dg(S,,T (N) ~ -27— e
e 2Py
i="1

'a

S o2

(3.26) dnt ay(8;,7 () wag (8,7 a(P)e == S i

/Lpl

n
pr )

i=1

(3.29) 4, (8,7 (W)~

nol-

all relations valid for n-= 0.

Furthermore, under the conditions specified in B),
in all three cases, there will always be an
asymptotically optimal choice for p= w(n) of the

form

N,
H
IN
=}

(3.30) gy(n) = py(n) + () pi(n), 1

for some constant y(t) e [O,% which can be determined

by the corresponding minimal value of 8§ in Lemma 3%.2.

It should be pointed out that there is in general not a
nice closed expression forvr(t). Some examples are

given below.
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Example %.1.

I) For the total variation distance, we have
(3.31) If 0<t£1: t) = %,
1 & 2 -t
NOFYPIIVER 3

(3.32) If 1<t£92: p(t) = .;.

-

n
d(Sn"Tn(t")) ~ % gpi t e’
1=
(3.33) Ifv/2<t4 %6 p(t) = 3 - = %—:—E— ,

18 5 £2, 3 2=t
A5y, Ty~ 3 Eopg e {t+(1-5r25L ]
(3.34) If BB ct<2: p(8) = 0 ,
18 2 bl t2
a8, (@) w3 el T T e (-}
II) For the Kolmogorov distance, we have

(3.35) If 04134’/3—1: T(t) =§(-3-m=%——2'(:—+ﬂ 9

a(s 1 f: 2 1
O( n’Tn(f"))Nﬁ R pime

i=1

-t

(3.26) If4/3-1<t€1: p(t) = 2 - —
T e 2+%

2 *

1 & 2 26 -t
a,(8_,T (e))wv= > ps === e .
O n a2 0 P 582

III) For the Fortet-Mourier distance, we have
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(2.37)

(3.%8)

(3.29)

(3.40)

DEHEUVELS and PFEIFER

If O<t<log2: (t) = -2_,- )
1 & 2
A (8, T (p)) v 5 2 Py
i=1
If log2<t<€1: o~(t) = 0,

(5.1 (@) v S p2 et
A\Ppp i=1p1

_—
2t

If 1<téo=1.6784...: @ (t) =%
4,57 (W) v 2 {1-2(1-2e7%)}
1\ °n2 i 2 P t

If x<t€2: (t) =0,

2 2 -t
d1(sn’Tn(f)) v fiﬁpi t e ”.

Here « denotes the positive root of the

equation 2e”" (1 +a) = 1.

Finally, we should like to mention that besides

asymptotic expansions as given in Theorem 3.1, Theorem

2.2 also allows for upper and lower bounds for the

metric distances under consideration, in connection

with Lemma 3%.1.
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