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Abstract 

We present a simple elementary recursive representation of the so 

called Faulhaber series ∑
=

n

k

Nk

1

 for integer n  and ,N  without 

reference to Bernoulli numbers or polynomials. 

1. Introduction 

A well-known historical problem is the explicit evaluation of the so 

called Faulhaber series ∑
=

n

k

Nk

1

 for integer n  and ,N  see, e.g., Knuth [2] 

who also coined the wording Faulhaber series or formula. In the modern 

literature on this topic, an explicit representation of this expression is 
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given on the basis of Bernoulli numbers and Bernoulli polynomials, see 

[1], [2] and [3]. In this note, we present a simple recursive representation 

of the Faulhaber series without reference to Bernoulli numbers or 

polynomials. 

2. Main Result 

Denote ( ) ∑
=
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NkNns
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:,  for integer n  and .N  Then there holds 
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Proof. 
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which by rearrangement leads to 
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Obviously, 
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which implies that ( )Nns ,  is a polynomial in n  of degree 1+N  with 

leading term 
( )

1

1
1

+

+
+

N

n
N

 or more precisely, ( ) =Nns . +
+

+

1

1

N

nN
+

2

Nn
 

( ),1−NnO  cf. [3], p. 3. 

An evaluation of [1] for consecutive values of N  leads to: 
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The final calculations have been supported by the computer algebra 

system MAPLE. Seemingly, ( )Nns ,  can be represented as 

( ) ( ) ( )3,1,
22

−+= NnPnnNns  for uneven 3≥N  and ( ) =Nns ,  

( )( ) ( )2,121 −++ NnPnnn  for even 2≥N  where ( )KnP ,  is a 
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polynomial of degree .K  This can be shown empirically at least for 

.100...,,2=N  
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