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Abstract

We present a simple elementary recursive representation of the so

n
called Faulhaber series z BV for integer n and N, without
k=1

reference to Bernoulli numbers or polynomials.

1. Introduction

A well-known historical problem is the explicit evaluation of the so

n
called Faulhaber series Z kN for integer n and N, see, e.g., Knuth [2]
k=1

who also coined the wording Faulhaber series or formula. In the modern

literature on this topic, an explicit representation of this expression is
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given on the basis of Bernoulli numbers and Bernoulli polynomials, see
[1], [2] and [3]. In this note, we present a simple recursive representation
of the Faulhaber series without reference to Bernoulli numbers or

polynomials.

2. Main Result

n

Denote s(n, N) := z kN for integer n and N. Then there holds
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which by rearrangement leads to
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Obviously,
N-2
N4 (N +1 N +1 .
. N (n+1) —(N_ljs(n,N—l)—Z( i js(n, ])
— — J=
s(n,N)—I;)k = N1

“

which implies that s(n, N) is a polynomial in n of degree N +1 with

N+1 N+1 N
% or more precisely, s(n. N) =

leading term
(’)(nN_l ), cf. [3], p. 3.

An evaluation of [1] for consecutive values of N leads to:

n
s(n, 0) = Zl =n+1,
k=0

s(n, 1) = (n + 1)2 -s(n, 0) _ n(n+1)

2 9 )
stn, 2) = Lt 1P =sln. 0)= (0. 1)
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n(n +1)2n +1)3n* + 6n% - 3n +1)
42 ’

s(n, 6) =

nz(n +1)2(3n4 +6n3 —n? —4n+ 2)

s(n, 7) = 51 :

s(n, 8) _ n(n + 1)(2n + 1)(5n6 + 15n59-|(-) 5n* —15n% —n? + 9n - 3) ,

nz(n +1)2(n2 +n —1)(2n4 +4n® —n? —3n + 3)

s(n, 9) = 20 ,
_n(n + 1)(2n + 1)(n2 +n- 1)
x (3n® +9n® + 2n* —1103 + 302 +10n - 5)
s(n, 10) == 66 ,
_nz(n + 1)2 (2n8 +8n" +4n% —16n°
—5n* +26n3 - 3n% — 20n +10)
s(n, 11) = £ on ,
"n(n +1)2n + 110510 + 52512 + 525n% — 10500 |
~1190n° + 23101°
+1420n* - 3285n°
- 28702 + 2073n - 691
s(n, 12) == 5730 )‘ R
n2(n + 1)2(30710 + 15009 + 12508 — 40087
- 32615 +1052n° + 367n*
—1786n° + 202n% +1382n — 691)
s(n, 13) ==

420
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s(n, 14) =

s(n, 15) =

s(n, 16) =

s(n, 17) =

n(n +1)2n +1)3n'2 +18n!! + 24,10
— 45n2 - 81n8 +144n" +182n°
— 345n° — 217n* + 498n3
+44n® — 315n +105)

90

n?(n +12(3n'2 + 180! + 21010
- 60n° - 83n8 + 22617
+203n°% - 632n° - 226n*

+1084n3 —122n2 — 840n + 420)

48 ’

n(n +1)2n +1)150 + 1050 + 175012
- 315n' - 805110 +1365n°
+2775n8 — 48450 — 6275n°
+11835n° — 1714513 - 151902

+7485n* +10851n — 3617)

510

n? (n + 1)2(10n14 +70n'3 + 105012
- 280n!! - 565110 +1410n°
+2165n% - 5740n" - 5271n°
+16282n° + 5857n* — 27996n°
+3147n2 + 21702n — 10851)

180 ’

93

(6)
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"n(n +1)2n +1)(105116 + 840115 + 16800

-2940n' - 9996n!% +16464n'!
+48132n'° — 8043017 —167958n°
+292152n" + 380576n° — 716940n°

— 454036n* +1039524n° + 9216212

- 6580051 + 219335)
sln, 18) = = 3990 B

n%(n +1(42n' + 336n'° + 616n'* — 156813
- 426302 +10094n!! + 22835010
- 55764nY — 87665n° + 231094n"
+213337n°% — 657768n° — 236959n*

+1131686n° — 12717312

— 877340n + 438670)
s(n, 19)= = 340 =,

n(n +1)2n +1)(165n'® + 1485017 + 3465n'°
—5940n'° — 257400 + 41580n '3
+163680n'2 — 2663101 — 8015701
+1335510n° + 28064700 — 4877460n7
- 636266015 +119827201° + 7591150n*

—17378085n° — 1540967n>
+11000493n — 3666831)

s(n, 20) =

6930

The final calculations have been supported by the computer algebra

system MAPLE. Seemingly, s(n, N) can be represented as

s(n, N) = n2(n + 1)2P(n, N-3) for uneven N >3 and s(n, N)=
n(n +1)2n +1)P(n, N -2) for even N >2 where Pn, K) is a
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polynomial of degree K. This can be shown empirically at least for

N =2, ..,100.
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