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In the recent years probabilistic representations of
strongly continuous operator semigroups have re-raised a
great deal of attention ([2], [6], [7}, [8], [10]); a pos-
sible explanation for this might be the fact that a proba-
bilistic approach to representation theory seems to be the
most natural one (cf. [8]). Besides individual representa-
tion theorems also gquite general probabilistic representa-
tion formulas have been given in the literature ([2], [3],
[6], [7]), the most interesting ones being derived from
the famous law of large numbers in probability theory. As
will be shown in the present paper, all of these can be
subsumed under a single probabilistic representation theo-
rem based on a weak law of large numbers for a random num-
ber of summands which now also includes the continuous
versions of Hille's and Phillips' exponential formulas
(compare [6], Corollary 2). Moreover, the general theorem
gives rise to certain product representations with unequal
factors which to our knowledge have not yet been considered
in the literature before. As a main tool, we use a rigorous
approach to integration theory of semigroup operator-valued
random variables by means of an extended form of Pettis'

integral.
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1. PRELIMINARIES

For a Banach space & with norm | .||, let &(%) denote the
Banach algebra of bounded endomorphisms on %, and #(Z) de-
note the Borel o-field generated by the norm-topology over
Z. We consider a strongly continuous operator semigroup
{T(t) |t > 0} C &), i.e.

T(t+s) = T(t) o T(s), s,t > O (1)
T(O0) = I (the identity operator) (2)
lim |T(t)f-f]] = 0, £ €Z. (3)

t+vO

It can be shown (cf. [1]) that (3) implies strong continu-
ity, and that there exist constants M > 1 and w > O such
that

Ity < m Y, £ > o. (4)

As usual, let A denote the infinitesimal generator of the

semigroup, and R(A) = fe_KtT(t)(.)dt, A > w denote its
o}
resolvent. For a non~-negative real-valued random variable

X defined on some probability space (Q,%,P) let

wx(t) = E(tx), t > 0, denote the probability generating
function of X, and w;(t) = E(etx), t € TR, denote the
moment-generating function of X, where E(.) means expecta-
tion. If N > O is an integer-valued random variable, then

also

wN(t) = ) P(N =k)tk, t >0 (5)

k=0

’

and if {Y, |k € N} is a sequence of independent, identi-
cally (as Y > O, say) distributed random variables, inde-

N
pendent of N, then for the random sum X = ) Y, (the empty
k=1

sum being zero),

(t) = wN(w;(t)), t € IR. (6)
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(For a detailed probabilistic background, cf. e.g. Feller's

monograph [4].)

2. INTEGRATION THEORY

The necessity for a separate integration theory for semi-
group operator-valued random variables of the form T(X)
where X > O is a suitable real-valued random variable is
due to the fact that in the general strongly continuous
case the mapping t -+ T(t) usually is neither Borel-measur-
able w.r.t. Z(&(Z)) nor separably valued, which means that
possibly E[T(X)} does not exist as a Bochner- or Pettis
integral in &(%) unless X is countably valued or the semi-~
group is uniformly continuous (i.e. A is bounded). More

precisely, the following statement holds.

THEOREM 1. If lim inf |[T(t) -T(t )| > O for some t_ > O,
tytg
then the mapping t » T(t) is neither Borel-measurable (and

hence not strongly measurable) nor separably valued.

PROOF. It is easy to see that for any strongly continuous
semigroup {T(t) |t > 0} with T(t) # I there is some neigh-
bourhood % IR+ of the origin such that on#%,T(.) is in-
jective. Further, by the assumptions of the theorem, there

exist §,c > O such that

inf () —T(tO)H > c (7)
t <t<t +6
o —o
which implies that for arbitrary O < s < t,
c ~wto *
inf [T(t) -T(s)]| > T =c > O. (8)
s<t<s+§

Without loss of generality, we may assume that § < to and
T(.) is injective in# € [0,68], hence by (8),

[T(t) -T(s)f > c* for s,t €%, s * t. (9)
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Now choose a non-measurable set #/'C % (which always exists)
then T(A47) consists of uncountably many separated points in
E£%F), i.e. T(A#) is closed (and hence a measurable set in
#(&(®))) and non-separable. But A = T ' (T(A")) N which is

not measurable by assumption hence T(.)} 1is neither Borel-
measurable nor separably valued. S8

A simple example of a semigroup fulfilling the conditions
0of Theorem 1 is the semigroup of left translations on the
space 4 = UCB(IR) of all uniformly continuous and bounded
functions on IR (cf. [1]); here |[T(t) -T(s)|| = 2 for s #t.

In order to be able to define expectations also for the
general strongly continuous case, we now introduce an
extension of Pettis' integral for £(%) - valued mappings.
The idea behind this extension is the fact that for the
Banach space £(2) less bounded linear functionals are
necessary to guarantee uniqueness of the (extended) inte-

gral.

DEFINITION. Let (#%,u) be a measure space and S : 4 > &(X)
a mapping such that £¥(S(.)f) is Borel-measurable for all
f €eq and £ efl”*, the dual space of%Z. S is called
u-integrable if there exists an element J € £(Z) such that

£°(J(£)) = [£(S(.)E)dp for all £ e, £ ex . (10)
M

J is then called the p-integral of S : J = [sdu. If yu is
M
a probability measure, then J is also called expectation

of S : J = E(S).

By a corollary of the Hahn-Banach theorem, J is uniquely
determined in case of existence since for Jq03, € &)
with £7(3,(£)) = £ (3,(£)), £ €2, £ €2", we have
J1(f) = Jz(f), f € Z and hence Iy = I, Further,

F*(J) = £*(J(f)) for fixed f € X, £ €2 " and arbitrary
J € (%) defines a bounded linear functional ¥ e 6@?)*
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with HF*H < Hf*H £, i.e. if S is Pettis-integrable in
the ordinary sense, then S is also extended Pettis-inte-

grable, and both integrals coincide.

Note that if additionally S(.)f is Borel-measurable w.r.t.

RB(K) for some £ €%, then also fS(.)fdu exists as an
M
ordinary Pettis-integral in%Z; in this case, also

(fsau)f = [s(.)fdu. (11)
M M

We shall now give a simple sufficient condition for the

existence of an extended Pettis-integral.

LEMMA 1. Suppose that S(.)f is Borel-measurable and sep-
arably valued for every f € 4 and that [[S|| is dominated by
some integrable function g > O. Then S is extended Pettis-

integrable, and

| [sau| < [gdu.
M M

PROOF. Since S(.)f is Borel- and hence weakly measurable
and separably valued, by {|S(.)f]| < g|lfl, s(.)f is Bochner-

integrable, hence Pettis-integrable with

I [stofaul < £l fgdu. (12)
M M
But then
J(f) = [s(.)fdu, £ €X (13)
M

defines a bounded endomorphism J € £(Z) with

gl < Jgdu (14)
M

by (12), and

£ (3(£)) = £°([s()Edw) = [£7(s(.)E)du, £ €, £ €2 (15)
M M

by the Pettis-integrability of S(.)f which says that S is
extended Pettis-inteqrable with J= [Sdu. Hence by (14),
M
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I[saul < [gau. m (16)
M M
Note that || S| need not be a measurable function, hence the
inequality
I[saull < [lislan (17)
M M

may be meaningless unless |[S| is measurable.

COROLLARY 1. Let X > 0 be a real-valued random variable

such that w;(w) < » where w is as in (4) . Then T(X) is

extended Pettis-integrable with

IelT ) ]|

| A

Moy t),
and

E[T(X)]f = E[T(X)f], f e

It

where the integral on the right hand side is an ordinary

Pettis-integral.

PROOF. Obvious from (4), (11) and Lemma 1 since T(.)f is
continuous for every f €%, hence T(X)f is measurable and

separably valued. B

COROLLARY 2. Let X,Y > O be independent real-valued randam
variables such that w;(w) and w;(w) < o, Then T(X), T(Y)

and T(X)oT(Y) are extended Pettis-integrable, and

E[T(X)oT(Y)]| = E[T(X)]eE[T(Y)].

PROOF. By Corollary 1, T(X), T(Y) and T(X) o T(Y) = T(X+Y)
are extended Pettis-integrable (the latter since
¢;+Y(w) = w;(w)w;(w)). To prove Corollary 2, it suffices
to show

£X ((BE[T(X) |oB[T(X) ) £) = £ (B|T(X+Y) | £) (18)

*

for all f eZ, £¥ e ™. But
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h"(h) = £ (E[T(X)|h) = £ (E[T(Xh]), h e® (19)
defines a bounded linear functional h” €2 with

In* < Te"ElTeo [} < He M v} o). (20)
Now by definition and some well-known integration theorems,

*

£ (@[T JeE[TM DE) = W (BT ]E) = [ (T )]

miryyerptay) = [£ (E[TX)oT(y)£])PY (dy)

I

[E[E  (T(oT(y) ) ]PY(ay) = [[E¥(T(x)oT(y)£)PX(ax)pY (ay)

(X,Y)

[JE5 (T (x+y) £) P (dx,dy) = [£"(T(x+Y)£f)dp

£ E[T(x+Y) ] £),

where, for a random variable Z, PZ denotes the distribution
of z. m

Note that Corollary 2 provides a rigorous proof of a
similar relation in [3], p. 157 which was stated only

heuristically.

The following result is a generalization of Corollary 2

to a random number of summands.

COROLLARY 3. Let N > O be an integer-valued random vari-

able and Y > 0 a real-valued random variable such that
* *
Yy (w)< » and Uy (g (w)) < @, Let further (v, |k € IN} be

a sequence of independent identically (as Y) distributed
N
random variables, independent of N, and X = ) Y,. Then
k=1
T(X) is extended Pettis-integrable, and
E[T(X)] = yg(B[T(¥)]) = | P =m{E[T(V)]}",
m=0

where {E[T(y)]}o = I.
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PROOF. By Corollary 2, for m > 1,

- m *
HElr ] = lelrc ] vy Il < my ()
k=1

Y

1 k

I ~13

k

MLy (0) 1" (21)

which by M > 1 also holds for m = O. But then

I PN =m (B[t ]I < M ] POV =m) (¥ () )"
m=0 m=0

My (b (0)) < = (22)

by assumption, i.e. ) P(N =m){E[T(Y)]}m is absolutely
m=0
convergent, hence convergent in £(%) to wN(E[T(Y)]). Now

with f e, £ eq”,

* - = m
£ (E[T(X)] ) [ PN =mE[£ (0( | v,)6)]
k=1

m=0

J P(N =m)£{E[T(¥)] ™)
m=0

l

£5¢ § PN =m) (E[T(¥)] ™),
m=0

hence

E(fT(x)] = § P(N=m){E[T(V)|}". m (23)
m=0

3. THE REPRESENTATION THEOREM

Before stating the main theorem we shall prove a weak law
of large numbers for random sums in the setting of
Corollary 3 which turns out to be basic for the general

representation formula.
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LEMMA 2. Let {N(t) |1 > O} be a family of non-negative
integer-valued random variables such that % N(t) converges
in probability to some constant ¢ > O for 1 + =. Let
further {Yk | k € IN} be a sequence of independent identi-

cally (as Y > O) distributed random variables, independent

of {N(t) |t > 0}, with E(Y) = y. Then the random variables
X(t) = N:ijk, T > O obey a law of large numbers, i.e.
Tx(n =1 N(f)yk — vy
k=1

in probability for 1 + =,

PROOF. For any event C €%, let 1C denote the indicator
random variable, i.e. 1C(x) =1 iff x € C, and O other-
wise. To prove the theorem, we split up the random sum

into three parts:

X(1) = yooY, +1 ¥ Y

T<k<zt {gt<N(1)} ©gT<k<N(T) k

-1 y Y, - (24)
{gt>N(1)} N(1)<k<tgt

By the classical law of large numbers,
1 -

in probability for t + ». For the remainder terms in (24),

€
choose ¢ > 0 and 0 < n < T+y °

Then again by the law of
large numbers,
1

Y, = L z Y, — ny < ¢ (26)
k nt k
ct<k<{g+n)t gr<k<zrtnt

3

in probability for 1 -+ «, hence
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1
P (1 - ¥ Y, > €)
{zT<N(t)} =t CT<k:N(T) k =
<P({zteN(OINE T v » el +PO(D> ()T
gt <k<N{7)
<p(d ) Y, > €) +P(IN(1)> zn) » O (27)

gr<k<(g+n)t

by (26) and the assumptions of the lemma, hence

1
= Y, -0 (28)

1{CT<N(T)} k

§r<kiN(T)

in probability for tv » «; similarly for the third summand
in (24). Hence by (25),

1

1 T

in probability for 1t » =, ®

THEOREM 2. Let {T(t) |t > 0} be a strongly continuous
operator semigroup, and let {N(t) |t > 0} and Y be as in
Lemma 2 such that for the probability generating functions

YN (1) WN(T)(GT) < = for some §, > 1 and all t > O, and

that w;(dz) < » for some 62 > 0. Then if

lim sup wN(T)(w;(EE)) < ® (30)

T
T>

for some r > 1, we have wN(T)(E[T(%)]) € &) for suffi-

ciently large 1 with
- Y - * w
Py oy BLTE DI < M owg ) g (D (31)
and the semigroup representation

T(g) = lim ¥

T >

P 4
i ETED
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holds in the strong sense where £ = gy.

PROOF. Choose {Yk |k € N} as in Lemma 2. Then by Corol-
lary 3, for sufficiently large T, T(% X(1)) 1s extended
Pettis-integrable with

1 - Y ,
E|lT(- x(0) ] = WN(T)(E[T(?){) e &) (32)
and
Y * 1w
HWN(T)(E{T(?)l)H <M wN(T)(wy(?)) (33)

by (22). Further, for sufficiently large 7,

B T(E x(0)E]D) < mTEl Ty (5

* rw

JE G

MEE] T oy (0

by (4), hence by (11), (32), Lemma 2, the assumptions and

Lemma 1 in |3], the theorem follows. @

Note that (30) is always fulfilled for any such random

variable Y if

lim sup w;(r)(S) < (35)

T
T>o

for some § > wy since by Taylor expansion,

*rwy roy A o
wY(fF) =1 + — + O(TZ) (1t » =), (36)
§
hence for sufficiently large t and 1 < r < oy
wN(T)(wY( =) = E[(1 += c<T2>) |

E[expl (22X +0(—5) )N () 1|

T
T

| A

=yl (B o)

N(t) . (

) - (37)

S jor

*
S VN(q)

The condition & > wy is not very restrictive since for

equi-bounded semigroups (i.e. w = 0) it reduces to § > Oj
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in the general case, instead of T(t), t > O the eguibounded

semigroup S(t) = e “tr(t), t > O might be considered.

In what follows we shall show how the various representa-
tion theorems given in the literature follow from Theorem

2 by specialisation.

COROLLARY 4. Let N be a non-negative integer-valued ran-
dom variable with E(N)
dom variable with E(Y)

z and Y > O be a real-valued ran-

I

vy such that wN(51) < = for some
61 > 1 and ¢;(62) < o for some 62 > 0. Then for suffi-
ciently large n € IN, WN(E[T(%)]) € £@) with

TogEITO DI < My oy e, (38)
N n N 'Y 'n
and
oy Y n
T(8) = Lim Ly (B[T(]))
in the strong sense where £ = zy.

PROOF. Let {N |k € IN} be a sequence of independent,

identically (as N) distributed random variables, and let

N(t) = Z Nk’ T > O. (39)
1ikiT

Then by the law of large numbers,

TNy » ¢ (40)
T

in probability for 1 » «., Further, since

= Gl
wN(T) - \PN r T >0 (41)

{where [&H denotes the greatest integer not exceeding T),

we have
TN P L e R - S TS O PL L ISP
T

for 1 » » and every § > O, hence the corollary follows by
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(35) and Theorem 2 for the integer subsequence. ®

Corollary 4 is the main theorem in [6] from which by
specifying the distributions of N and Y as binomial, geo-
metric, exponential etc. the representation theorems of
Butzer-Hahn [2], Chung [3], Kendall [5], Shaw [10] and
others immediately follow (see [6]).

COROLLARY 5. Let {N(t) |t > 0} be as in Lemma 2 such that

wN(T)(61) < » for some §, > 1 and all v > 0, and that for

some § > 2w 3
2 z
. * 62
lim sup wN(r)(f?)'< o,
T->o
Then all of the relations
= 1i £
T(g) = 112 wN(T)(T(CT)) (43)
T(g) = lim ¢ (2L r(EL)) (44)
row N(T) T E 3
T 1, £ k.k
T(g) = lim wN(T)(kZO grizE) A7), m € IN (45)
T > =

hold in the strong sense (the latter only in case A is
bounded) .

PROOF. Obvious from (35) and Theorem 2 by choosing Y =

£

13
4
or Y being exponentially distributed with mean z Relatio

n
(45) follows from (43) by Taylor expansion of the semi-

group using methods sketched in [7]. ®
Choosing {N(t) |t > O} as a Poisson process with parameter
£, Hille's and Phillips' exponential formulas are reobtain-

ed from Corollary 5.

COROLLARY 6. For all £ > O,

T(¢) = lim exp {ET[T(%O -1]} (46)

T+
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T(£) = lim exp {(Et°R(t) =&t} (47)
T >0
T(£) = exp (£A) (48)

in the strong sense (the latter only in case A is bounded).

PROOF. For a Poissson process with parameter ¢, % N(r) »¢
in probability for 1 » «, and wN(T)(t) = expl(gt(t-1)),
hence wN(r)(61) < » for all 64 > 17 and 7 > 0, and

8 §,./t £§
w;(r)(fg) = explet(e > -1)) » e 2 (49)

as tv » «» for all 62 > 0. Relations (46) to (48) now follow
from (43) to (45) (withm = 1). ®m

COROLLARY 7. Let A be bounded and N be a non-negative

integer-valued random variable with E(N) = ¢ such that
¥y (8) < = for some § > 1. Then for all m € W,

k

m
T(6) = Lim uy( | o (== kA

n->w 0 tn

in the uniform sense.

PROOF. Obvious from (45) and the proof of Corollary 4;
note that any &, > 2|l all % can be chosen (cf. also (42)).
The uniform convergence can be deduced from uniform

estimations in the proof of Theorem 2. ®

Corollary 7 is a slight generalization of the representa-

tion theorems given in [7].

COROLLARY 8. Let {Nj | x € N} be a sequence of non-nega-

tive integer-valued random variables with E(Nk) such

=z
k
that Uy (61) < = for some &, > 1 and all k, and let Y > O
Lk -
be a real-valued random variable with E(Y) = y such that
w;(éz) < = for some 62 > 0. Then if
. a * T
lim sup TT'wN Wy (=)) < =
n->w k=1 'k n
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for some r > 1 (or alternatively,

: oo s
lim sup || 2% (=) < » for some § > wy)
n
n-w k=1 "k
and if
L}
lim — Var(N,) = 0O
n-o n2 k=1 K
(where Var means variance) and
4 D
lim a ) Cp = ¢ exists,
n-c k=1
the semigroup representation
n -y
T(£) = lim [T v, (B[T(D])
n»» k=1 "k
holds in the strong sense where £ = [y.

PROOF. Without loss of generality we may assume all

random variables to be independent. As in the proof of

Corollary 4, let N{(t) = ) N, . Then by our assumptions
T<k<t
and the law of large numbers, again %N(T) > ¢ in probabi-
lity for 1 » «. Since vy = 't v, , the corollary now
N{(t) N
1<k<t 'k

follows from Theorem 2 and (35). ®

Corollary 8 is an extension of Corollary 4 to a product
representation formula with not necessarily equal factors.
The following result is the corresponding analogue of
Corollary 5.

COROLLARY 9. Let Ny |k € IN} be as in Corollary 8. If

n
lim sup ]“[wg (%) < ® for some & > 2w %
N-—>oo k=1 k
and if
;1
lim — ) var(N,) = O
N+ n- k=1
and
n
lim 2 ) z, = ¢ exists,
nse k=1 k

31



PFEIFER

then
n £
T(g) = lim {; ¥, (T(=x)) (50)
nse k=1 Nk °P
n tn _,Zn
T(g) = lim [T ¢, (2= R(=)) (51)
now k=1 Nk & 2
= T £y,
T(E) = lim [ 4y (_E (75)°2°), m € (52)

nro k=1 "k j

in the strong sense (the latter only in case A is bounded).

COROLLARY 10. 1f

1 b
lim — 5! Ly = U exists,
n->c k=1
then
n £ .
T(g) = lim T exp {Ck[T(EH) -1} (53)
n-»o k=1
n -Zn tn
T(£) = lim 7. exp {cktjs R(=F) -1} (54)
n->w k=1

in the strong sense.

PROOF. Let Nk be Poisson distributed with mean Ck' Then
for every § > O,

n n
§ §/n
TTvs (2) = TTexp {z, (%P -1))
k=1 N B k=1 k

st

A

{lo~18

exp {2 ] 1, +0(5)) » e (55)
n

k=1

4 D
for n » », Also, since Var(N,) = z,, lim —=% Z Var (N, ) =0,
k k 2 k
n-o n k=1
hence the statement follows from Corollary 9. ®

Note that Corollary 10 is a natural generalization of
Hille's and Phillips' exponential formulas to product

representations of operator semigroups.

32



PFEIFER

It should be pointed out that the general probabilistic
approach to representation theory as chosen in this paper
also permits statements on rates of convergence in the
general as well as in the individual representation formu-
las (cf. also [2]); these approximation theoretic aspects
of representation theory are dealt with in more detail in

a forthcoming paper [9].
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