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Chapter 1

Introduction

Let © be a smooth, compact Riemannian manifold with boundary 952, of
dimension n > 2. Let Ag be the Laplace-Beltrami operator acting on func-
tions that vanish at the boundary. For A > 1 write xx = xpn—1,,(vV—Aq),
where 7 is the characteristic function of the set I. Our main result is:

Theorem 1 Let n = 2 and 2 < p < co. If K C Q is a compact set for
which all points in K N OQ are concave then for all f € C§°(Q) and A >1

Ixafllzexy < CaA®@| £l 20

where

) if2<p<6

N
hSE N

e(p) = _
if 6 <p < oo.

N RN | —
N

We call a point x € 9 concave if all geodesics through = tangent to
0f) are tangent to first order only and, near z, contained in 2. See figure
1.1.

It is known ([S3]) that these estimates are true in any dimension n if
K NoQ = 0 with

11
ERUEHE

n—1 1
; — on+l
- ) f2<p<p,=235
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2

if p, <p < o0,
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Figure 1.1: Concavity of K N oS2



and sharp if the interior of K is not empty. We conjecture that the same
€(p) works also if K is as in the theorem, for any n. We will prove this for
p = oo but obtain only slightly weaker bounds for n > 3,p € (2, 00).

Denote the eigenvalues of —Aq by A2 < A2 < ... and let e, es,... be
a corresponding sequence of orthogonal L?-normalized eigenfunctions. We
call A; the frequency of e;. Taking f = e;, A = A; in the theorem one gets

Corollary 1.1 With K as above, |le;||Lr(x) < CK)\;-(p)'

The theorem is stronger than the corollary as it gives also bounds for func-
tions which are superpositions of eigenfunctions whose frequencies lie in a
band of width one.

The restriction to convex boundary points is important:

Theorem 2 Let K = Q = {|z| < 1} be the unit disk in R?.

a) There is a sequence of eigenfunctions (fi) of Aq with frequencies
wr — 00 and a positive constant C' so that

2/9
I fellzeoy > Cr/ 1 fill 2 o)

for all k. Thus, Theorem 1 is not valid here.

b) The L* bound of Theorem 1 still holds, i.e.

Ixallz2@)— po= () < CVA.

Thus, the L® estimate is sensitive to the geometry of dQ while the L*°
estimate is not, in this case.

Why does the presence of a boundary lead to additional difficulties, and
why does the geometry of the boundary matter?
As we will see below, the growth of the operator norm || x|l = [|xallL2(0)—Lr (k)
is closely connected with the propagation of waves in ). The key to the
above questions lies in the peculiar behavior exhibited by waves hitting the
surface of an obstacle (the boundary): For a concave obstacle (viewed from
the wave) diffraction occurs, while for a convex obstacle one has multiple
reflections which may degenerate into ’gliding rays’, i.e. waves traveling
inside the boundary surface only.
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We proceed to give an outline of the proof of Theorem 1.

The relationship between xy and the *wave operator’ e**V—2¢ is fundamen-

tal:
X\ = X[o,1](>\ -V —Aq) = /

o0

)V([O,l] (t)e—it)\eit\/—AQ dt,

writing x[o,1) as the Fourier transform of its inverse Fourier transform. From
this it is easy to see (cf. Lemma 2.6) that

FCVYA> 1 |l S OXP) = ICYA> 1 ||pa]| < OXP)

where
P = /p(t)e_”’\Ut dt,

p is any Schwartz function whose Fourier transform does not vanish on
[0,1], and Ui f = cos(tv/—Agq) [ is the solution to the problem

32
(@ *A)Utf =0 in Rt X Qz
Uof =f
) (1.1)
(&Utf)|t=0 =0
Ut filrxoa = 0.

This has the following consequences if we choose p supported near 0, say
in (—e,e€):

e The problem is local, i.e. the growth of ||xx| only depends on what
Q looks like in an e-neighborhood of K. This is an immediate con-
sequence of the finite propagation speed property of Ui, see section
2.1. Thus, if K C Q, e <dist (K,99Q) for example, this growth is
independent of the shape of 012, and if 2 is a domain in R™, we can
replace Q by a cube containing it, not changing |||/, and check the
estimates for the cube by direct calculation. In fact, instead of a cube
we might even take all of R (limiting case as the cube gets large),
where now X is the multiplier operator f — [X[,\,L)\](\ﬂ)f(g)]v, and
the calculation is easier as integrals are easier to handle than sums.
Also, even for a nonflat metric the word ‘manifold’ could be avoided
altogether, as no global phenomena occur. Therefore, without loss



of generality one may think of domains €2 C R" only, with a sym-
metric (with respect to some measure that is smooth with respect to
Lebesgue measure) variable coefficient second order elliptic operator
instead of A.

e The growth of ||p,||, and thus of ||x,]|, reflects non-smoothness of the
map R — L(L*(Q), L?(K)),t — U; near 0. In particular, U; may
be replaced by an approximation if the error is sufficiently smooth in
t. Such approximations (parametrices) for the solution of the wave
equation near ¢t = 0, in the form of superpositions of oscillating func-
tions, are known for the ’free’ problem (no boundary condition) and
for the initial boudary value problem near concave or convex bound-
ary points.

For the proof of Theorem 1 we analyze the integral kernel of py, using the
parametrices for U;. Recall the identities

* w11/2
HpkHLz(Q)HLT’(K) = HpkHLl’,(K)HLz(Q) = IlpApA||LC’/(K)—>LP(K)

where p’ is the dual of p, 1% + 2 =1, and

1
P

[All L1 ()= Lo () = sup |A(z,y)]
z,ye K

for any operator A (we always use the same letter for operators and their
integral kernels). Thus, the L* bound amounts to a uniform estimate on
the kernel of A = pyp3. In section 2.2 we present a lemma reducing the
LP~ bound to certain decay estimates of this kernel away from the diagonal
x = y. Note that ¢(p) is linear in p~! on the intervals [2, p,] and [p,, o],
so by linear interpolation we only need to prove the theorem for p = 2, p,
and oo, with

n—1

2

e(pn) = p,;* and €(00) =

In chapter 2 we present the proof for the interior case K N9 = @. First,
we consider a flat metric, taking a domain Q C R? for simplicity. The L>
estimate is elementary, while for LP~ the stationary phase method is used.
Using the free parametrix for a variable coefficient wave equation, there is
little difficulty in extending the results to an arbitrary metric. Essentially,
it is the stability of the methods under small perturbations that makes this
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Figure 1.2: €(p) for n =2



possible. Some geometric explanations and a proof of sharpness for Q C R?
conclude chapter 2. All the ideas in chapter 2 have been known for some
time, see [S3], also for further references.

What happens if KNOQ # (7 This is the topic of chapters 3, 4 and 5. In
chapter 3 we present the parametrix for the wave equation near a concave
boundary point. Analogous to a light ray hitting a surface transversally,
tangentially or not at all, the parametrix is the sum of ’transversal’, ’graz-
ing’ and ’interior’ parts. The transversal and interior parts are operators
like those dealt with in chapter 2, and the estimates are easily obtained.
The grazing part is a quantification of the diffraction phenomenon men-
tioned above. It is more difficult to construct (see [MT]) and also harder to
estimate. This estimation is the core of this work and contained in chapter
4.

We prove Theorem 2 in chapter 5, using asymptotic properties of Bessel
functions. A short list of open problems and appendices about Airy func-
tions and stationary phase conclude the work.

For the sake of orientation, we remark that the weaker estimate

IXaf Lo (@) < CX2(| £l 12(q),

for any smooth domain €2, can be obtained easily from an appropriate form
of Sobolev’s inequality (see [H1, Thm. 17.5.3], for example).

As usual, C' will denote a constant that may be different at each oc-
curence. Generally, it may depend on ) and other previously chosen quan-
tities like the function p above, but not on A. Investigation of the depen-
dence of these constants on the geometry of 2 is a topic of interest, but not
part of this work.

Thanks to the Professors

C. Sogge, my advisor, who had always time and tried patiently to keep
my eye on what’s important,

J. Ralston and G. Eskin, from whom I learned a lot about PDEs,

R. Melrose, whose 'Introduction to Microlocal Analysis’ convinced me to
convert to PDEs, after I had focussed on combinatorics before,

M. Aigner, my former advisor in Berlin, who supported, encouraged and
challenged me in what he thought I was best at,

and to Marianne Hiibner for the pictures, proofreading and moral support
in times of joy and in times of despair.
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Chapter 2

Basic Ideas

Here we will present special cases of Theorem 1, in order to introduce the
main ideas one by one. We will prove the estimates for the interior case,
K NoQ = (. For clarity, we will mostly deal with two dimensions. Gener-
alization to n dimensions is immediate. In sections 1 and 2 we consider the
case of a domain in R2. In section 3 we will show how the ideas in section
1 and 2, together with known parametrices for variable coefficient wave
equations, yield the result in the variable coefficient case, away from the
boundary (thus concluding the proof if € is a manifold without boundary).
In section 4 we will give geometric meaning to some of the manipulations
performed previously. Finally, in section 5 we show that the estimates are
optimal if K contains an open set.

2.1 Localization

To illustrate the localization idea, we prove the following special case of
Theorem 1:

Proposition 2.1 Let Q C R? be a smooth bounded domain, and consider
Dirichlet boundary conditions. Let K C Q) be a compact set in the interior
of Q. Then

Ixallz2 @)=L (x) < Cr V.

Proof: Let ¢ = dist(K,0€). The main point is that the solution of
the wave equation with initial data supported in K will not "notice” the
boundary up to time ¢ = t+e. Therefore, we can express this solution in two
ways: Using the eigenfunctions e; of Ag, and using the R? “eigenfunctions”

9
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€€, As equality holds for all |t| < ¢, we can extract information about the
€j.
Formally, for x € Q and y € K write

with weak convergence.

Let u(x,t) = (Uidy)(x) be the solution of the wave equation (1.1) with
a point mass at y as initial data. It is well known (and not hard to prove
using energy inequalities) that

supp u(-,t) C {z : there is a path from y to x in 2 of length < |¢| }.
(2.1)

So if [t| < €, u(x,t) equals the solution of the wave equation on R?, that is

Zcos(/\jt) ej(x)ej(y) = (277)*2/ cos(t|€)e!@VEdE if |t] < .
j R (2.2)

Write coss = (e** + e~%)/2, multiply both sides by e~ p(t), with
p € C§°((—¢,€)) to be chosen later, and integrate over ¢ to obtain

pr(9) = [ O (o) dt = 350N AN e (2)er ) =

J

m) 2 [ 5160 Ie) + 5O+ eDle s, (23

Clearly, px(z,y) = 01if |z —y| > €. The following simple lemma is essential:

Lemma 2.2 Ifp € S and p does not vanish in [0, 1] then, for \ sufficiently
large,

IXxfllz2) < ColloafllL2(a)-
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Therefore, the growth of [[Xa|l s (f)— 12(q) can be controlled using only

information in a e-neighborhood of K. In section 2.5 we will see that a

converse estimate is also true.

Proof: [[xafll7z) = 22, X001 (A = X)) [(f, ;)] <
5, 15O +HOLA)E (€02 = Clloaf 22 0 since i)+ (2N~
w) # 0 for p € [0,1] and X large.. &

It is easy to get a p € C§°((—¢,¢€)) as in the lemma: Take any pg €
C5°((—€,€)) with po(0) = [po # 0. Then some dilation p(t) = a po(at), a >
1 will do.

Now write py = (o + p3)/2, pr = p(A F vV—Aq). Then

X (X)) 2 (z0)— 20y = sup |(pX (0)) ()| = /R2 p(A=€)]?dg < OA

z,yeK

whence

Hpir||L2(Q)—>L°°(K) = ”(p;\L)*”Ll(K)—»L?(Q) <CVA

using Holder inequality and duality, and p) is negligible because

1
[ 10+ lehPde < O [ s < cac:

for any N.

& (Proof of Proposition 2.1)
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Remarks

e The essential fact is that the ‘eigenfunctions’ e?*¢ are uniformly (in &)
bounded, and there are roughly A = A"~ ! of them with the relevant
frequencies, with respect to Lebesgue measure in £. In contrast, the
LP~ estimate will depend essentially on cancellation that occurs when
functions x — €™ for various nearby ¢ are superimposed.

e Actually, the essential feature of cos(ty/—Agq) is not the finite prop-
agation speed of supports (2.1), but of singularities. This allows to
generalize the method to certain nonlocal (but pseudolocal) elliptic
pseudodifferential operators instead of A, if we are dealing with man-
ifolds without boundary, see [S1].

e While above we thought of e™¢ as ’eigenfunctions’ of Age, it will
be easier in the variable coefficient case and near the boundary to
use directly integral representations for the wave kernel which are
not necessarily given using eigenfunctions. This will correspond more
closely to ei®eivt = ¢i(==¥)¢ viewed as standing wave, ‘centered’ at

Y.

2.2 [P bounds

Recall that for an operator A, ||A||p1_~ = sup |A(z,y)|. There is no such
simple formula relating ||A||;,» _, ;» to the size of the kernel A(z,y), if p # 1.

The following lemma is often useful. The idea appeared for the first
time in [ST] and was subsequently used to prove various LP boundedness
results (e.g. see [S3]).

Lemma 2.3 Let X C R™ be bounded, and let B € C®(X x X). Assume
that the kernel of A = BB™* satisfies:

«
|A(z,y)| < o — | D2 Jor all .y (2.4)

and

Az 221, )~ L2(H,,) < B (2.5)
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where Hy = {x € X : &y =t} and Ay, is the operator with integral kernel
Ag iy (@ y) = A1, 2, y1,Y"). Then

IAf N e (x) < COZQ/(”H)ﬂ(”*l)/(nH)Hf||Lp;L(X)

where C' only depends on the dimension n.

Proof: First we show that

HArclyl HLP’I’L(Hyl)*’LP"(Hzl) < Cj(O[7 ﬂ)‘xl - y1|7(’”«71)/(n+1)'

(2.6)

where C(a, §) = a?/(+1) g(n=1/(n+1) "We use interpolation between L' —
L> and L? — L? estimates:

1 1 2 1 2 1 n—-1 1 2
_:_._+_.(1__):_. _ . .
Pn 2 pn 0 - 2 mn+l oo n+l
The L' — L estimate is easy from (2.4):
lAzyyillrm,, ) —Loeo(m,,) = sup |A(z1, 2 y1,y")| < aloyi—y |~ T/2
z’y'xyeX
We now proceed to prove the L? estimate
[Azry |2 (r,, )~ 22(,,) < B-
If 1 = y;, this is assumption (2.5). For the general case, we need to

use the assumption A = BB*. From A(z,y) = [, B(z,2)B(y, z) dz we see
Agzyy, = By, 0 By, where By, (v',2) = B(z1,2';2). Now

Az iy 2, )~ 20,y S I1Bailfeoy— 2,y - 1By 22, — 22 (x)
= ||Bs, By, lr2(w,, )~ r2(m,,) 1By By, 2w, )~ 121,

= [|Azyor L2 (a1, ) - L2t - 1A 281, )~ L2,y < B2
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(2.6) is proved. The rest is 'functorialism’ together with the Hardy-
Littlewood-Sobolev inequality (see [S3]):

1 . ) .
”3',‘77 *gHLP(]R) < C||g||Lq(]R) ifr=1-— 5 + 5’

applied with p =p,,¢=p), and r=(n—1)/(n + 1).
By definition,

(AN1a) = [ A llon ) .
By Minkowski’s inequality and (2.6), this implies

ICAS) (21, )l (aay) S/RIIAzlyl[f(yl,~)]||Lp(Hml>dy1

<Cla8) [ o=l 1L,

Therefore,

IAf e x) = I [CAf) (@1, ) Lo, ) e ,,)
<) I [ lor=nl U, o arce,

< Cp - Clo, B) [ 1f (w1, ')HLP'(Hyl)HLP/(IRyl) =Cp - C(a, ) ||f||Lp/(X)-

&

Let us show how the lemma implies the LP~ estimate away from the
boundary, for a domain in R?, i.e.

Ixafllzexy < CAYE| L2 a)-
As in section 2.1 this follows from

AP (A = V/=Ar2) fllox) < CAN| fll pors (i) -
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We show that the 'microlocalized’ kernel

() = (2m)2 / @0 B2 — [€])or(€)de

RZ
satisfies the estimates

" CAN[B)~H2 i |85] < 29(01]
7l < T
T CONAN|S)TNif [02] > 27|61, for any N > 0. (2.7)

Here o is a smooth conical cutoff near (1,0), i.e.
o€ C®(R? —0),0(t&) = o(£) if t > 0, and

0(€1,&) = 01if |&] > v|&|, for a fixed v > 0,

and we write d =z — vy, 6; = x; — y;.
The second inequality in (2.7), combined with the L>° estimate sup |gx| <
C), yields for z1 =,

1pa] < CA(1 4+ Nda|) 2

Thus, Young’s inequality implies that the assumptions of the lemma are
satisfied with A(x,y) = pA(%, %) and a = g = X. Thus [|[A| pe/s_ 16 < CA.

Rescaling shows that py satisfies the desired estimates, and so does pj\r as
it can be decomposed into pieces which after a rotation in the £ variables
look like py for some o.

To prove (2.7), change variables a; = ||, a2 = & to obtain

pr = (2m) 72 / / eV VNG (a)dag N — ay)day

where & is another conical cutoff function and

1/)(%% 04170[2) = 51 \/ a% - a% + 62(12.
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As p € S implies | [ s"p(A — s)ds| < C,. ,A" if r > 0, we only need to
show, writing A for oy and as = An, that

Li(z,y) = A/ e vt g (n)dny
R

satisfies the bounds (2.7) if supp a € (—',7), = (1 +~72)"1/2,
This is now a direct consequence of an investigation of the critical points
of the phase ¢: We have

2 Ui &2
A DR N ——
Un 1 1-n2 &

Thus, ¥ has a critical point on the support of the integrand only if |2] <
v|d1]. More precisely,

[y | > Clo] if [6a] > 2]01]. (2.8)
Also, we have ¢y, = —d;(1 — 7?)73/2 so

[yl > Cl8] if [d2] < 2v]64. (2.9)

Therefore, if we write ¢ = 01 for |d5] < 27|02 then a critical point of
1; is uniformly nondegenerate, and stationary phase, with parameter \di,
gives the first estimate in (2.7), and (2.8) gives the second, with repeated
integration by parts:

; 1 0 ;
— i\ _ N iy
|I,\(x,y)|_)\|/e adn\_)\\/ {(i)\w% 17) e }adn

. g 1 _
n

Remark: The principal new ingredient here was the use of the stationary
phase method which quantifies the cancellation of €(*~¥)¢ when integrating
over £. Geometrically, nondegeneracy of the critical point of v is equivalent
to strict convexity of the ‘cospheres’ |¢|> = 1, where |£|? arises as the symbol
of —A. The improvement of the obtained L® estimate over the result of
interpolation between L? and L™ estimates for y is closely connected with
the improvement, also obtained by stationary phase,

| e doe| < Clx|~Y? as |z] — oo
1€]=1

over just obvious boundedness of this integral.
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2.3 Variable Coefficients

Equation (2.2) says that the wave equation in R? with any initial data f can
be solved by finding ‘many’ wavelike solutions e*(*~%)¢ cos(t|£|), one for each
direction £/|¢| and wavelength |¢| and ’center point’ y, and superimposing
them, weighted by f(y). For the calculations it was convenient that these
were standing waves, i.e. of the form a¢ , ()b ,(t). For the L™ estimates it
was essential that the standing waves are bounded and for the LP estimates
that cancellation occurs when integrating over . Here it was also important
to microlocalize, i.e. to consider only values of ¢ in some small cone at a
time.

We will see that the well-known construction of a parametrix (approx-
imate solution) for a variable coefficient wave equation, without boundary
conditions, as oscillatory integral has the same basic properties.

In this section, we will consider a second order elliptic differential oper-
ator P(z, D,), defined in some neighborhood of a point zo € R%. We will
consider the associated wave equation

2

(ﬁ + P(z,Dy))Us(x,y) =0
Uo(z,y) =6(x —y) (2.10)
(%Ut)|t:0($,y) =0

for x,y € w, some neighborhood of xg, and |t| < €. To simplify the notation
later on, we will also assume that the principal symbol p of P(x, D, ) satisfies

plwo,n) = nl*. (2.11)

This can be achieved by a linear change of coordinates.

Proposition 2.4 For w and e sufficiently small, there exist C°° functions
b+ (2,y,€) (the phases) and ax(x,y,t,&) (the amplitudes), ¢ € R* -0, such
that:

a) ¢ is homogeneous of degree one in &,dy y et # 0 and ax € S%(w x w x
Ry; R?) is supported near v =y = xq,t = 0.
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b) With the oscillatory integrals in

Ki(z,y) =) /R OV 0 (3, y,t, €)de
+

thus defined as distributions, we have
Ki(z,y) — U(z,y) € C®(w X w X (—¢,¢)).

c) For each y,&, ¢+ satisfy the differential equation in x:

p(x, (p+),) = p(y, &), (eikonal equation) (2.12)

This form of the parametrix appeared first in [H2].
The local L*° estimate is now immediate, just using boundedness of the
integrand and smoothness in ¢: We only need to check

a(zy)] = | / e () () dt] < O

We replace U; by K, introducing an error O(A~°°), and carry out the
t-integral. We obtain

pr) = Y [0 oy % V5,6 e mod A
+

where @ is the Fourier transform in ¢ of pa. Because P is elliptic and a is a
Schwartz function in its third argument, uniformly in |¢| > 1 and z,y, we
get easily

/ i (2,5, A — v/p(5,6), €)|de < O

and

/Idf(m,y,wr VP, &), 6)ld¢ < CyA™N
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for any N, which proves the claim.
For the LP estimate we proceed as in section 2.2. Clearly, we only need to
consider the term with a.

First, we split up K using conical cutoff functions o;(§). Looking at one
piece at a time, we may assume that o is supported near the &; direction, in

{l&2] < ~&1} say. We change variables ay = /p, g = 2. We thus consider

Kt(x,y):/ W@yt gt a)do
R2

with suppb C {|aa| < 7'a;} for some v/ < 1, b € S9 and from (2.11),
(2.13)

v=0ifz =y, ¥, = (/a? — a3, a2) if z =y = x.

(2.14)

To complete the argument as in section 2.2, we need to see that the phase
1 has the same properties with respect to stationary points as we used
there. Also, the amplitude b here is not homogeneous as it was there, but

the symbol estimates are all that is needed. We are thus left with showing;:

The function n +— ¥(z,y;1,7n) has a critical point on supp b
only if d3 < 441, and then it is nondegenerate. Here, 5 is some

constant.

From (2.14) we get, using Taylor’s theorem:

¥ = *‘W%—nz + 6>+ O(18%) + O(6] [ — o),

Wl = —01(1— %) 732+ 0(|6]) + O(|0] |z — o))

which implies the claim if z,y are sufficiently close to xg.
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2.4 A Few Words about Geometry

Here we explain the propagation of singularities for the wave kernel and the
geometric meaning of microlocalization, i.e. introduction of the conical cut-
offs 0;(€) in sections 2.2 and 2.3, and and how this relates to the estimates

on px(z,y).
Formally, the operator P = —Aq is connected with the metric g on Q

by the formula

pla,n) =Y g7 nm; (2.15)
i

for its principal symbol!. As we will see below, this implies a more geometric
relation between P and the metric: The solution of the wave equation for
P, (2.10), propagates singularities along geodesics. More precisely, if (with
notation as in Proposition 2.4)

K7 (o) = [ ¥ r90(¢)ade
where ® = ¢_ —t,/p, then

sing supp K = {(z,t,y) : © =(y,§) for some € suppo},
(2.16)

where t — ~;(y,€) € Q is the geodesic of unit speed, starting at y, with
tangent 4o = £*/|¢F|, at y. Here & is the vector with components

(€)' =2 9" W (217)

This is just the local coordinate formula for the canonical isomorphism,
induced by g, of the tangent and cotangent spaces:

LI T;Q — T,0.

IMore precisely, P(z, D) = Z” g’1/2D9“gl/Qgingcj7 with g = det g;;, but this
just means that P is the unique operator with principal symbol (2.15) that annihilates
constants and is formally selfadjoint with respect to the measure /g dz induced by g on

Q.
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Its inverse we denote by

> :TyQ—>T;Q.

Usually, what appears naturally in calculations are cotangent vectors, i.e.

vectors ¢ for which ¢* defined by (2.17) has a meaning as tangent or direc-

tion.

Intuitively, one may often think of tangent vectors whenever we talk

about cotangent vectors in the following chapters. Only in calculations it
is important to keep (2.17) in mind.

Remarks:

In this chapter, we are only interested in values of ¢ near 0 and x,y
near the interior point xy, so we don’t need to be concerned with
geodesics hitting the boundary. The propagation of singularities also
obeys the reflection law, see chapter 3.

Our special choice of coordinates (see (2.11)) makes &f = ¢ at y = o,
50 jo is close to &/|¢|4 for y close to zg. Therefore, if suppoN{|¢] =1}
is close to (1,0), then (2.16) shows that the function ¢ — K;(z,y)
will be smooth for ¢ small and x — y outside a small neighborhood of
the x1-direction, explaining the rapid decay estimate for the Fourier
transform py(x,y) of p(t)K; there (second line in (2.7)).

The singular support of the plus term in Proposition 2.4 is generated
by the geodesics v (y, —&), € € suppo.

One can sharpen (2.16) to the 'microlocal’ statement

WF(KU) = {(xatvy;nv’rv _f) : 5 € supp o,
=00 =[o m=—Vpy, )} (218)

By the wave front set calculus this means that if (y,¢) € WF(f) and
¢ € suppo then (v(y,€), [:(y, €)]’) € WF(KY f).

In outline, one can prove (2.18) by first showing
WF(K7) = {(z,t,y; P}, ®;, @) : ®; = 0 for some £ € suppo},

by a clever integration by parts, and then using the eikonal equation
(2.12) to see that the right hand side is actually generated by the



22 CHAPTER 2. BASIC IDEAS

bicharacteristic flow for the Hamiltonian (p(x,n) —72)/2, i.e. it is the
union of curves

{(z(s),t(s),2(0);n(s),7(s),n(0)) : s € R and near 0}
which are solutions of the system of ODE’s

_1/ O

t=—1 7 =0.

From 3p) (z,1) = > g (z)n; we see (2.17), and the initial values
7(0) that actually occur are exactly the values £ € supp o because of
the normalization (2.13), which implies

WF(KQ) = {(z,y; s, by) : ¢e(2,9,€) = 0,€ € suppa}
= {(z,7;§,-¢) : { € suppo}.

2.5 Sharpness

Proposition 2.5 If the interior of K is not empty then

lim sup A~<P) ||X>\HL1>’(K)HL2(Q) > 0.
A—00

We restrict ourselves to domains in R? again. Higher dimensions can be
handled the same way, but for variable coeflicient Laplacians there are some
technical difficulties in carrying out these ideas (which are solved in [S2]).
We take the lim sup in Proposition 2.5 because there can be many values A

with ) = 0.
In this section we will write ¢ = p’. The following lemma contains a converse
of Lemma 2.2. We write: || || = || [ze(x)—12(0)-

Lemma 2.6 Let p € S(R), and assume p does not vanish on [0,1]. Then
VE3C >0Ve,0<e< E

C_llimsu HX)‘H < lim H[;‘H < Clim ||>)<\2\H

A—00 /\—>oo >\—><>o



2.5. SHARPNESS 23

Proof: The first inequality follows directly from Lemma 2.2. To prove
the second inequality, we first replace py by p;r = p(A — V—Agq), using
[ox ]l = O(A=). Clearly, |5(-)|* < 3% arxo,1(- — k) for some sequence
(a) satisfying ax < Cn(1+ |k|)™" for all k and any N.

Let A = limsup,_,., A" ¢||xxll. For any § > 0 one can choose g so that
[Ixall < (A4 )A for all A > Ag. For A > 2)y we then have

o317 <> albxail® =
k

o arhoslP+ Y arlbokl® < Q0 ar) (A4+8)* (3N O,
[k|<A/2 k|>A/2 —o0

In the last step we used that ||xx|| is polynomially bounded which follows
easily from Sobolev’s inequality as mentioned in the introduction. This
implies lim supy_, . A™¢||pal] < C(A+0) for any 6 > 0. Letting § — 0 gives
the result. &

Clearly, there is at most one value of € for which any of the two lim sup’s
is finite and nonzero. Also, A° could be replaced by any function h())
satisfying h(2A) < C h()).

Proof of Proposition 2.5: W.lLo.g. we may assume {|z| < 1} C K.
Choose a function p € C§°(—1/2,1/2) with p # 0 on [0,1]. We construct
families of functions fy, gx supported in {|z| < 1/2} with

1% fallpe > CAi ™2 || fallpe for 1<q<6/5 (2.19)
13 gallze > CX% % |gal| Lo for 6/5 < g < 2. (2.20)

Because supp pyfn C K C 2 by the finite propagation speed of waves, the
norms can be interpreted on R2; thus, we have transferred the problem
from Q to R2. By Parseval,

103 fallpzceey = 1N = |- DA z2@ey = I Fallzzca

where A is the annulus {\ — 1 < |¢] < A}, and similarly for g,.
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Choose 1 € Cg°(R) with ¢ # 0 on [—1,1], and set

@) =9(\x)
gx(z) = e 14p(z1)h(VAxs).

Then || fallzs = CA~%/7 and ||gx [« = CA™1/29. Also, f1(€) = A"20(E/N).
Because (1) £ 0, [fx] > CA~2 on A for A big enough, so

I AxllL2 () = CAT2[A]Y2 = C'A—3/2

which gives (2.19).
To determine the L2norm of g, write §x(€) = A™1/24(& — N)p(E2A71/2).
The point is that [\, A+ 3] x [-AY/2,A1/2] C A. From v # 0 on [-1,1] we
thus get

lgxllz2ca) = CA™Y2\VA = ox—1/4,

and (2.20) follows.
&



Chapter 3

Parametrix for the
Initial-Boundary Value
Problem

In this chapter we will present an approximate solution (parametrix) for the
wave equation with Dirichlet boundary conditions, near a concave boundary
point. In section 3.1 we write down the parametrix as sum of ’interior’,
‘transversal’ and ’grazing’ parts and discuss the relatively easy transversal
parts (the interior parts are of the form given in chapter 2). To clarify
the more difficult grazing parts, we present in section 3.2 the 'Friedlander
example’ where many of the calculations can be carried out explicitly, and
give some geometric explanations in section 3.3. Because the kernel K, (x,y)
of a grazing part is simpler when only one of the points x,y is close to the
boundary, we consider only times ¢ in some small interval I close to but not
containing zero. Concavity and propagation of singularities then guarantee
that for = and y close to 00, the wave kernel is smooth and therefore
negligible for our purposes.

3.1 Statement of the Parametrix, and Transver-
sal Part

Fix a concave boundary point g € 9. Let w be the part lying in  of a
neighborhood of x( in Q. Choosing w small enough, we may assume:

25
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There are tg,e > 0 and an open set w’ C , dist(w’,02) > 0, such that
Yi(z, &) € W for all x € w, & # 0, |t — to] < 2¢, and v (z,€) hits the boundary
at most once for |t| < 10¢y. See figure 3.1. (%)

Here ¢ — v (z,&) € Q is the (possibly reflected) geodesic (of unit speed)

starting at z in direction &, i.e. x = vo(z,€),& = [Fo(x,€)]* (see section
2.4). Reflection in the boundary obeys the usual law that the reflection
angle equals the incidence angle.

For f € £(Q) let Uf(x,t) = Usf(x) be the solution of the wave equa-
tion (1.1), and denote by U™ f the solution of the same problem, without
boundary conditions, on some closed extension Qo0 ie a compact Rie-
mannian manifold of same dimension without boundary.

We are only interested in ¢ € w, t € I = (tg — €,to +€). We call a

continuous map K : £'(Q) — D'(Q x R) a microlocal parametriz at (y,n) €
T*(2) if, for some open cone I' containing (y,n) and all f with WF(f) C T,

(Kf ~Uf)joxs € C%(@ x I). (3.1)

It is essential to use w here because the approximation must be uniformly
good as z — J€. Recall the theorem on propagation of singularities (see
[H1]):

If WF(f) C T then Uf is smooth outside {(x,t) : x € %(T") U
Y—(I)}-

Therefore, near any (y,7) not in 'y =Ty UT,,
T = {(y,n) € T*(Q) : v:(y,n) € © at some time t € £},

K = 0 is a microlocal parametrix. In particular, this holds for any y ¢ w’
by (%). Below we will describe microlocal parametrices near points in T'g.

Using a cutoff near w’ and a microlocal partition of unity in T*w’ one can
then construct K such that (3.1) holds for all f € £'(Q).
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0Q

Figure 3.1: One endpoint near 9f), one endpoint away from 0f2
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Fix (y,n) € T'{ (the case I'y is treated in an analogous manner), and
let v¢ = v:(y,n). Below, we write down a microlocal parametrix near (y, ).
Its form depends on the nature of v: We say that ~y is transversal, grazing
or interior if it hits the boundary transversally, tangentially or not at all,
respectively, for some ¢ € [0, 3tg]. Clearly, if v is transversal or interior then
so are all nearby geodesics.

In the following discussion f always denotes a distribution with wave front
set close to (y,n).

Interior case: If  is interior, we simply set K = U™, Thenv = Kf—U f
satisfies vj;—g = vyy—0 = 0, solves the wave equation and has smooth
boundary values for ¢ € [0,3ty]. Classical theorems imply that v is
smooth in  x 1.

Transversal case: Assume 7 hits the boundary transversally at time £,
7; = ¥ € O9. Transversality means that the reflection ¢ of the velocity
vector £ = (%;)? of  at & is distinct from ¢. That is, there is € # £
in 72 Q having the same projection onto the (co)tangent plane to the
boundary, 17052, see figure 3.2.

Let 4, = ’y?(y,n) be the geodesic in  starting at (y,n) (without
reflection in 9Q) and 7, its reflection in 92 at Z, i.e. the geodesic
in O going through (&,&) at time £. The extension Q) can be chosen
(depending on (y,n)) such that both 4 and %, considered for ¢ €
[—3to, 3to], hit the boundary only at time #. Denote by (7,7) =
(%0, (%)?) the reflection of (y,n).

The idea for our construction of the transversal parametrix is to first
determine a 'reflection’ f of f, with wave front set near (7,7), and
then to write

K = Ufreef _ Ufree']?. (32)

Thus, f should be determined such that U f has the same boundary
values as U'ree f.
To construct f, it is useful to write, with @ = \/—Aq,

1 ; : 1
U = cos(tQ) = 5 (e +€"?) = S (U} + U).
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Figure 3.2: Geodesics in transversal case
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%Ul and %UQ are, modulo C'*°, the minus and plus terms in Propo-
sition 2.4, respectively. They have the advantage to propagate singu-
larities only in one direction:

Qi%

sing supp U~ 2 f € {78 (2, 7€) : (2,€) € WF(f)},

see section 2.4.

Now we consider the boundary value problem

82
(@ —Ag)u =0, upaxr =g (3.3)

where g = (Ulf)‘(‘)QXR. It is well-known that, in the transversal case,
this behaves like a hyperbolic initial value problem. That is, there are
solutions uy (z, t), unique modulo C*°, for ¢t € J = [0, 3to] and x € Q,
with sing suppu_(¢,-) near 4; and sing suppu4(t,-) near 7, and
the operators B*, ux = B*g, are Fourier integral operators (here g
varies over boundary values of functions f with WF(f) conically close
to (y,m)). In fact, one can take B~g = U' f, and if we set

f = <B+9)|t:07

then Btg = U'f also. Now define K by (3.2). We claim that this is
a microlocal parametrix near (y,7). Set v = (K f—U f)jqx.. Clearly,

v(x,t) satisfies the wave equation. Because WF(f) is near (g, 7) and
7 € Q—Q, we also have Vjt=0, V¢jt=0 € C*°(£2). Finally, Ulree f = UL f
and U f = U'f mod C* near 9S x J, so v has smooth boundary
values for ¢ € J, and again we can conclude that v € C*°(Q x J).

Grazing case: In the interior and transversal cases, K could be con-
structed as Fourier integral operator, with smooth canonical relation.
That this cannot work here is easy to see: If v:(y,n) is tangent to
0Q at t say the 'propagation of singularities map’ (y,n) — v5:(y, 1)
is not smooth, but only C'/2, see figure 3.3. A parametrix in this
case was constructed by Melrose and Taylor ([MT]; see also the nice
presentation in [ZW]). We state the result formally and give some
explanations in the next two sections.
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CVa

ICVa

0Q

Figure 3.3: Geodesics in grazing case
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In the proposition below, we summarize the discussion above.

We will use coordinates (t,x) = (¢, z2,... ,Znt+1) o0 Ry X w, with 0Q =
{Zn+1 = 0}. Even if we are dealing with a domain  in R™ (i.e. a flat
metric), this straightening out of the boundary will make A a variable
coefficient operator P = P(z, D,). We choose our coordinates such that

P(z,D,) = D2.

x

Throughout, we use the notation

T = (332, s axnaxn-i-l) = (m/axn-i-l) = ($//,$H,£n+1) and

5 = (Ela' e 75%) = (5135/) = (51751/7€n)'

Proposition 3.1 For w sufficiently small, the solution operator U for the
initial boundary value problem (1.1), followed by restriction to w, x Ip, can
be written as a finite sum

ZK(Z) oPO LR
l

where R is smoothing, uniformly as x — 0L, i.e.

Ri(z,y) € C(wy x Qy x 1),

PW s a microlocal cutoff near a point (y(l), n(l)) € T*W', i.e. a pseudodif-
ferential operator in ‘11(1)70(w’) whose symbol is supported near (y, Ryn®),

and each KO is either (with extensions Q@ = Q") as above)

interior, then KU is just the free solution U™ and given as in Proposi-
tion (2.4), or

transversal, then
K(l) — Ufree _ Ufree o V(l)

where VO is a Fourier integral operator of order 0, elliptic near

(y(l)7 n(l); y(l)7 77([))7 or
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grazing, then K) = M o G, with (everything depending on 1)

Mt = [ o(4-0 - 40 )

+h(ﬁ(0—AﬂO%ﬂ®O%mﬁmﬂ®% (3.4

where g(x, &) € SO h(z,€) € S™'/3 have conical support near x =
z,& =& =(1,0,...,0), and G is a Fourier integral operator of order
1/6 elliptic near ((£,0),&;y,n), with t defined by v;(y®,nV) € 99Q.
The phase functions ((z,€),0(x, &) are smooth near (g, &) in Q x R™
and homogeneous in & of degree 2/3 and 1 respectively. They satisfy
the eikonal equations

3.5
D0 ) = 0, (35)

in {¢ < 0}, where p(x,&) is the principal symbol of P and p(x,&,n)
denotes the bilinear form associated with p. The matriz 6., is non-
singular, and we have the normalization

Co = Cecon = —Enty /%, and

¢, <0 ondf.

Tn+1

Ay are Airy functions defined in Appendix A.

0! (z9, €) is tangential to the boundary, and by a rotation in the z’-coordinates
we can make

0., (20,&) = in- (3.6)

To complete the discussion of the transversal case, we need to show that
the operator V : f — f is an elliptic Fourier integral operator of order 0.
We can write V = Rgo BToRyoU?, where Ry, Ry denote restriction to {t =
0} and the boundary, respectively. All the operators on the right hand side
are Fourier integral operators in the relevant domains, and transversality
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of v easily implies the transversality condition on their canonical relations
that guarantees that their composition is also a Fourier integral operator.
Btg=U'f,B g = U'f imply that V-! = Ryo B_ o Ry o U, and this
shows ellipticity and ord V = ord V=1 = 0.

Remarks:

e The form given for the transversal parametrix is a generalization of
an elementary idea how to find solutions of the wave equation in R"
that vanish on the hyperplane z,, 11 = 0: take any solution u(z,t) of
the wave equation and use u(x', p41,t) — u(a', —xp41,t).

e The transversal parametrix can also be constructed without reference

to an extension ), but the form given here is very intuitive and also
makes the estimates for Theorem 1 very easy.

e The construction of the transversal part works for any geometry of
the boundary; concavity was never used.

3.2 The Friedlander Example (Model)

In ([FL]), the following boundary value problem is considered:

0? 1 0? 92
s (gt s | u(t,x) = 0 for z € Q =R2
92 1+ anit (&c% +ot 922, )] u(t, ) or x € 1+t507)
u(t,z',0) = f(t,2') € £'(t > 0)
u(t,z) =0ift <0 (3.8)
Here © = (x9,... ,241) = (¢/,2p41) as before. This equation describes

wave propagation in a layered medium, i.e. the propagation speed 1/v/1 + 5,11
depends only on one coordinate, here the distance to the boundary 02 =
{z,+1 = 0}. Because this speed is highest at the boundary, waves or rays
approaching it get refracted away from the z,41-direction, so 02 is con-
cave with respect to the metric g;; = (1 4+ 2,,41)d;; that has these rays as

geodesics, see figure 3.4. For n > 3, the operator P = —ﬁAm is not
the Laplace-Beltrami operator of g, but this is not important here as only

the principal part matters for us.
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The virtue of this example is that most computations can be carried out
explicitly (in particular, the Airy function appears naturally). R. Melrose
proved ([M2]) that in some geometric sense, any boundary value problem
near a concave boundary is equivalent to it, and that this equivalence can
be used to construct solutions. Therefore, it serves as a model for our
general situation.

To solve (3.7), take the Fourier transform in (¢, 2’), whose dual variables
we call (7, 1), to obtain

2

-5
8xn—i—l

(=72(1 + @) + 4° JU(T, py 1) = 0 if 200 >0

a(r, p, 0) = f(T, 1)

4 has an analytic continuation to Im7 < 0.

Up to a change of coordinates, this is Airy’s equation A”(z) = zA(z), and
we obtain for 7 > 0

Ay (=T — |pl? + wnga 7))

a(r, p) = A (2 — ) f(7, ).

The choice of Airy function is dictated by the ’forward’ condition (3.8).
In order to put the solution in a form corresponding to the parametrix in
section 3.1, we set & = 7,&" = (pa, ... , fn_1),&n = (72 — |u|?)/7 and get

A i R 7
) = (2m) " [ EEOCOD (6 s, €7, e - a6 - e

modulo C*(R; x Q,) where

(= (€ + 1) /6%, Go= —6a/81"°,
0= a"€" + 2a& — 616, — |E7[2, and

- &
N e

9(§)
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with a conical cutoff function p which equals 1 for & > 3|¢’| and vanishes
for & < 2|¢'|, and we assume that f(fl,f”, VE — &€&, — [€7)2) is rapidly

decaying for & < 3|¢’|. To get the C°° error for u, we use the fact that
the boundary value problem with smooth data has a smooth solution. The

restriction on f represents no loss of generality since every f can be de-
composed into parts which after a rotation in the (¢, 2’)-variables have the
required property.

Now in order to solve the initial boundary value problem for the operator
P, we write as in the transversal case in section (3.1)

K =U"* _ B* o Ryo U™, (3.10)

where BT is the operator in (3.9) and Ry denotes restriction to the bound-
ary Ry x R~ 1 In principle, one could use the parametrix for U™ from
section 2.3 here, but the cancellations in the composition become easier to
handle when we write it in a different way:

It is clear from the construction of ¢ and @ that Ai(¢)e?®**€1) satisfies
the wave equation (3.7). Thus, if we can find, for k € &'(R} | o), a
distribution Gk for which

/ Ai(Q)eg(€)(GR) (€) de = k (3.11)

then
Ufeek(x) = / Ai(Q)e 0+ g(£) (G (€) de.

Using this and formula (7.2) from Appendix A in (3.10) gives the parametrix
(3.4), with h = 0.

We will only outline the idea why Gk exists if k is supported away from
the boundary, more than one unit with above choice of supp p. For details,
also in the general case, see ([ZW]).

The assumptions imply that z,1 + £,/ > C > 0 on (suppk) X

(supp p). So we can write Ai(¢) = >, \I!i(C)em%(*O?W, and as & varies,

the oscillation directions (¢¥)’ of e ¢t = F2(—()%? + 0, sweep out a

full neighborhood of some points 74 (just check that ¢}, is nonsingular).

So a function k as above whose oscillation directions are concentrated near
14 or n_, i.e. whose Fourier transform is rapidly decaying far away from
these directions, is representable as a superposition as in (3.11). One can
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check directly that n4,n_ point away from respectively towards the bound-
ary, so we are mainly interested in functions k microlocally supported near
7n—. In a more formal manner, the above argument says that G can be
obtained as the inverse of the elliptic Fourier integral operator with kernel
[ ==OW_(()g(€)dE. Tts order is 1/6 because W_(() € S;é/G in the

region considered.

3.3 Some Geometric Aspects of the Grazing
Part

First, we will give interpretations of £,  and 6. Then we will give geometric
meaning to the various parts of the grazing parametrix.

Let K = K® be one of the grazing parts in Proposition 3.1, and let
(°,1°) be close to (y©,n®). Let v = 4(y°,n°) and 7 = 72(y°,1°), s0
may be reflected, but 4 doesn’t notice the boundary. To - there corresponds
a unique value £° of the integration parameter £ with the following property:
Whenever we introduce a conical cutoff (&) with o(£°) # 0 in the integral
defining My, then the obtained operator M will 'notice’ a singularity at

(y°,n%), i.e. for all distributions f with (y°,1n°) € WF(f), M? G f is singular
at 7 (y°,1°).

This implies that at (y°,£°), e*®  oscillates in direction 7%, i.e. €% can be
obtained from

(07)a (", %) = 1",
where ¢~ is the total phase as in the last paragraph of the previous section.
The geometric relation between £° and v is not as simple as in section
2.4, where we had £° = n°. The following facts about ¢, ¢ and 6 are con-

sequences of (3,)” = (¢7). (¢, £%) and the properties stated in Proposition
3.1:

e & is the frequency of oscillation of " In fact, one readily ver-
ifies that the eikonal equations (3.5) are equivalent to the system

P, (¢7)},) = & Now recall [n]g = \/p(y, 1) for n € T;(Q).

e 7 is tangential to the surface Seo = {z : {(x, &) = 0} which is roughly
parallel to OQ at a distance approximately proportional to [¢0/¢9]. ¢0
is positive or negative if v hits the boundary transversally or not at
all, respectively, and £2 = 0 characterizes grazing . In the model,

Seo = {zpp1 = —€0/E0}.
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e The direction of 7 at the point of contact 2° with Seo is [0 (29, £°)]%
thus, the normalizations (3.6) and g;;(zo) = d;; mean that we are con-
sidering geodesics roughly in the x,,-direction, which shall be referred
to as ’the ray direction’ in chapter 4.

e From the eikonal equations it then follows easily that, at (zg,¢),
0z,¢, # 01ff j = n (see also Lemma 4.3 in section 4.3), and so the

nondegeneracy of 67, ¢/ 18 equivalent to nondegeneracy of 6, ¢» which

just means that (£°)” parametrizes diffeomorphically the direction of
the projection of 4 onto Seo. In the model, this direction is precisely

(50)//.

We proceed to interpret various parts of M;. Fix cutoff functions x, ¢ €
C>(R) with

() 0 ifs<l1
S:
X 1 ifs>2

¢=1-—x.

Let us say that an expression like (xYA_)({) generates a line I (always a
part of a geodesic) if

sing supp [ 180642 + HOcAL (@) O G (6 de | 1

for every f with (y°,7°) € WF(f). Thus for example, saying that singular-
ities are propagated according to the reflection law is equivalent to saying

that A_(¢) — A.ﬂ()‘:—;((o) generates 7, by Proposition 3.1. We also have
(see figure 3.4):

o Ai(¢) generates 7. The splitting Ai = —wA_ — w?A, corresponds to
a splitting of 4 as follows:

o (pA_)({) generates the ’incoming part’ of 4, i.e. the line {7; : t < to}
where g is the time when 4 hits the surface Sgo tangentially.

e (pAL)(¢) generates the 'outgoing part’ of 7, i.e. the line {7; : t > o }.
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Yo
n
° A 5 AQ)
ALQ) a
0Q
=0

Figure 3.4: Meaning of terms in the grazing parametrix
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. (¢A+)(§)£—1(§0) generates (an extension of) the reflected part of +,

i.e. {7 : t > t} if v hits the boundary at t = ¢, plus the backward

extension of this as geodesic in Q to the point where it becomes out-
going. If v doesn’t hit the boundary then the same line is generated

as by (pA4)(C).

o The part x(¢)[A-(Q)—A+ () 4= ()] = —*X(O)[Ai(O) = A1 () 4L (Go)]

defines a convergent integral only for z € Q and generates nothing
there, since it is has exponential behavior, decreasing in € and in-
creasing outside.



Chapter 4

Estimates near the
boundary

Here we show how the methods in chapter 2 together with the parametrix
in chapter 3 yield Theorem 1.

Because this parametrix is valid only for ¢ near some point ¢y, # 0, we
take p supported in (ty — €, 1o +€). By Lemma 2.2, we may then replace x
by [e~ " p(t)U; dt, and therefore we need to show

H / ()P f dt] () < ONP |l 2

for every part K o P = K o P of the parametrix.
As P is bounded on L?(€2), the analysis in section (2.3) finishes the
interior parts.

4.1 Transversal Parts

Here K o P = (Ufree _ Ufree ° V) o P.
Ufree o P is treated like an interior part, and so is U o V o P:

[ / e Ap(OUF VP dtl| o) < CAXPNV P 126y < CA P flr2(0)

because elliptic Fourier integral operators of order 0 are bounded on L?2.

41



42 CHAPTER 4. ESTIMATES NEAR THE BOUNDARY

4.2 Grazing Parts: Reductions

Here K = M o G. Because G is elliptic near ((to,0),;y,n) and of order
1/6, D;11/6 oG o P is bounded on L?, so we can argue as in section 4.1 and

replace G o P by Di{G. It will be useful to further split up

T\ = /e*i’\tp(t)Mt o DMG dt

into pieces T = 25:1 T)(\j ), corresponding to different summands in (3.4)
and to regions of oscillatory respectively exponential behavior of the Airy

functions:
Choose cutoff functions x, ¢ € C*°(R) with

() 0 ifs<1
S) =
X 1 ifs>2

p=1-x.
The TA(j ) then correspond to the following parts in M;:

T 2 $(Q)A_(Q)
T ¢(C)A+(C)i—+(®)
T 2 x(¢)Ai(C)

Az

Y XA ()

and T§5),... ,T;g) analogous for the A/, terms. Note that we use Ai
where positive ¢ matter, AL otherwise (recall (7.2) in appendix A). For an
interpretation of the various terms, see section 3.3. Also, we define similarly

T 6(0) AL ()
Tiee : Ai(¢).
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Tfree is just a reparametrization of the parametrix for the free wave
equation, see chapter 3.

We will use Lemma 2.3 for the operators T;\j)Tij)*. Carrying out the t
integral we get

T (2, 2) = / PO — &) L9 (2, €)1 de

and thus T\ T\ (2, y) = / (A — &) 2 LY (2, €) L0 (y, €) de
]Rn

where, for example, L) (z,€) = g(z,€)(pA_)[¢(x, €)] ﬁ/ﬁew(w’ﬁ). Thus,
setting

199 (a,y) = / L (2,0, €)LD (g, X, € de,

Rn—1
we need to show

HI)(\j7j)||Lp/~>LP < C«)\2e(P)’ j=1,...,8.

We will only consider the terms with 7 = 1,... ,4 because the others can
be treated the same way.

Note that we are spared consideration of mixed terms because we need
only upper bounds:

8 8
T2 <3 NTD | p2mpe = S_ITOTOE
1 1

For example, I(12) would be much harder to analyze directly. In (7)),

quotients of Airy functions only occur for the ’elliptic’ terms j = 4 or
8, and these are easy to analyze, see subsection 4.3.2. For j = 2 or 6,
the quotient A_ /A, (o) cancels out because of |A_| = |A4|, so [*?) =

TU+14) - Geometrically, this means that if 2 and y lie on a reflected geodesic
v, on the same side of the reflection point, then going from y along v through
the reflection point and then back to x has the same effect as going from y
to x directly, without ever noticing the reflection.

We will, however, consider the mixed term I(***) because for it the L2
estimate in Lemma 2.3 can be proved using Young’s inequality, while for
T 1(2:2) it cannot. A functional analytic argument then yields the L2
estimate for these operators.

Remark on notation: Here and from now on z and y both denote
variables in w, i.e. close to the boundary. In chapter 3, y was restrained to
w', away from the boundary.
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4.3 Grazing Parts: Estimates on the Kernels

Proposition 4.1 Let [ = IU7) j=1,... 4, free or I = I For every
€ > 0 one can choose w sufficiently small and supp g, supp h sufficiently close
to the & direction so that for all x,y € w

A=D1 (z,y)| < C (for the L™ estimate) (4.1)

and for the LP-estimate, with any N > 1,

NI ) <4 ONAVE SN if (6] > 6l (4.2perp)
Cn|AS|~N if |6 > €] (4.2ekkp)

Furthermore, for IUreefr) the sharper estimate (4.2else) is true whenever
10, < (1= 8)|6], and for I = 111 133 gnd 144 one has

A=Y L (2, )| < OATY3, (4.3)

Here 6 =z —y and © = (9, 23,... ,Tpy1) = (@7, Zpn, Tpy1).

(4.2ray) describes the behavior of |I(xz,y)| if  — y is close to the ray
direction (cf. the third remark in section 3.3), (4.2perp) if x — y is close
to perpendicular to the boundary, and (4.2else) the remaining cases. Of
course, the estimates obtained here for I(free:free) are the same as those
proved in chapter 2. The weakness of (4.2perp) is the reason why we can
prove Theorem 1 only if n = 2, see section 4.4. Of course, (4.2else) is void
then, but it is of independent interest. The reason for the different behavior
near the x, 41 direction is that, close to the boundary, the length scale of
oscillations of the integrand in (3.1) in this direction is A=2/% while in the
other directions it is A71.

The proof of (4.1) only uses the size of the L), For (4.2) oscillations
are important. We will get (4.2ray) from a stationary phase analysis and
(4.2perp) and (4.2else) using integration by parts only.

In the expression for I(x,y) we change variables £ = A\n’ and write
¢ = C(z;1,7) and ¢ = ((y;1,7), and similarly for §. Then we have, for
example,

AR (@, y) =

A3 /RH (SA)N3C) (6A+)(N/3C) €O~ D gl A M) gy, A M) dn,

and the integrand is nonzero only on a small set of ' near 0, independent
of A.
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4.3.1 Proof of the L™ estimate

Although the uniform bound (4.1) will be a byproduct of the analysis for
the LP-estimate, we give a simpler, independent proof here.

Let us consider [ /(\I’H), for example. By Cauchy-Schwarz it suffices to
show

A3 / (PA_(NBOPdf < C. (4.4)
[n’|<1

Now [¢pA_|(t) < Ct~'/*, so the left hand side is majorized by C' fm/\<1 I¢|~Y/2 dn.

For z € 9, ( = —n, and so [(; | = 1. Thus, for x near the boundary,
¢, | > 1/2. This implies f\nn|<1 |¢|7Y /2 dn,, < C, and (4.4) follows.

The other cases are treated the same way; for I*4) notice

; /
AL (2730 A (yass ) = A0

e N . 2/3 ) 2/3
Ay A+()\2/3CO)AZ()\ Co)| < JAi(N2¢p)]

because |A4 | is increasing and ¢ < {p in Q.

4.3.2 Proof of the decay estimates (4.2)

We will deal with I*% in subsection 4.3.2. For the other integrals, we
first get rid of the Airy functions. To this end, we could replace them by
their asymptotic expansions. But this introduces non-smooth phases. The

following lemma from [ZW] lets us use smooth phase functions throughout:

Lemma 4.2

(pAL)(N/3¢) zAVS/eiA(T“/“TO\I/i(A1/3T)¢(T) dT mod A\~
R

with ¢ € C§°(R), ¥y € SO(R), V', € S(R), and V4 (t) rapidly decaying as

t — Foo.
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Proof: See [ZW, Lemma 4.1]. One simply replaces A4 (¢) by its

asymptotics \Ili(g)ejFi%(*os/2 and uses stationary phase. &
Any ¢ works that equals one in |T| < r where r can be chosen small if w is
small and supp g, supp h are close to the &; direction.

For unity of presentation, we also write the (Schwartz) function yAi as
in the lemma:

(xAD)(A2/3¢) = \1/3 / eNTY/BHTO 0 (A/3T)p(T) AT mod A~
R

with ag € S (simply take ag(t) = (27) " Le=1"/3(x Ai) (¢)).
Thus we have

AT D ) = ) / AP @U TS0 o (N3 8)B(NY3T)a(x,y, T, 8,0/, \) dTdSdy
(4.5)

Here

@:%(T3—S3)+T§—SC~+0—9~ (4.6)

and a is supported near x =y = 29, S =T = 0,7/ = 0, and satisfies
|DS r,yal < Ca.

o and f are given in table 4.1. Note that o3 € S for I(11) and 13,

For the free parametrix, written differently, we proved the estimates
already in chapter 2, so we expect the main difficulty to come from the
A-dependence of o and .

Our strategy in analyzing (4.5) will be as follows:
We carry out the T,m, integral first. The stationary point is uniformly
nondegenerate, so we get a factor A™!. For § near the ray the remaining
phase will have Hessian (with respect to S,n”) of order |6|, and stationary
phase yields (4.2ray). Away from the ray there is no stationary point, and
integration by parts yields the other estimates. The various nondegeneracy
claims are usually easy to check directly at x =y = z9,' = 0,5 =T = 0,
and therefore hold nearby also, by smoothness of the phase. Thus, they are
true for z,y € w and S, T,n’ in the supports of ¥(S),¥(T), g(x, A\, \n’) and
h(z, A\, An) if w and these supports are chosen small enough.

In the next subsection, we investigate the phase. Then we finish the
proof of Proposition 4.1 in subsection 4.3.2, except for the elliptic term
T4 which is treated in subsection 4.3.2.
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(i) | | B
(free,free) | 1 1
(1,1) |[¥_ | ¥_
(2ﬂ2) \I/—-‘r \II-‘r
(3a3) 2% Qo
(1,14) |94 | U_

Table 4.1: Symbols

Analysis of the phase
It is useful to keep in mind the model, where

", 1

(=T —Tpy1, 0=z, 1_77n_|77”|2+x .

The stationary points of ® with respect to T, 7, are determined by

h=T?+(=0
o =T —SC 4+, —6 )=0 o
NMn C'fln - Cy]n +( M nn) -
Ifx =y € dQthen ( = —n,,0 = 6 and the Hessian Hesst,, ® = (3T1 _01) is

nondegenerate. Hence this is true for z,y near zg, and the implicit function
theorem gives functions 7, (S,n”, z,y), T(S,n”,x,y) as unique solutions of
(4.7), with

T=Sifz=y,

4.8
n = S%if . =y € 0Q. (48)

Let ¢(x,y,5,1") = ®(x,y,T,S,n",0,) be the phase at the stationary point.
From (4.8) and (4.6) we see

¢|x:y =0,
with ., 0, equal to (., 0 evaluated at 1, = 7,,z = y. Therefore,
¢=(z—y) (SG + 0, + O(lz — y|)). (4.9)

We need to investigate closer the dependence of ¢/, on S and 7”. But
first we collect some information about 6:
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Lemma 4.3 0, =0 atx =, and for z =x0, ' =0
0// n' - O egnn # 0 (410)
Oprryrs (0 )y are nondegenerate. (4.11)

Proof: Recall the eikonal equations, which read under the normaliza-
tions at x = zq:

16517 + 1] G2l = 1, (4.12)
g, - =0. (4.13)

As ¢ =n, on 09, we have (. # 0 iff i =n + 1, so (4.13) gives 0, =0.
Differentiating (4.12) with respect to (1", 7,) gives (4.10), using 0}, = 0,

Tn41

at ¥ = wo,n’ = 0. Because 0}, is nonsingular, (4.10) implies that 0}, is

nonsingular. Finally, differentiating (4.12) twice in 7" gives

- Z(|9;k n'" 22 02, (0 ;7”77” + QZ leﬁ

k=2

and therefore
O A e

,,7//,,]// —

which proves the second part of (4.11).

&
We return to ¢. In the model, ¢/, = (0", /1 — 52 — |n"|?,=S) at © =

y = xo.
Lemma 4.4 At =y =, (1, 5) =0 we have
a) (&g, )y nondegenerate, (¢, )sg # 0.
b) ¢h.s 0 iff i=n+1.

c) (;5:,3// » nondegenerate and ¢, ,r]// =0fori=nandi=n+1.
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Proof: At x = y = zo, ¢, = SC(x0;n",S9?) + 0.(x0;n",5?). So
¢, = 0, and (¢, )ss = 20, , at S = 0. Therefore, a) and c) are direct
consequences of Lemma 4.3. Also, ¢} ¢ = (;, gives b). &

Let us illustrate with an example how we will use the lemma:
Say [0p+1| > €]6|. We show that ¢y = dp+19(x,y,S,n”) with ¢ smooth in
7", S and |[¢| > C > 0 near x =y = xo, (1”,S) = 0.

Clearly,

v = {¢Zﬂ+ls if x = 7, and else

1 8" n O 411 18
+ B ¢a:”$’|$:y + ¢an|x:y + O< )

Snt1 On+1

Tny1S]z=y n+41

By b) in Lemma (4.4), ¢ # 0 if z = y = x0,(n”,S) = 0. Then |§/dp41| <
€1, and continuity of the ¢-derivatives implies the claim.

Main Terms

Let
J= IS, 2, y) = A / A BOYST)a dTdn,,

with a as in (4.5). By stationary phase,
J = ei)\¢ b(ZL', Y, S7 77//7 >‘)

where
o Ca ifg=1
|D51n,,b| = {C’a)\"w else.

We now have

)\—(n—l)Iii,j) = /eikq&(m,y,s,n”)a()\l/?)s) dedn//

We first prove (4.2ray). By Lemma 4.4, ¢ = S with Hesssmuq; nonde-
generate if |d,| > (1 — €)|d]. Stationary phase, with parameter A|d,|, now
implies the estimate near the ray for I(free.free)

Because the stationary phase method requires that differentiation of the
amplitude brings out a factor of at most (A|6,])'/? (see Appendix B), it is
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not directly applicable to the other cases. Therefore, we need to keep track
of the A\-dependence of b.
Using Taylor’s formula, write

k—1
BAYAT) = N/A(T = T) BOINYST) + M(T — TYFh(AV3T, AV3T)
§=0

with h smooth and bounded, and k to be determined.

Putting this into the expression for J, we gain a factor of \7/3~[7/2]
in the jth term because (T — T)’ vanishes to order j at the stationary
point. Thus, if £ is big enough, the term involving h will be less than some
constant, and we only need to show:

| / e (ARG y(AYAT(S, 0" 2, y)) (S, 0", y, N) dSdn” | < C(A|5,])~ ("~ 1/2

if o/,7 € S and |Dg ,c| < C,.

If n = 2, n” is not there. Choose p € C§°(R) and introduce a factor
[1—p(1/A0,](S—S))] under the integral, where S = S(x,y) is the stationary
point; this introduces an error of (A|d,])~1/2, and a single integration by
parts shows that the remaining integral is of the same order, because the
L' norm of the derivative of the amplitude is uniformly bounded.

If n > 2, we first note, using (4.8),

| Dy (YWVPT))| < CAYP (6] < C(AIB)Y?

and similarly for higher derivatives, so that we can use stationary phase in
the i’ variables. An argument as above takes care of the S integration,
and we are done.

We now turn to the estimates (4.2perp) and (4.2else) away from the
ray. Again, this is easy for I(f*>fre); By Lemma 4.4 we have |Dg v ¢| >
C|(6”,8n41)], thus simple integration by parts in

)\_(7L_1)I(free,free) = /eikqﬁ dedT/”
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gives the result. In the other cases, we have the A\'/3-dependence of o and
8, so we will lose a factor A'/3 with each integration by parts. We show

that this actually happens only when integrating with respect to S, not
with n”. Because the n”’-gradient of the phase can become zero when 0 is
close to perpendicular to 9 we get only the weaker result (4.2perp) there.

First, we argue as before, replacing 3(AY/3T) by its Taylor expansion
around B(A/3T), to see that we only need to consider

/6%0‘0“35)7@”%)0(5777”796,3/,>\) dsdy” (4.14)

with «, and c as before.

If [0”] > €[] then Lemma 4.4 implies ¢}, = 0" - A(S,n",z,y) for some
uniformly nondegenerate matrix A, so

| / e a(N28)y (NPT )cdSdn'"| =

(b,/n//

= 2
UI,W)ny()\l/g’T)cden” < On|N"|73N

AN / e a(AY38) (D

since | Dyy(AY/3T)| < AV3|5] < [A5[V/3.

If |6y 41| > €]0| then Lemma 4.4 shows similarly ¢s = 6,419 with [¢| >
C > 0, and integration by parts gives (4.2perp) since any S-derivative
falling on « or v brings out a factor of A'/3 but also makes the S-integral
of order A=1/3 since o/, € S.

Finally, for (>3 the improvement (4.3) follows from o € S. For I(H1%),
a(-)y(- + s) € S uniformly for |s| < C. Therefore, if |§] < A~!/3 then

/ [a(A2S)y (AP T) el dSdn" < C / a(A2S)y(AP[S+0(I8)))]dS < CA~/?

and if |§] > A71/3 then (4.2perp) for N = 1 shows |I| < CA~2/5.
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The Elliptic Term (4%
Write

I = )\~ (n=1) (44 _ y1/3 / u(—)\Z/SUm A2/3$n+1p)u(—)\2/377n7 )\2/3yn+lﬁ)ei/\(9—5)gg dn”dnn

with A
u(s,t) = (xAy)(s — t)A—js)

and ((2;1,7') = =nn — Tng1p(x,n'), p > 0.

Lemma 4.5 u € S(R; x Ry>¢) and
\Df;,,u(s,)\w?’xn“pﬂ < Cy.

Proof: s>t onsuppu and |u(s,t)] < |Ai(s)] if t > 0 (because |AL| is
increasing) imply v € S there. Also, p > C > 0 gives

2/3 !
A / :Cn+1pnu

| Dyru(s, N2 g1p) = (NP2 10y (5, A w0 11p)| < C | <

\2/3 T 1P
and similarly for higher derivatives. &
Now if |0,,| > (1 — €)|d| then we get from Lemma 4.3 6 — 0 = 6,,¢ with

qgg,,nu uniformly nondegenerate and |<£;,n\ > C > 0. By Lemma 4.5, we can

use stationary phase in " and obtain
|L| < CAY3XN2/3| 25|~ (n=2)/2,
If we then integrate by parts once in 7, we get
L] < OA V335 g |~ (D)2,
and these two estimates easily imply

|L| < C|A§|~ (=172,
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If |6 > €|d], we integrate by parts in " as for the main terms, and get
|L| < CAY3A=2/3 N5 7N,

Finally, if |§,,+1| > €|d], we simply write

L= O [ (1 X)) (14 X 10) (L4 02109) ™ iy,

< CN)\I/S)\72/3|)\2/357L+1|7N,
using [0p41| < max(Tp41, Ynt1)-

4.4 Grazing Parts: Completion of the Proof

Here we show how the estimates on the various kernels in Proposition 4.1
imply, for n = 2,

||I§\j7j)||Lp’(w)_>Lp(w) S C)\Qe(p)’ .7 = 13 s 747 p = p2 = 63

with the help of Lemma 2.3. The role of x; in the lemma is played by
T, = xg in the present setup. Thus, by the same scaling argument as in

section 2.2, we need to prove for I = [)(\J'J')

AT I (@, y)| < CAG |2 (4.15)
|| L2(m,,)—L2(H,,) < C (4.16)
where Hy = {# € w : z2 = s}, and in (4.16) we write I = I,,,, for

simplicity.
Near the ray, (4.15) is just (4.2ray). Away from it, we use (4.2perp)
with N =1 and (4.1):

_ .1 /1 _
A 1|I|§Cm1n(m,l)§0 W:CP«S\ 12,
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The L2-bound (4.16), where d5 = 0, can be proved using Young’s inequality
in the "better’ cases I(freefree) 7(3.3) 7(4.4) and 7(L14). For [(freefree) (4 1)
and (4.2else) give

A
\I\SCW, SO /|I| dl‘3,/|f| dys < C.

For I133) 1(44) and 1:14) | (4.3) and (4.2perp) give

)\2/3
1] < Cma s0 /|I| d$3,/|f| dys < C.

To obtain (4.16) for (X1 and 1?2 we write
Ai — YAi = —wpA_ — WPPAL

and infer, using the positivity of the operators I(3:1) and [(2:2) = J(+.1+)
on L?(H,,) and writing || || = || ||L2(Hz2)ﬁL2(Hm2),

max (|7, [T ]) < [T + 132 =
||I(frcc,frcc) + 1(3,3) _ I(3,frcc) _ I(frcc,S) _ w2[(1,1+) _ u)21(1+,1)H <

2(|| e 4 1G4 1)) < .



Chapter 5

The Case of the Disk

Here we prove Theorem 2. A complete system of (nonnormalized) eigen-
functions on the unit disk is given by

enm (T, @) = €Ty (Anmr),n € Z,> =W E K, ...

where r, ¢ are polar coordinates, J, is the nth Bessel function and A, the
mth positive zero of J,. A, is the frequency of e,,,. J, can be defined as

1 2 o
Tn(t) = o /0 ei(tsinb+nd) g9 (5.1)

and solves the differential equation
I+ tJ + (2 —n?)J, =0

which results from separation of variables when the eigenvalue equation for
A is written in polar coordinates.
In section 2.2 we proved

Henm”LG(rSR) < CR)‘rlzé?HeanL?(Q)

for each R < 1, so the functions in Theorem 2a) must be big near the
boundary.

95
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Also, because the treatment of the transversal parts in chapters 3 and 4 is
independent of the geometry of the boundary, we expect that only eigen-
functions make trouble with gradients almost tangential to the boundary.
For the ey, this means that the ratio of angular frequency n to radial fre-
quency (which depends monotonically on A, and therefore on m) should
be big and thus m small. In fact, after collecting some facts on the asymp-
totic behavior of Bessel functions we will see that f, = e, works for a).
In contrast, the oscillation of eq,, is purely radial, and the estimates of
Theorem 1 are easily verified directly.

In order to make sufficiently precise estimates we need to know the
behavior of J, near A\,;. Since A\,1 ~ n as n — 0o, see Lemma 5.2 below,
this is contained in the first part of the following Lemma:

Lemma 5.1

Jn(nz) = n_l/?’g(z) Ai(n2/3C(z)) + O(n_4/3(1 + 712/3C)_1/4g(zr))7
T (nz) = n=23G(2) A (n?3¢(2)) + O(n~ P (1 +n*30)45(2)), (A)

uniformly in z > 0 with functions g,g,¢ € C¥(0,00), g and § nonvanishing
and ((1) =0, ¢’ <0 on (0,00).

1 1 T — _
In(n2) = e Ty S GEH-OYE + §) + O 32212,
/ 1 (2—1)V/4 , » -
Jn(nz) = 5 2 cos(gn(—g) /2 4 %) +0(n P ),
™

uniformly in z > C for any C > 1.

In fact, g, g and ¢ can be computed explicitly as

Vz?2 —1—arctanvz?2 -1 ifz>1
14+ V1 — 22
In—— — /11—
z

1/4
M@( ut > . g="Cy,

1—22

2
~[¢[?/
3 22 ifz<1
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and then (B) is just a special case of (A), using the Airy function asymp-
totics (see appendix A). But (B) can easily be obtained directly by station-
ary phase from (5.1). The O errors can be improved by using lower order
terms. For proofs and full asymptotic expansions see [OL].

((z) is related to the functions ((z,£),0(z, &) in chapter 3 as follows:

Set x5 = ¢, w3 = r — 1 and a(z) = 272/3¢(2). Then a(1) = 0,a/(1) # 0, so
« has an inverse 8 near 1. Then

C(w31,m) = (w3 + 1)B(n)) (w3 +1)*/* and
0(x;1,m) = x2/B(n).

The parameter 7 corresponds to A\, n via n = a(A/n).

The following lemma states some implications of Lemma 5.1 which we
will need. They could be stated in sharper form.
If «, B are functions of A\, n, m, we write

a=(forca<f<Ca

with some positive constants ¢ and C, for sufficiently large \. As always,
C may denote a different constant at each occurence.
Lemma 5.2 For any € > 0,

1 AL if 2 >14¢
2(\r) rdr ~ e
[ orye {A‘1<—<<%>>1/2 pleatcacs

C(nz)~1/? if z>1+¢,
Jn(nz) <L Cn~3 (1 =n?/3¢0)~ Y4 ifz>1, (b)
Cn=1/3 ¢=n¢*” if1/2<z<1.

A = 1 4 amn/® + O(n_Q/?’) as n — oo with m fizved, oy > 0. (c)
A’I’L’m — —_
lym?/3 + n2/3C(T)| < C(m™Y3 407t for some constant . (d)

The zeroes of J,, and Jp41 interlace, i.e. Apm < Apti,m < Anym+1,

and Ap41,m — Apm > 1.
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Sketch of proof (for details see [OL]):
(a) From Bessel’s equation we see 34 [t2(J))2(t) + (t* — n?)J2(t)] = tJ2(t),
S0

A 2 )\2 1\2 n\2 2
[ e = [0 + 0 - @20

Now use Lemma 5.1 with z = A/n. Note that if J,,(A) = 0 then we get

/ (0t = L) = SR AN + 0(n?)
0 (5.2)

for z = % <C.
(b) is clear from Lemma 5.1 and the Airy function estimates in Appendix
A.
(¢),(d): If @y, is the mth zero of the Airy function then (A) in Lemma 5.1
implies
)\'nm —
Um = n2/3g(7) +0(n1).

This gives the asymptotics for A,,,. The Airy function asymptotics gives
am = —Cm?/3 + O(m~1/3), and this shows (d).
(e) The interlacing is a well-known elementary fact, see [WA] for example.

The gap statement is harder. One can show de);[;’" < 0 (e.g. using [WA,

equation (3) in 15.6]). Also, (c¢) implies % — 1l asn — oo.

&
Proof of Theorem 2: a) We show that

lenills > N0,
llent |2

This reflects the fact that e, is ’essentially’ supported in a strip of width
n~2/3 near the boundary, so the quotient is approximately (n=2/3)s~2 =
n?/?. Note that \,; ~n by (c).

(a) shows [|en1l2 & n~2/3, and (A), (c) and Ai(0) # 0 give

Jn(n +tnt/3) x~ n=1/3 for 0 <t <ay/2,
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from which we conclude ||e,1 ¢ > Cn=/3(n=2/3)1/6 and the claim follows.
b) We need to show

J2(Npumr)
n,zm ”Jn()‘nm')nz
)\_1S)\7wng/\

Write @y, for one summand. Because of Proposition 2.1, we may assume
r > 1/2. By (e), there is at most one summand for each m. Form =1,2,...
let n(m) be the index n for which A, is closest to A — 1/2. Clearly, the
claim follows from

> Qum <O (5.3)

m:n(m)>0

n is a decreasing function of m, even strictly decreasing as long as n > 0,
by the interlacing property. By (c), n(1) < A, and therefore n(A+ 1) =0,
so the sum goes at most up to m = A. On the other hand, (d) for n =1
and the asymptotics ((z) ~ —C2%/3 as z — oo show n(2e\) > 0 for some
€ > 0 independent of A\, and strict monotonicity implies

n(m) > 2eX —m.

Now consider the terms in (5.3) with m > eA. Then we have n < A — €},

SO % > 1 > 1, and (a) and (b) give

A
> QY <O

m>eX [
n(m)>0

This part of the sum corresponds to the transversal part in chapter 3.

We now turn to the harder part with m < el and 1 < % < % Clearly,
(d) remains true if Ay, is replaced by A, since [Apm —A| < Apmg1 — Anm—1-
By (a), (¢) and (d) we now have

— )\nm —
||Jn()‘n7n)”§ ~ A 1|C(T)|1/2 ~ A3 /B,
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So all that remains is to show

= Z m—l/Se—nCB/z < C/\l/?a7

m<el
¢>0

I = Z m—1/3(1 _n2/3<)—1/2 S C)\l/?)

m<ex
¢<0

where ¢ = ((2r) and n = n(m) as always. We will even see I < C.

One way to proceed would be to define n(m) as function of real m,
replace sums by integrals and use ( as new variable. But let us stay with
integers m here. In any case, we need to estimate the change of ( with m:

Let m > m, n = n(m), son < . With ¢y = ((2), and (, (o defined using
i, we then have, using ¢’ <0, r € [1/2,1] and 7 = A,

) & Go — Co = AH3(RY3¢ — 7*/3¢)

S| >

> /\_2/3(752/360 _ n2/3<O) — ,y)\—2/3(m2/3 _ m2/3 + O(m—l/:})),

and this implies

— m—m
(~(>C—rmars (5.4)

for some C' > 0 if m —m > Cj.

We now analyze the sums I and I1.

¢ is decreasing in m. Let M = max{m : { > 0}. Applying (5.4) repeatedly
gives for m+ Cy < M

1 1
(m+Co)3 " (m+ 20078 "

¢> C)\_Q/?’( ) > C)\—2/3(M2/3 _ m2/3)

where the sum goes at most up to M. If one uses this in the expression for
I and estimates the sum by an integral, one gets

M
_ A ng2/3 . 2/3\3/2
IgC/ m /3= CT MmN g
1
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and a change of variable z = M?/3 —m?/3 shows I < C.
With IT we proceed similarly: For m > M,

C < _C)\—2/3(m2/3 _ ]\42/3)7

SO
A 1

Ir=<c a mb/3 (m2/3 — M2/3)1/2

dm,

and changing variables z = m?/3 — M?/3 shows

II1<C 212 4y = 20013,
0

This finishes the proof of part b).
&

Remark: The method of estimating the L2-norm of .J,, using the iden-
tity (5.2) involving its derivative might seem artificial. We could have pro-
ceeded directly and used the Airy function asymptotics only. The reason
why we chose our method is the following:

The method leads to a sum over squares of terms like

Ai(n?/3¢)
A’ (n2/3¢0)

where n2/3(, ranges over the zeroes of Ai. As M. Williams showed in [WI],
the parametrix for the wave kernel near a convex boundary can always be
written in terms of such a sum, using the residue theorem on its usual
representation as complex line integral. This strongly suggests that the
estimates above essentially suffice to prove the L> bound near a convex
boundary point of an arbitrary domain.
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Chapter 6

Remarks and Problems

e The foremost problem is to generalize Theorem 1 to higher dimen-
sions. While n = 3 can probably be handled by a better argument
to obtain the L? estimate needed in Lemma 2.3, avoiding Young’s
inequality, the case n > 4 is less clear as the decay of the kernels

on a \~2/3 scale in directions close to perpendicular to the boundary

seems to make Lemma 2.3 too weak then.

e Next is the convex case because here a parametrix for the wave equa-
tion is known. Is the example in chapter 5 worst possible?

e Sogge used the interior estimates proved in chapter 2 to deduce certain
results about convergence of Bochner-Riesz means on €, see [S3].
What are the implications of the different behavior of ||xx||rz—r» on
the disk for these means?

e It would be very interesting to decide if the L> estimate [|xx f|| L) <

C)\(”_l)/2\|f||Lz(Q) is true for any geometry of the boundary. One

would need to find a method of proving such estimates without using
parametrices for the wave equation.

e The asymptotics of the LP-norms of eigenfunctions seems unclear.
Corollary 1.1 gives an upper bound. But unlike for the spectral pro-
jections, this is not sharp in all cases: On the cube, |e;|[rr/|le;] L2
is uniformly (in j) bounded, for the standard basis (e;) of eigenfunc-
tions. Is it true that this quotiont must be unbounded if there is any
curvature, either in the metric or in the boundary?
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Chapter 7

Appendix A: Airy
functions

Ai is the unique (up to constant factor) bounded solution of
A"(2) = 2A(2).

Set A_(2) = Ai(wz), A (2) = Ai(w?z), where w = e*™/3. Ay are also
solutions of this equation. Ai and AL are called Airy functions. They are
linearly related by

Ai+wA_+w?A, =0. (7.1)

To see this, just evaluate this expression and its derivative at 0. The Airy
functions have oscillatory behavior for negative argument and exponential
behavior for positive argument. More precisely,

_2,3/2
52

Ai(z) = ¥(z)e

where ¥ is holomorphic and has the asymptotic expansion, uniformly in
{zeC:|argF| < (W —0)r} for any § > 0,

W(z) ~ 214 Zajz_%j.
0
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In particular,

AL(z) = ‘I’i(z')(ﬁ%i(_z)g/2 if 2 <0,

2.3/2

Ag(z) = Ty(z)es if z>0,
Ai(z) = \If(z)e_%zg'/2 if 2>0

with ¥y (z) = U(wFz). Also, from this and (7.1),
Ai(z) = ¢(—2)" /4 sin(%(—z)ia/2 +3)+ O((—2)73/?) for z —» —oc.

Here are a few more useful facts: A_ = A, for real 2z, and |A| is monoton-
ically increasing. In the context of the grazing ray parametrix it is useful
that (7.1) implies

A_ 9 ) B ﬂ
AL = A O T (G) =~ (Az«;) A,(0) A+(g0)). o



Chapter 8

Appendix B: Stationary
Phase

Here I state the stationary phase lemma in the form I need it. The proof
is standard and therefore only sketched.

Let ¢(z,y) be a smooth function of z € R"® and y € R™, defined near
(0,90), and suppose ¢(zg, ) has a nondegenerate critical point at yo, i.e.

¢;(9€0,y0) =0, ¢,Zy nondegenerate.

By the implicit function theorem there is a smooth function y(z) near o,
with y(z¢) = yo, such that ¢(z, ) has, for y near yp, a unique critical point
at y = y(x). By continuity of ¢}, it is nondegenerate.

For each A > 1 let a(z,y, A) be a smooth function of z,y with support
sufficiently close to (zo,yo) and independent of A.

Assume

1D ya(@,y, A)| < Car™l®! (8.1)

for all multi-indices «, for some r < 1/2.

Lemma 8.1 Let

I(x) = /e“"““"y)(y —y(@))a(z,y, A) dy
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for some multiindex ~y. Then
I(z) = A—m/2=Tv1/2] ei>\¢(w,y(w))b(x7)\)
where b satisfies the same estimates as a:
|DEb(x, A)| < Co AT

Here [s] is the smallest integer greater than or equal to s. Thus the
nondegenerate stationary point gives a decay, in powers of A — oo, of

—%(number of integration variables), and each order of vanishing of the
amplitude at the stationary point gives an additional gain of —%, with odd
orders slightly better.

For r = 0 a proof can be found in [S3], for example. The main idea (for

o = 0 say) is to cut off the integral smoothly at a distance A=*/2 from the
stationary point, introducing an error of the order of the desired estimate,
and repeatedly integrating by parts in the remaining integral. As the A-

dependence of the cutoff function is as in (8.1), with r = %, the resulting
estimate is not weakened by allowing to have a stronger A-dependence of a
as in (8.1), as long as r < 1.
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