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LINEAR CONVERGENCE OF DESCENT METHODS FOR THE
UNCONSTRAINED MINIMIZATION OF RESTRICTED STRONGLY
CONVEX FUNCTIONS

FRANK SCHOPFER*

Abstract. Linear convergence rates of descent methods for unconstrained minimization are
usually proven under the assumption that the objective function is strongly convex. Recently it
was shown that the weaker assumption of restricted strong convexity suffices for linear convergence
of the ordinary gradient descent method. A decisive difference to strong convexity is that the set
of minimizers of a restricted strongly convex function need be neither a singleton nor bounded.
In this paper we extend the linear convergence results under this weaker assumption to a larger
class of descent methods including restarted nonlinear CG, BFGS and its damped limited memory
variants L-D-BFGS. For twice continuously differentiable objective functions we even obtain r-step
superlinear convergence for the CG_DESCENT conjugate gradient method of Hager and Zhang,
where r is greater than or equal to the rank of the Hessian at a minimizer. This is remarkable since
the Hessian of a restricted strongly convex function need not have full rank. Furthermore we show
that convex quadratic splines and objective functions of the unconstrained duals to some linearly
constrained optimization problems are restricted strongly convex. In particular this holds for the
regularized Basis Pursuit problem and its analogues for nuclear norm minimization and Principal
Component Pursuit.

Key words. linear convergence, restricted strong convexity, error bound, quadratic splines,

BFGS, conjugate gradient

AMS subject classifications. 65K, 90C

1. Introduction. Let f: R™ — R be convex with a Lipschitz-continuous gradi-
ent and nonempty set of minimizers Xy. We consider the unconstrained minimization

fmin = min f(x) (1.1)

z€R™

by iteration methods of the form
Tpr1 =Tk +tg-dp for k=0,1,2,... (1.2)
with step length ¢, > 0 and search directions dj, of the conjugate gradient (CG) type
dy = —gr + Br - dr—1,
where gy, := Vf(z)) and S € R is a parameter, or Quasi-Newton methods,
dy, = —B; gk, (1.3)

with symmetric positive definite matrices By € R™*™. This comprises ordinary gra-
dient descent for dy = —gi as well as BFGS and its limited memory variant L-BFGS
for large-scale problems, see eg. [45]. While the above assumptions on f are generally
sufficient to prove global convergence results under mild restrictions on ¢ and By, lin-
ear (or superlinear) convergence rates are usually obtained only under the additional
assumption that f is strongly convex. In the recent papers [65, 66] it was shown that,
for the ordinary gradient descent, linear convergence rates can be proven under the
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2 Linear convergence of descent methods for restricted strongly convex functions

weaker assumption that f is only restricted strongly conver on R™, i.e. there is a
constant v > 0 such that f satisfies for all x € R™ the restricted secant inequality

(Vf(x) = Vf(Px,(),z—Px,(z)) >v-|z— PXf(x)Hz , (1.4)

where Px,(x) denotes the orthogonal projection of z onto X;. A decisive difference
to strong convexity is that X need be neither a singleton nor bounded.

Here we analyse to what extend restricted strong convexity is also sufficient to
guarantee linear convergence rates for the general methods above. In particular, for
search directions of the form (1.3) and several line search strategies including Wolfe
conditions and backtracking, we prove linear convergence rates for the decrease of
both the function values f(zx) — fmin and the distance ||z — &||, of the iterates to
some minimizer £ € X; under the assumption that f is restricted strongly convex
on the level set Ly, = {z € R"| f(z) < f(z)} and that all matrices By, B; ' are
uniformly bounded. In fact the assumption of restricted strong convexity allows for
a very simple proof. A similar result was shown in [32] for the special case of f being
a convex quadratic spline, i.e. a differentiable convex piecewise quadratic function.
There the convergence analysis is based on error bounds proven in [31]. Especially it
was shown in [31] that for any convex piecewise quadratic function f (not necessarily
differentiable) and any 6 > 0 there exists a constant v > 0 such that for all z € R"
with f(z) — fimin < 0 we have

dist(z, X7) <v- v/ f(%) = fonin - (1.5)

In [38] convex, not necessarily differentiable, functions with property (1.5) were called
optimally strongly convex, and for the minimization of such functions linear con-
vergence of the so called asynchronous stochastic coordinate descent algorithm was
proven. We show that (1.5) and (1.4) are actually equivalent on any level set of a
differentiable convex function f. This immediately implies that a convex quadratic
spline is also restricted strongly convex on any level set. Hence we extend the result
of [32] to a larger class of functions, while giving an even simpler proof. Further-
more we show that some of the limited memory damped BFGS methods (L-D-BFGS)
considered in [2] produce uniformly bounded matrices By, kal, and thus retain linear
convergence rates under the weaker assumption of restricted strong convexity. For the
standard BFGS method with a line search satisfying the Wolfe conditions we obtain
linear convergence rates for the decrease of both the function values f(zx) — fmin
and the distance dist(zy, Xs) of the iterates to the set of minimizers. We also prove
linear convergence rates for CG methods with restarts, several types of line searches
and many choices of the parameter 85 found in the literature. For twice continuously
differentiable objective functions we even obtain r-step superlinear convergence for
the CG.DESCENT conjugate gradient method of Hager and Zhang [23], where r is
greater than or equal to the rank of the Hessian at a minimizer. This is remarkable
since the Hessian of a restricted strongly convex function need not have full rank.

An important class of problems that can be cast in the form (1.1) are linearly
constrained convex optimization problems

i t Ay=b 1.6
Jin g(y) s y=», (1.6)

where A € R"™*™ b € R(A), and g : R™ — R is strongly convex, which implies
that (1.6) has a unique solution § € R™. The objective function of the unconstrained
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dual (1.1) to (1.6) is then given by f(z) := g*(ATx) — (b,z), where g* is the convex
conjugate of g. It can be shown that linear convergence of dist(xy, X ) implies linear
convergence of the iterates yp = Vg*(ATx) to g, even if the iterates x;, do not
converge. Hence all of the discussed methods can be applied to solve (1.6) with linear
convergence rates in case f is restricted strongly convex on L¢(,,). The question arises
whether restricted strong convexity of f is automatically implied by some properties
of g which are relatively simple to check. We can immediately give a positive answer
for piecewise quadratic (not necessarily differentiable) functions g, because then g*
and f are actually convex quadratic splines, see [55]. One of the most prominent
examples for this case is given by the regularized Basis Pursuit problem, which arises
in the vast area of sparse optimization, see e.g. [7, 11, 19],

. 1 2 _
i 5 flyly + 7 Jlyll, st Ay =b. (1.7)

See also [56] for explicit values of 7 > 0 that guarantee exact recovery of sparse
solutions. The dual objective function f. to (1.7) can be written as

fr(z) =% ||shrinkT(ATm)H§ —(b,x),

where shrink, (y) := sign(y) - max{|y| — 7,0} is the componentwise soft shrinkage
operator. In [63] it was observed that the well known linearized Bregman method
for the solution of (1.7) can be interpreted as an ordinary gradient descent method
applied to the dual with f;, see also [40]. It follows from the results in [27] that the
linearized Bregman method converges linearly for constant step length ¢, kicking [46]
and a BB-line search [63]. Here we extend this result to more line search strategies
and efficient descent methods like CG. It also follows from the results in [27] that f; is
indeed restricted strongly convex on all of R™. The proof given there yields an explicit
value for the constant v in (1.4) but relies on the special structure of f.. Hence we
may ask whether there is a simple characterization of convex quadratic splines that
are restricted strongly convex on all of R™. We can give a partial answer by showing
that a convex quadratic spline f is restricted strongly convex on all of R” and has
a bounded set of minimizers, if and only if f is coercive. It follows that all dual
objective functions f to problems of the form (1.6) are restricted strongly convex on
all of R™, if g is strongly convex piecewise quadratic (which is the case in (1.7)), and
if A has full row rank, because then f is coercive. We point out that in [27] restricted
strong convexity of f. was proven even without this additional assumption on A.
More generally we prove that the objective function f to the unconstrained dual
of (1.6) is restricted strongly convex on L, if the subdifferential mapping dg is calm
at the optimal solution ¢ and if the constraint qualification rint (0g(4)) NR(AT) # 0
holds. We show that dg is always calm at § for functions of the form g(Y") = h(o(Y))
for matrices Y € R™*™ and an absolutely symmetric convex piecewise quadratic
function h, where o(Y") is the vector of all singular values of Y. In particular this
holds for the objective function of the regularized nuclear norm optimization problem,

in L.|v|? Y t AY) =0 1.8
Yﬁgn2ﬂlb+TH I, s (Y) =0, (1.8)

and the objective function of the regularized Principal Component Pursuit problem,

min Lo ViE 4 il + - Yald 4 Yl st Yi+Ye= B, (19)
Yl;YZERmxn
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which are analogues to (1.7) in the area of low rank matrix solutions like low rank
matriz completion and robust principal component analysis, see eg. [8, 9, 27, 36, 53]
and [64], where also explicit parameter values are given that guarantee exact recovery
of low rank solutions. To the best of our knowledge this is the first time that linear
convergence rates can be proven for the singular value thresholding algorithm of [6]
and its generalization for the solution of (1.8) and (1.9). But see also [26] for linear
convergence of the proximal gradient method for nuclear norm regularized problems.

In the next section we review the most important properties of restricted strongly
convex functions that are used for the convergence analysis in section 3, and establish
the restricted strong convexity of convex quadratic splines and the objective functions
of the unconstrained duals to some linearly constrained optimization problems.

2. Restricted strong convexity. We slightly extend the definition of restricted
strong convexity given in [27, 65] to the case that a function f can be restricted
strongly convex only on a convex subset C' C R™, and not necessarily on all of R™.

DEFINITION 2.1. Let f: R™ — R be convex differentiable with a nonempty set of
minimizers Xy, and let C C R™ be a closed conver subset with Xy NC # (. Then f
is restricted strongly convex on C' with constant v > 0 if it satisfies for all x € C the
restricted secant inequality

(Vf(z) = VI(Px,nc(2)) 2 — Px;nc(@)) > v- |z — Px,nc(@)|f; - (2.1)

Note that Vf(Px,nc(x)) = 0 and that strongly convex functions satisfy (2.1).
We need the following well-known properties of a convex function with Lipschitz-
continuous gradient (cf. Proposition 12.60 in [55]).

LEMMA 2.1. Let f: R™ = R be convex with a Lipschitz-continuous gradient with
constant L > 0. Then for all x,y € R™ we have

L
fy) = f(@) < (Vi) .y —2) + 5 -y —al (22)
1
(Vi) = Vi@)y—a)> 7 [V - Vi@l (23)
Restricted strongly convex functions have nice properties and satisfy error bounds
that are important for the convergence analysis of gradient based iteration methods.

See also [41, 42, 47] for the use of error bounds in mathematical programming.

LEMMA 2.2. Let f : R® — R be restricted strongly convexr on C with constant
v > 0. Then for all x € C we have

v |z = Px,nc(@)], < Vi@, (2.4)
5+ llz = Px,rc@; < £@) = frin (2.5)
F@) = Fin < - V@S (26)

If in addition f has a Lipschitz-continuous gradient with constant L > 0 then we also
have

9@l < Loy 2 T T @7)
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Proof. By applying the Cauchy-Schwartz inequality to (2.1) we get (2.4). To
show (2.5) we adopt the proof of Lemma 1 in [65]. For z € C we set & := Px,;nc (%)
and xt = &+ t(x — &) for t € [0,1]. Since C is convex we have z; € C for all

€ [0,1] and & is also the orthogonal projection of z; onto X; N C. By (2.1), and
since f(ic) Smin, We get

1 1
1
f(x)_fmin:/o (Vf(ze),r — &) dt:/o ;<Vf($t)7$t—i> dt
1Z/ 2 v 2
> [ fa—al =5 o=l

Furthermore, convexity of f implies

f(@) = fmin < (Vf(2), 2 —2) <[V (@), |z =2, -

Inequality (2.6) then follows from (2.4), and (2.7) follows from (2.5). O
An immediate consequence of (2.5) is the following.

COROLLARY 2.3. If f : R™ — R is restricted strongly convex on all of R"™ and
has a bounded set of minimizers then f is coercive, i.e. limyu ), oo % = 00.
2

The following lemma shows that (2.1) and (2.5) are actually equivalent for convex
differentiable functions.

LEMMA 2.4. Let f : R" — R be convex differentiable with a nonempty set of
minimizers Xy, and let C C R™ be a closed convex subset with Xy N C # (0. If there
is a constant v > 0 such that for all x € C' we have

then f is restricted strongly convex on C with constant v = =

v2:

Proof. By convexity of f we have f(z) — fmin < (Vf(%),2 — Px;nc(z)), from
which the assertion follows. O

In general it is not easy to check whether a function f is restricted strongly convex,
since projections onto the set of mimimizers may not be easy to analyse. But there are
some interesting classes of functions with this property. The following example is a
slight variation of Theorem 5 in [65] and Theorem 2 in [66], and its proof is analoguous.
It shows that the composition of a linear mapping with a strongly convex mapping
is restricted strongly convex, even if the linear mapping has a nonempty nullspace,
so that the composition cannot be strongly convex. Let L’g ={z e R"| f(z) < 6}
denote a level set of a function f: R™ — R.

EXAMPLE 2.5. Let A€ R™*" § >0, and g : R™ — R be differentiable such that
the function f(x) := g(Ax) has a nonempty set of minimizers. If g is strongly convex
on E 15 then f is restricted strongly conver on £ 1s5- 1f g is strongly convex
on all of R™ then f is restricted strongly convex on all of R™. Obviously, if g is twice
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continuously differentiable then so is f.

See also [60] for related results. Further examples are discussed in the next two
subsections.

2.1. Convex quadratic splines. Several types of optimization problems can
be formulated as unconstrained minimization problems with convex quadratic splines,
e.g. the Basis Pursuit problem, least distance problems or convex quadratic programs,
see [32, 35] and the references therein. Restricted strong convexity of convex quadratic
splines is a consequence of Lemma 2.4 and the following error bound result.

THEOREM 2.6 (Theorem 2.7 in [31]). For any convex piecewise quadratic func-
tion f : R™ — R with a nonempty set of minimizers and any § > 0 there exists a
constant v > 0 such that (1.5) holds for all x € E;mmw.

EXAMPLE 2.7. Any convex quadratic spline f : R™ — R with a nonempty set of
minimazers is restricted strongly convexr on Ejfcmmw for all § > 0.

We point out that any convex quadratic spline also has a Lipschitz-continuous gradi-
ent. For further interesting properties we refer to [10]. Now we aim to characterize
convex quadratic splines that are restricted strongly convex on all of R™.

THEOREM 2.8. A convex quadratic spline f : R™ — R is restricted strongly con-
vex on all of R™ and has a bounded set of minimizers if and only if f is coercive.

Proof. Because of Corollary 2.3 it remains to prove the “if”-part. Coercivity of
f obviously implies a nonempty bounded set of minimizers X¢. Since f is piecewise
quadratic there are finitely many polyhedral sets C; C R", j =1,...,p, whose union
equals R™ and relative to each of which f(z) is given by a convex linear-quadratic
function

flx) =5 (@, Ajz) + (a5, 2) + o5 , 2€Cy,

with symmetric positive semidefinite matrices A; € R"*™, vectors a; € R™ and scalars
a;j € R. To show that f is restricted strongly convex on all of R® we use Example 2.7
on a level set and analyse the behaviour of f on unbounded regions C';. By Corollary
3.53 in [55] each polyhedral region C; can be written in the form C; = D; + K; with
a bounded polyhedral set D; and a closed convex cone K;, j = 1,...,p. Then we
have

dy = max { max max [yl , max lyll, } <oo.

Let Jo be the set of all indices j such that C; is unbounded. Especially we have
K; # {0} for all j € J. Fix some y € D;. Then for any 0 # z € K; and t > 0 we
have y +t -z € C; and thus can write

2
Fly+t2) = f5) + 1 (VF(),2) + 5 (2, Ay2)

By letting ¢t — oo it follows that (z, A;z) > 0, because f is coercive. Hence we also
have

A := min min  (z,A;z) > 0.
j€Toe €K, ||2]l,=1
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Choose R > dp large enough such that

M:f’wwwvzﬂfo

and set

fr=

max
aeR” 7], <R

By Example 2.7 there is a constant vg > 0 such that the restricted secant inequal-
ity (1.4) holds for all « € Ly,. Now let ¢ Lf, be arbitrary. Then we have
lz||y > R > dp and hence x must lie in some unbounded region, i.e. z =y + 2z € Cj
for some j € Jo and y € Dj, z € K;. We set & := Px,(z). Then we have
|z — &[], > R — dp and hence

2d,
N
—dy

ly — ll, < 2d, <

With this we can estimate

\/(m—i", z\/zAz \/y—&Ag—(y—@»
> VA zlly = VL ly — 2,
>V z—2lly, - VA+VI) - |y - 2|,

z( ¢*+J3 ) el
i

which yields
(@ =&, Aj(@—2) > pf-llz— 23 - (2.8)

Consider the line segment z; := &+t(x—2) for ¢ € [0,1]. Since ||Z]|, < R < ||z||, there
is a unique point t; € (0,1) such that ||a, ||, = R < [Ja¢||, for all t € (¢1,1]. Hence
24, € Lf,. Furthermore we can find finitely many points t; <t < ... <ty =1 and
corresponding indices jj such that z; € Cj, for all t € [tg,tpq1] and k=1,...,N —1.
It follows that all Cj, with £ > 1 are unbounded and (2.8) also holds with « and A;
replaced by x;, and Aj, respectively (note that we also have Z = Px/,(z¢,)). Then
we can write

(Vf(z),z—z)
N-1
= <Vf(1'tk+1)—Vf($tk),$—ii'>—|—<Vf(13t1),13—53>
v
= <xtk+1 _xtk7Ajk(x_‘%)>+<vf($t1)ﬂx_i>
k=1
= tk+1 — Tk

t2

. . 1 .
' <xtk+1 - x7Ajk (xtk+1 - Z‘)> + ? <Vf(xt1) y Tty — 'r>
k=1 k+1 1
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Finally we estimate the first summand by (2.8) and the second summand by (1.4) to
get

N—

—t .
(Vf(z),z—2) Z k+1 k'u%-HztkH—x

k=

mln{/’[/RayR} ' H.’II - £||§ )

2 VR 112
2+H : thl —$||2

from which the assertion follows. O

REMARK 2.9. Let the polyhedral sets C; C R™ be the defining regions of f as in
the preceding proof. Since Xy is polyhedral too, we have

dmin = min{dist(C;, X;) |C; N Xy =0} >0,

and hence dist(z, Xf) > dmin for all z € C; with C; N Xy = 0. As a consequence the
iterates of the descent methods in section 3 will always stay in a solution region Cj
(i.e. C;NXy¢ #0) after finitely many iterations.

2.2. Unconstrained duals to linearly constrained optimization prob-
lems. To establish the restricted strong convexity result we need the concepts of
calmness of a set-valued mapping [55] and linear regularity of a collection of convex
sets [3]. Let B¢(x) denote the 2-norm ball with radius € > 0 and center x € R"™.

DEFINITION 2.2. A set-valued mapping S : R™ = R™ is calm at & € R" if
S(Z) # 0 and there are constants €, L > 0 such that for all x € B.(Z)

S(z)cS(@)+L-||lz—z|,-Bi(0).
Such mappings are also called locally upper Lipschitz-continuous in [54].

ExampLE 2.10.

(a) Any polyhedral multifunction, i.e. a set-valued mapping whose graph is the
union of finitely many polyhedral convex sets, is calm at each & € R™. In
particular this holds for the subdifferential mapping

Of (x) :={a" e R"| f(y) = f(x) + (z",y —x) forally € R"}

of a convex piecewise quadratic function f: R™ — R.

(b) Let h : R™ — R be a convex piecewise quadratic function which is absolutely
symmetric, i.e. h(x1,...,Zmy) = h(|ﬂcﬂ(1)|7 A |x7,(m)|) for any permutation
7w of the indices. Then the subdifferential mapping of the convezr function
9(X) := h(o(X)) is calm at each X € R™". In particular this holds for
the nuclear norm || X||, = ||[o(X)],, the spectral norm || X|, := ||o(X)|
and the objective function in (1.8), g(X) = 1 - ||X||% + 7 - || X]|,, where
IX|| g == |lo(X)|l, denotes the Frobenius norm.

(c) The subdifferential mappz'ng of the objective function in (1.9), (Xl,Xg) =
LX) 4+ 7 Xl + 3 - [ Xal3 + 72 - [ Xl is calm at each (X1, X) €
R™>™ x R™*™., Here HX||1 denotes the 1-norm of all entries of a matriz X .
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Proof. For (a) see Proposition 1 in [54], and (c) follows from (a) and (b). To show
(b) we may without loss of generality assume that m < n. For d € R™ we denote by
diag(d) € R™*™ a (rectangular) matrix which is zero except for the vector d on its
main diagonal. Let X = U diag (0(X))V7 be a singular value decomposition (SVD)
of a given matrix X € R™*" i.e. U € R™*™ and V € R"*" are orthogonal and o(X)
is the vector of the singular values o1(X) > ... > 0,,(X) > 0 of X. It follows from
Theorem 7.1 in [29] that the subdifferential of g at X is given by (see also [62])

99(X) = {U diag(d)V" | X = U diag (¢(X))V7T is a SVD of X and d € 9h(o(X))}.

Fix some X € R™*". Tt follows from Lemma 4.3 in [58] that for any X near X
and any SVD of X = Udlag( ( ))VT there are orthogonal matrices U € R™>™

and V € R™ " such that U — U = O(|X — X|2), V -V = O(|X — X|2), and
both UT X XTU and VI XTXV are diagonal where the first m diagonal elements are
01(X)2,...,0m(X)? and the remaining ones are zero. For the positive singular values
O'i(X ) > 0 we redefine the column vectors U, : -~ X)X V;. Then U remains orthog-

onal and X = U diag (U(X ))VT is a SVD of X. Since the singular value functions
0i(X) are Lipschitz-continuous (cf. [30, 58]) we still have U — U = O(||X — X||2).
By (a) for X near X and any d € Oh(o(X)) there exists some de 5‘h(0(X)) with
d—d = o(|X - X||2). Hence for any X* € Jdg(X) there exists some X* € 9g9(X)
with X* — X* = O(|| X — X]|2). O

The next theorem shows that the standard constraint qualification together with a
boundedness assumption implies linear regularity. For a closed convex set C' C R™ we
denote by rint(C') the relative interior of C'.

THEOREM 2.11 (Corollary 6 in [3]). Suppose C1,...Cy, CR™ are closed convex
sets, where Cy11,...,Cp, are polyhedral for some r € {0,...,m}. If C:= (", C; is
bounded and (;_, rint(C;)N2,,, Ci # 0, then the collection {C1, ... Cy,} is linearly
regular, i.e. there exists v > 0 such that for all x € R™ we have

dist (2, C) < - Y dist(z,C;).

i=1

For a matrix A € R™™™ we denote by R(A) the range of A and by N (A) the
nullspace of A. The convex conjugate ¢g* of a convex function g : R™ — R is defined
as g* (y*) := sup,epm (¥*,y)—9g(y), see [55]. Note that the optimization problems (1.8)
and (1.9), or more generally problems of the form

in  g(Y) st AY)=b,
Yeﬂgglnng( ) s (Y)

with matrix variables Y € R™1*™2_objective function § : R"™*™2 — R and a linear
operator A : R™1*™2 — R™ can equivalently be written in the form (1.6) by the usual
way of identifying the matrix Y = mat(y) with the vector y := vec(Y') € R™1'™2 of all

of its columns, the operator A with a matrix A € R**(™172) guch that A(Y) = A -y,
and the objective function with g(y) := g(mat(y)) = §(¥). The subdifferentials are

then related by dg(y) = vec <8§(mat(y))).
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THEOREM 2.12. Consider the linearly constrained optimization problem (1.6)
with A € R™™ b € R(A), and strongly conver g : R™ — R. Then (1.6) has a
unique solution § and the objective function f(x) := g*(ATz) — (b, ) of the uncon-
strained dual (1.1) to (1.6) is convex with a Lipschitz-continuous gradient V f(z) =
AVg*(ATz) — b and nonempty set of minimizers Xy = {x € R"| AVg*(ATz) = b}.
If the subdifferential mapping of g is calm at § and if the collection {0g(9), R(AT)}
is linearly regular, then f is restricted strongly convex on £§mm+5 for any 6 > 0.
Especially this holds in any of the following cases:

(a) g is a convex piecewise quadratic function.

(b) Og is calm at §j and the constraint qualification rint (9g(y)) N R(AT) # 0

holds.

(c) 9(y) = g(mat(y)) where g : R™>*™2 — R is of the form g(Y) = h(o(Y))
for matrices Y, and with an absolutely symmetric convexr piecewise quadratic
function h, and the constraint qualification rint (0g(9)) NR(AT) # 0 holds.

(d) g has a Lipschitz-continuous gradient. If g is twice continuously differentiable
then so is f.

Proof. At first we note that in cases (a) and (c) calmness of Jg at § is auto-
matically fulfilled by Example 2.10. By Proposition 12.60 in [55] it holds that if g is
strongly convex with constant v, > 0 then Vg* is Lipschitz-continuous with constant
Ly = i, and therefore V f is Lipschitz-continuous with constant L := Lg- - ||A||§
Furthermore, if g has a Lipschitz-continuous gradient, then g* is strongly convex, and
hence in case (d) restricted strong convexity of f follows from Example 2.5. The
assertion about twice continuous differentiability of ¢g*, and hence f, is an immediate
consequence of the classical Legendre transform, cf. Example 11.9 in [55]. Note that
the optimal solution § of (1.6) fulfills dg(g§) N R(AT) # 0 and § = Vg*(ATz) for all
x € Xy. Furthermore, dg(§) NR(A”) is bounded because the closed convex set dg(7)
is bounded. Hence by Theorem 2.11 all cases (a), (b) and (c) imply linear regularity
of {09(9), R(AT)}, which in turn implies that there exists 4 > 0 such that for all
y* € R(AT) we have

dist (3", 09(5) N R(AT)) < - dist (4, dg(5)) . (2.9)

We prove restricted strong convexity of f by contradiction. Assume that f is not
restricted strongly convex on E;mm 44 for some 6 > 0. Then there exists a sequence

Ty € [,j:mm% such that x,, ¢ Xy and

hm <Vf(l‘n) sy Ly — PXf (zn)>

=0. (2.10)
noe|ay, — P, ()5

We set v = ATz, € R(AT) and y, := Vg*(y). Hence we have y € dg(y,) and
ATPXf (zn) € 9g(y), but y* ¢ 0g(7). Since g is strongly convex there is a constant
¢ > 0 such that we can estimate the denominator in (2.10) by

<Vf($n),$n 7PXf(x'n)> = <yn 7@7?/2 7ATPXf($n)> >c: Hyn 7@”; .

To y;; we can find some &, € Xy such that 7 := Pyy5)nr(ar)(ys) = ATdn € 0g(3).
By (2.9) we have

gz — 951l = dist (y5;, 9g9(5) N R(AT)) < v - dist (y;,99(9)) -
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Let opmin(A) > 0 denote the minimal positive singular value of A. Since we have
X7+ N(AT) C X we can estimate the nominator in (2.10) by

IN

len = P, (@a)[l, < [lon = ((@n + Pacar)(@a — 2a))

< omii(A) : ||AT177L - ATi'n |2 = m ' Hy: - y:b“Q
< #(A) - dist (y:mag(?))) .

Hence it follows from (2.10) that

|y _?3”2

=il 2.11
n—oo dist (yz,99(9)) o

Furthermore, g* is coercive since g is finite everywhere, see Theorem 11.8 in [55]. This
implies boundedness of AT[,;mm 45- Hence dist (y:, 89(3})) remains bounded and it
follows from (2.11) that the sequence y,, converges to §. But then calmness of dg at 7
implies that dist (y;;, 99(4)) = O(|lyn — 9, ) for all n large enough, which together
with (2.11) leads to a contradiction. O

3. Linearly convergent descent methods. Here we analyse the convergence
behaviour of iteration (1.2) to solve the unconstrained optimization problem (1.1).
Throughout this section we make the following assumption about the function f.

ASSUMPTION 3.1. f: R"™ — R is restricted strongly convex on the level set Ly ()
with constant v > 0 and has a Lipschitz-continuous gradient with constant L > 0.

Furthermore we assume that at each iteration we have g := V f(zx) # 0, because
otherwise we stop iterating after finitely many iterations with z; being a minimizer
of f, and the estimates for the rate of decrease remain valid as long as g # 0. We set
fx := f(z) and consider the following line search strategies to choose suitable step
lengths t, > 0 in (1.2) for descent directions dy, i.e. (di,gr) < O:

¢ (gk, d)
L [ld ]l
(LS2) Wolfe conditions: Let 0 < o < 8 < 1 and choose ) such that

(LS1) Explicit value: Set tj := — for some constant ¢ € (0, 2).

ferr < fo +a -tk {9k, di) (3.1)
(Gr+1,di) > B {9k, di) -

(LS3) Backtracking: Let n € (0,1) and 0 < 73, < 72 < 1.
If t = 1 satisfies f(xx +t-d) < fu+n-t-{(gr,dr) then set ty :=t. Otherwise
choose a new t € |11 - t, 72 - t] and repeat the test.
(This backtracking includes the Goldstein-Armijo rule of multiplying the old
value ¢t by a constant factor 7 € (0,1), as well as polynomial interpolation
methods.)
(LS4) Exact line search: Let t,,q, > 1 and #;, fulfill <Vf(mk + g - dy), dk> =0.
(LS4a) (without safeguard) Set t;, := fy.
(LS4b) (with safeguard) Set tj, := min{tx, t;maz }-

The explicit value in (LS1) requires knowledge of the Lipschitz-constant L. But since
it requires no additional function or gradient evaluations it may be especially useful
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for large-scale applications. The Wolfe conditions (LS2) guarantee positive definite
matrix-updates in Quasi-Newton methods. Backtracking (LS3) is often preferred in
Newton-like methods when the approximate Hessian matrices By, are close to the true
Hessian. Assumption (3.1) ensures that a step length t; > 0 satisfying (LS2) or (LS3)
can always be found, cf. [45]. In general #j, in (LS4) need not exist if the set of mini-
mizers is unbounded, as the following counterexample demonstrates.

COUNTEREXAMPLE 3.2. Let C C R? be the closed convex and unbounded set
C = {(u,v) € R*|u>0,v > 1} Then the function f(z) := %Hx—PC(:v)Hg has
a Lipschitz-continuous gradient V f(x) = © — Po(x) and is restricted strongly convex

on all of R? with an unbounded set of minimizers Xy = C. For xg := 8 and

- 2 —1 1 1 - 1
Bol = <_1 1) we have Pc(wo) = <1)7 go = — <1>} d() = 7301 “go = (O>

Hence for allt > 0 we have xo +t-dy = <é> ¢ C and therefore

2

o<stmrew =5 (g) - (1], -

i.e. the infimum is not attained.

1

2t2*>0 for t— o,

But if f has a bounded set of mimimizers X then it follows from (2.5) that the
level set L (,,) is bounded, and hence a minimizer ¢ as in (LS4) exists. For convex
quadratic splines #j, in (LS4) always exists, even if X ; is unbounded, and an exact line
search can often be performed cheaply, see [31, 34, 40, 48]. Under Assumption (3.1)
all these line search methods guarantee sufficient decrease of the function value at
each iteration, and provide some control on the step length.

LEMMA 3.3. All line searches (LS1)-(LS4) imply one of the following decrease
conditions: There are constants c1,co > 0 such that at each iteration we have

(gn » di)”
fer1 < fr—ecr (3.3)
1kl
or  frr1 < fr+e2- (gr,di) - (3.4)
Furthermore, for search directions of the form (1.3) we have

LS] C_1 <t < C'HBkHQJ
( )L”B b~ k_IIBLH
182) —=L— <t < 1Zhle
(L52) Ty, L
LS3) tp =1 or T <, <1,
(L89) = Lo Lfip A, St s

1
(LS4a) AR < t,

(LS4b) tk = tmaz OT <tk < tmaz-

1
—1
LB,

Proof. (LS1) Since V f is Lipschitz-continuous we can estimate by (2.2)

(2 B C) . <gk7dk>2
2L |12

Jor1 < fro +tk- <gkadk>+tk ||dk||2§fk*

i
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. The estimates for t; follow from

. . . L '(2_ )
which implies (3.3) for ¢; := %

— (g di)

< d 2<_ B*l . 7d .
| Bl < lldell; < =By Hg (g, di)

(LS2) It is well known that the Wolfe conditions imply (3.3). But since we need some
intermediate result we repeat the proof here. By the second Wolfe condition (3.2) and
Lipschitz-continuity of V f we have

—~tr - (1= B) - {9k ,di) < (k1 — gk, Thy1 — ) < L-13 - ||dk||§ ; (3.5)

which implies

(1—=75) (g ,dr) 1-8
> — > — . 3.6
N N PR Vet B (30

Inserting this into the first Wolfe condition (3.1) yields (3.3) for ¢; := a'(lL*B). Fur-
thermore it follows from (3.1) and (2.6) (restricted strong convexity) that

2

t <
"o (g d) T —a v {g.dy) © a-v

(LS3) This is proven in Lemma 4.1 of [4] and the proof given there is valid under
Assumption (3.1).

(LS4a) Since f(xy + iy - di) < f(ap + tg - di) for #; as in (LS1) (and ¢ := 1), we
have (3.3) for ¢; := ﬁ The lower estimate for ¢; holds, because the second Wolfe
condition (3.2) is fulfilled with equality for 8 := 0.

(LS4b) In case (gx+1 ,dx) > ﬁ (g ,dy) the second Wolfe condition (3.2) is satisfied

with 8 := —L . Hence we have t; > —%
2

t’VTLa(I? :
of the form (LS1). Since f(xj + t - d}) is monotonically decreasing for ¢ € [0,%;]
we have fri1 < f(xp + g - diy) and (3.3) follows as for (LS1). In case (gry1,dr) <
~{gx ,di) < 0 we must have ty = t,,4,. By convexity of f we then estimate

=: {},, where ?}, is a step length

lmaz

o = frt1 > (Grt1, T — Tht1) = —tmaz - (Got1,dk) > — (95, di)

which yields (3.4) for ¢o :=1. O
We do not know whether the exact minimizer in (LS4a) can be bounded from above,
even if we always choose the first minimizer.

3.1. Quasi-Newton methods. Consider iteration (1.2) with any of the line

searches (LS1)—(LS4) and search directions of the form (1.3).

THEOREM 3.4. If all matrices By, and B;,' in (1.3) are uniformly bounded, i.e.
for some constant M > 0 we have ||Bg|,, ||Bk_1||2 < M, then the following linear
convergence results hold: There exist constants q¢ € (0,1) and v1 > 0 such that

fk+1 - fm,in S q- (fk - fmzn) S (f() - fmin) : qurl ) (38)
dist(zg, Xf) <71 - q° .
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Furthermore any but the exact linesearch (LS4a) without safequard guarantees that
the iterates xj, converge linearly to some minimizer & € Xy, i.e. there is a constant
Y2 > 0 such that

lzk — 2], <t (3.10)

Proof. By Lemma 3.3 all line searches imply at each iteration (3.3) or (3.4),
where (3.3) in turn implies

C1 2 C1 2
Jre1 < fr — — MNoells < fo — =5 - llgells »
(I1Bxlly - || By Hl,)? ? M? ?
and (3.4) in turn implies
C2 2 C2 2
< fp— 2 < fp— 2. .
fk+1 = fk ||Bk||2 ||gk||2 = fk M ||gk||2

Hence in any case there is a constant ¢ > 0 such that

fk+1 - fmzn S fk - fmzn —C- ||gk||§ . (311)

It follows inductively that all iterates z remain in Ly(,,). Since f is assumed to be
restricted strongly convex on Ly(,,) we can use inequality (2.6) to estimate

- ||gk||§ S -V (fk - fmzn)a

from which (3.8) follows with ¢ := 1 — ¢ - v. Together with (2.5) this immediately
implies (3.9). It remains to prove convergence of the iterates zj. By (2.7) we have

ka1 — zilly = te - ldilly < tr - ||Bg |, - llgkll

2
StkHBk_lHQL\/: \/fk_fmin~

Since ||By|ly, £ M we know by Lemma 3.3 that all but the exact linesearch (LS4a)
guarantee that the step length ¢; remains bounded. Hence together with (3.8) it
follows that for some constant v > 0 we have ||zj11 — zx|l, < - ¢%. From this we
conclude that zj, is a Cauchy-sequence and hence convergent to some € R™ with

the rate (3.10) for 7, := %ﬁ' Finally (3.9) shows that we indeed have & € X;. O

REMARK 3.5. For (LS1), (LS2) and (LS4a) it actually suffices that the condition

numbers || By - HBk_le of By are uniformly bounded.

One of the referees pointed out that a part of Theorem 3.4 follows from a more gen-
eral result of [61]. There the convergence of a class of projected gradient methods
for the solution of constrained optimization problems was analyzed for functions f
fulfilling some error bounds, which in the unconstrained case are fulfilled under our
Assumption 3.1. For unconstrained problems Theorem 8 in [61] reads as follows.

THEOREM 3.6. Let 8, > 0 such that the iterates xy satisfy
Th41 = Tk — bk Gk + €k (3.12)
lexlly < B+ llze — zrsally

2
Je = ferr 2 log — zppalls
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with step lengths ty such that infy tx, > 0. Then the function values f decrease lin-
early, i.e. (3.8) holds.

Indeed by setting ey, := tj, - (g — By, 'gx) iteration (1.2), (1.3) can be written in the
form (3.12). For uniformly bounded | Bgl|, , |B,§1||2 < M we have

lexlly < (L4 M) -ty - llgrlly < (14 M) - M- flag = zpially

and ||zp — Zp41|ly < te - M - ||gr|ly- By Lemma 3.3 all line searches imply (3.11) and
all but (LS4a) guarantee that the step length remains bounded and away from zero
i.e. 0 < ¢ <t <co. Hence we also have infy ¢, > 0 and

2 c 2
fo = frrr Z e llgellz = - 2k — Trlly -

Nevertheless we decided to present our proof of Theorem 3.4 because of its simplicity
and because we do not see how to infer linear convergence from the result of [61] for
the exact line search (LS4a), which is meaningful for convex quadratic splines.

Now we analyse the convergence behaviour when the matrices By in (1.3) are
obtained by the BFGS update formula

Bysist By YkYi
(sk>Brsk)  (ur,sk)’

Bjy1 = By — (3.13)

where yr = gr+1 — gk and s := Tr11 — Xk, see eg. [4, 5]. Matrix-updates of the
form (3.13) remain positive definite if the initial matrix By is positive definite and if
(Yk , sk) > 0, which is guaranteed by the second Wolfe condition (3.2), see Theorem
7.8. in [18].

THEOREM 3.7. Consider iteration (1.2) together with the Wolfe conditions (LS2).
Choose a symmetric positive definite matriz By € R™*"™ and for k = 1,2,... let the
matrices By, in (1.3) be obtained by the BFGS update formula (3.13). Then there exist
constants q € (0,1) and v > 0 such that

fk - fmzn S (f() - fmzn) . qku
dist(zg, Xr) <7y- q° .

Proof. We define py, := <i%’£iﬁ§> =— ﬁ’;j’?. From the first Wolfe condition (3.1)
2 2
and (2.6) it follows that

.fk+1 _fmin < fk _fmin —a- g pg- ||gk||§
< (fe = fmin) - (L —v -ty pr)
k

S(fo_fmzn)H<1_Vathj)

Jj=0



16 Linear convergence of descent methods for restricted strongly convex functions
Applying the geometric/arithmetic mean inequality twice we obtain

k+1
& +

Jrt1 = fmin < (fo — fmin) - %H'Z(I_V'a'tj'pﬂ

=0
k

< (fo— fmin)- [1—Vv-a- Htj'pj
=0

Hence to prove the assertion it suffices to show that there exists ¢ > 0 such that

k
k+1
H tj . pj 2 C .
j=0

To this end we adopt the common strategy to analyse the trace and the determinant
of the matrices By. By (3.13) the trace obeys the recursion

2 2
1Brsill, -yl

tr(Bita) = tr(Bi) - (sk.Brsk) (Y, sk)

With (2.3) we can estimate % < L and thus

1 1
tr(Bry1) <tr(Bp) — — + L <tr(Bo) — Y — +(k+1)-
Pk =P

Mx-

It follows that tr(By) < tr(Bp) + k - L and

k+1

LB 1 <1
k+1
||f§ z 1§ - < (tr(Bo) + L))",

which yields

Hf’ﬂ > ()

To obtain a lower estimate for H?:o t; we use the determinant

Yk » Sk)

det(Bk+1) = det(Bk) . <Sk Bk5k> .

The nominator equals —% - (gx. , di) and, as a consequence of the second Wolfe condi-
tion (3.2), the denominator can be estimated as in (3.5) by

(U sk) = =t - (1= B) - (gr - di) -
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Hence we have

1-p

t

k
zdet(BO)-ngﬂ,

j=0 7

det(Bk+1) 2 det(Bk) .

which yields

u det(By) - (1 — )+
jl;[otj = det(Br41) .

Together with the following chain of inequalities,
det(Bk) < HBkH;L < tI‘(Bk)n < (tI‘(Bo) + k- L)n ,

we finally conclude that there is a constant ¢ > 0 such that Hf:o tj-pj > 1.0

For large-scale problems it is preferable to use the limited memory BFGS method
(L-BFGS), see [37]. At each iteration k only the m most recent vector pairs s;,y; for
j=k—m,....,k—1 are used to build up an approximation to the inverse Hessian
Hy, =B, L. For the convergence analysis it is more convenient to use By itself. Then
the updates can be described as follows:

At each iteration k an initial symmetric positive definite matrix B,g (which is
allowed to be different for each k) is updated only m times according to (3.13), i.e.
forj=k—m,....k—1,

B B kﬂSjS]TB;T k+j . yjij | (3.14)

m—ktj+l _ pm—ktj
B, = B, s, Bkt <yj 75j>
J Pk J

and By, := B}*. In the first k¥ < m iterations we use m = k.

In the recent paper [2] it was reported that in several cases it can be advantageous
to use a damped version of L-BFGS, which is called the limited memory damped BFGS
method (L-D-BFGS). In L-D-BFGS the vectors y; in the update formula (3.14) are
replaced by

yh = by + (1—¢%) - Bl sy (3.15)

where (;’);? € (0,1] is a damping parameter. The following lemma shows that the matri-
ces By, B, ! remain symmetric positive definite and uniformly bounded for a suitable
choice of the damping parameter. Hence by Theorem 3.4 we can extend the con-
vergence result obtained in [2] for strongly convex functions to the case of restricted
strongly convex functions.

LEMMA 3.8. Consider the L-D-BFGS update formula (3.14) with y; replaced by
yf as in (3.15) for j =k —m,...,k —1 and define

. <yj 7Sj>

J m—k+j -
<Sj By sy

If all initial matrices 327 (Bg)_1 are symmetric positive definite and uniformly bounded
and the parameters ¢§ € (0,1] are chosen such that for some constant ¢ > 0

of T+ (1—¢f) >c (3.16)
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then all By, Bk_1 are symmetric positive definite and uniformly bounded as well.
Proof. At first we note that all line searches (LS1)—(LS4) ensure that s; # 0 as

long as g; # 0, and by (2.3) we always have L - (y;,s;) > Hyj||§ > 0. This implies
77 >0 and that (y;,s;) = 0 if and only if y; = 0. By (3.15) and (3.16) we get

(v} -53)
<Sj s B;nik+j8j>

From this we inductively infer that <y§C , sj> > 0 and hence all matrix updates are

=¢f mF+(1-¢))>c>0.

symmetric positive definite. It remains to show the boundedness of By, B, 1. Since

2
the function h(y,t) = % is convex for (y,t) € R™ x R4, we consider the points

(?va@f’sﬁ):¢?'(yj’<yja8j>) +(1-¢5)- < By k+]5ﬂ’<51’317cn_k+j3j>)

on the line segment between (y;, (y;,s;) ) and (B,T_’H'jsj, < Bt >> to get

2

m—k+j
HBk 8j

2
opm—k+j .\’
sj, By 3J>

12
<ol ap <

As in the proof of Theorem 3.7 we can now estimate the trace from above by

- s
tr(By* ) = (B M) -
g i <s- B k+354> <yj7 J>
Jo J
. 2

e BRI, 2
<tr(BTV) — ot
~ I'( k ) ¢] < Bm k-‘rj > ¢ <yj78.]>

<tr(By ")+ L,

which implies tr(By) < tr(BY) 4+ m - L. Hence all By, are uniformly bounded. For the
determinant we get

m—k+j+1 m—k+j (v} +55)
det(B ) = det(B ) - ,
k k <s B;ﬂ—k-i-_ys >
K J
= det(By' ) - (¢ -7 4+ (1 - ¢)))

which by (3.16) implies that det(By,) > det(BY) - ¢™. Hence all B; ' are uniformly
bounded as well. O

COROLLARY 3.9. Under the assumptions of Lemma 3.8 the assertions of Theo-
rem 3.4 hold for the L-D-BFGS method.
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The simplest admissible choice for the damping parameter is qﬁ? € (0,1 —¢). The

following choice was considered in [2] and switches to the undamped L-BFGS for
certain values of T]’-“:

k
FoTj <1-—o09
J

k. : k
5 =475 77 >1+03

1 , otherwise
with positive constants oo < 1 and o3. This choice fullfills (3.16) since we have

1—o09 77']l“<1—02
k. _k k k
¢; i+ (1—¢]) =1+ 03 T > 1403 .
Tjk >1—o09 ,otherwise

For o35 = oo and o3 = 0.8 it reduces to the one given in [52]. Several other choices
were also compared numerically in [2], but as far as we can see some of them guaran-
tee (3.16) only under the stronger assumption that f is strongly convex.

Finally we remark that in [35] for a large class of convex quadratic splines a
regularized Newton method called QSPLINE was shown to find a solution of (1.1)
after finitely many iterations.

3.2. Conjugate Gradient methods. Nonlinear CG methods differ by the
choice of the parameter [Jx. Several well-known examples are listed in Table 3.1.
For quadratic objective functions all those choices coincide, but for general nonlinear
functions the corresponding CG methods behave quite differently.

Most results about CG methods in the literature are concerned with proving global
convergence for general nonlinear functions in the sense that liminfyx_,., gx = 0, see
e.g. [16, 24] and the many references therein. Here we consider restricted strongly
convex functions under Assumption 3.1 and descent methods with (dj,gr) < 0 and
decreasing function values fi. Together with Lemma 2.2 this immediately implies the
following.

COROLLARY 3.10. For any globally convergent CG method we have

klgrolo Jie = Fmin klgrolo =0, klglgo dist(zx, X7) = 0.

Results about convergence rates are scarce and mostly concentrate on quadratic ob-

jective functions, or n-step quadratic or n-step superlinear convergence, see eg. [13,

14, 28, 43, 57]. To obtain linear convergence rates we consider CG methods with

restarts after every r-th iteration, i.e. the search directions are chosen as

dy = {—g;€ k=0 o.r k is a multiple of r . (3.17)
—gk + Bk - di—1 ,otherwise

We do not necessarily assume r > n. The following Lemma shows that restarts ensure
that the norm of the search direction is bounded by the norm of the gradient.
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TABLE 3.1
Several choices for the conjugate gradient parameter By (with yr_1 := gk — grk—1)-

Hs  _ A9k Y1)
F (di—1,Yk—1)
2
FR gl
k - 5 =
||gk71||2
PRP _ (gr > Yr—1)
k = 2
lgr—1ll5
oo __ el
b —(dg—1,9k-1)
LS _ <gk7yk—1>
g —(dk-1,9k-1)
py el
F (drp—1,yr-1) —
PRPT = max{glF 0} >0
LS = max{0, min{sL ¥ BEEY} >0
N = max{—g{ ", min{g 7", 577 }}
BPYCP = min{BPY,pP} >0
_ wellgrlla+(A=2e)-{gk yk—1)
B Nes )= e T (T ) (daes we)
ly—1l3 - (gn » di—1)
gy =pps o Ll

({dr—1,yr-1))*

(Hestenes and Stiefel [25])

(Fletcher and Reeves [21])

(Polak, Ribiere and Polyak [49, 50])
(“Conjugate Descent” [20])
(Liu and Storey [39])

Dai and Yuan [17])

Powell [51])

(
(
(Touati-Ahmed and Storey [59])
(Gilbert and Nocedal [22])

(

Dai [15])

, Aky i € 10,1]  (Nazareth [44])

,A>1/4 (Hager and Zhang [24])

LEMMA 3.11. Consider a CG method with restarts (3.17). If there is a constant

¢ > 0 such that the parameter By fulfills

||9k||2

1Bkl < c- , (3.18)
Hgk—1||2
then there exists some constant n > 0 such that for all k > 0 we have
ldelly < n-llgwlly - (3.19)
Especially this holds for all B, with
1Bkl < - max{B{®, |BFFF|}, (3:20)

and hence for ﬁPRP+, ,{S, I

Proof. By (3.17) and (3.18) we get

dklly < llgrlly + [Brl - lds-1llz < llgll, - (1 te

which yields

lldx >
||9k||2

<l+ec

Nand Br (Mg, px) with Ay € [0,1] and 0 < p < py < 1.

. ||dk—1||2
lgk—1ll

).

il

||9k—1H2 .
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Since d;.,, = —g;., for all [ > 0 we infer that for all 0 < i < r — 1 we have

di-r+illa ZCJSZ_: _.

llg1- 7"+1H2

from which (3.19) follows. To prove that the assertion holds for all 8, with (3.20),
it suffices to show that B and BEEP fulfill (3.18). Since the function values fj are
assumed to be decreasing, we can estimate by Lemma 2.2

2 2 V2L
||gk||2§L\/: \/fk_fminSL'\/:'\/fkl_fminS v '||gk:71H27

ie. |lgrlly < ¢ llgr-1ll, with ¢ : i’L. Hence we have BER <c- ||_<|;‘ZﬂT|2 and

9k 9k — 9k—1 Ik 9kllo + |9k—1 9k
ey = Hog—ow )| loels losl + ol g, ) loel
lgr—1ll5 lgr—11l5 llgr—1ll lgr—1ll,

Finally by (2.3) we get (dx—1,yr—1) = L {xr — Th—1,9% — gk—1) > 0, which implies
that for all A\, € [0,1] and 0 < p < pg < 1 we have |Bx (A, ux)| < £ (ﬁ,fR—i-W,fRP\)

Not all line searches guarantee descent directions for all choices of ;. Notable ex-
ceptions are BPYCD [15] and B [24]. At first we prove linear convergence with
exact line searches. Note that in this case we have (di,gr) = — Hngg, ie. dg
is always a descent direction. Furthermore several of the parameters §; in Ta-
ble 3.1 coincide, i.e. BEF = BCP = BDY and pPRP = pHS = LS = BN and
B (Mg, k) = A - ﬁ]fR + (1= Xg) -,BISRP for all Ag, pug € [O, 1].

THEOREM 3.12. If a CG method with restarts (3.17) and ezact line search (LS4a)
fulfills (3.18) then it is linearly convergent in the sense of (3.8) and (3.9). In partic-
ular this holds for all parameters By in Table 3.1.

Proof. An exact line search (LS4a) implies (3.3) with ¢; = 5. Together with (2.6)
and (3.19) we get

1 ||gk||§ 2 ( v )
_mlng —Jmin — 57 ° : é 1——— - - Jmin) -
Si1 = f. Ju—f 2L 2 llgxll 5L 1 (fie = fmin)
0

Now we turn to the CG methods of Dai and Yuan, and Hager and Zhang, for which
a Wolfe line search suffices to ensure that dj, is a descent direction.

THEOREM 3.13. The CG methods with BPY, BPYCD or BN with restarts (3.17)
and a Wolfe line search (LS2) produce descent dzrectzons di and are linearly conver-
gent in the sense of (3.8) and (3.10), i.e. the iterates xj, converge to some minimizer
T € Xf.

Proof. In the proofs of Theorem 4.1 in [16], formula (4.12), and Theorem 3.4
n [15], formula (3.17), it was inductively proven that for P and BPYP, with
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initial search direction dy = —go and without restarts, dj is a descent direction and

we have

2 2
ldrlls . llde-1ll5 1
2 — 2 2
(gk » di) (gr—1,dp—1) g% II5

(3.21)

2
from which follows that % < Z?:o W. With restarts we can use the same
) 2112

method of proof to conclude that dj, is a descent direction and that for all [ > 0 and
0 <i<r—1we have

2
il 1

2 — 2
<gl-r+i 5 dl-r+i> =0 ”gl-r-i-sz

Since the function values fj, are then decreasing, we can estimate as in the proof of
Lemma 3.11 to get [|girqilly < - [|g1ryjll, for all 0 < j <4. Hence we have

2 .
dirtill5 < c-(i+1) c_cr

2 = 2 = 2
(Grrvisdire)”  Ngrrilly — lgirsillz

(3.22)

. . . di )2 2 . .
which implies — <g\|kd, IT; < - ”i’fﬂz. Linear convergence of the function values then
kll2

follows by (3.3) and (2.6). Finally by (3.22) and (3.7) we get

||gk||2'||dk||2 ||gk|| < ve-r
—a-v-{gk,d) 2= a-v

21 = xlly = i - [ldilly < Ngrlly

from which (3.10) follows similarly as in the proof of Theorem 3.4.
The search directions with 85 fulfill the sufficient descent condition [24]

g die) < =(1 = 55) - llgall; - (3.23)

For notational simplicity in the following we use a generic constant ¢ > 0. By (3.23),
the second Wolfe condition (3.2) and Lemma 3.11 we can estimate the first summand
in B by

9k
801 < - 5777 < - 12l
k-1l

and, since |lyx—1lly < llglly + llgr—=1lls < ¢ - [|gr=1]l5, We can estimate the second
summand by

2 2
lye—slly - [gn de—1) | . lgw—slls - llgully - lde—slly _  lgrlls - k-1l

((de—1,90-1))*  ~ g1l lgr—1ll5
2
Hence we have |3 | < c- lgwll, (Hdk_ll\Q ”d’“‘1”§> and arrive at the recursion
lde—1lly gr—1ll, llgr—1ll5
d di— de_1|?
Il o iy el
9wl lgr—1ll2 lgr—1ll5

which for restarts yields ||di|ly, < ¢ ||gkll,. Together with (3.6), (3.7) and (3.23) we

conclude that t; remains bounded and away from zero, i.e. 0 < tpin < tr < tmax-
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Hence (3.23) and the first Wolfe condition (3.1) imply fr41 < fr —c¢- ||gk||§ Fur-
thermore we get ||zg41 — 2klly < ¢ ||gk|ly, from which the linear convergence results

follow. Note that B,JCV then also remains bounded. O

For very large scale problems it may be advantageous to dispense with a line search
procedure and instead rely on the explicit step length (LS1), see also [12].

THEOREM 3.14. A CG method with restarts (3.17) and tj, := —c;ﬂ'zl:lll’“; produces
2

descent directions dy, and is linearly convergent in the sense of (3.8) and (3.10), i.e.
the iterates xj, converge to some minimizer & € Xy, in any of the following cases
(a) 0 < c<1 and B > 0 satisfies (3.18),
(b) 0<c<2and By =BCP or By = pPYCD,

Proof. By the Lipschitz-continuity of V f we have

—1,dp—
lk—1lly = gk — Grilly < L - toq - ldr_1]l, = —c- k-1, dk-1)
||dk71||2
Hence for all £ > 0 we get
(g die) = = Hng; + B ({gr—1,dr—1) + (yr—1,dr—1))

< - ||9k||§ + Bk (1—c) (gr—1,dr—1) -

From this we inductively infer that (g ,dy) < — Hgk||§ <0forall 0<c<1. For g7
we (inductively) get

L dg
(gk ,dy) = — (2+W> grlls < —(2—¢) - llgrll3 <0,

and hence also ﬂgD < ﬁ%, i.e. (318) holds. For ﬁkDYCD inequality (321) was
- 2
shown to hold independent of the line search in [15]. Hence in all cases it follows to-

2
gether with (3.19) that we have —% < —cp- ||g;€||§ and ||zp41 — 2klly < c2-]lgkllo

for some constants ¢1, ¢z > 0. The assertion now follows from (3.3) and (2.6) similarly
as in the proof of Theorem 3.4. O

The established estimates for the constant ¢ in the convergence rates of the CG
methods are rather pessimistic, and indeed much worse than those for ordinary gradi-
ent descent. But this holds also for nonlinear strongly convex functions. For instance
for CG.DESCENT with 3Y we have ||di|, < ¢ |\gk|l, with

L L?
CcC = 1 + — 4+ )\ . 5
[ 7
where p is the modulus of strong convexity, cf. proof of Theorem 2.2 in [23] (this also
holds without restarts). Since ¢ determines the lower estimate (3.6) for t;, a Wolfe
line search (3.1) then leads to the estimate

a-(1-p) 1\2 Y
gsl-—g—(-%) 1>
which is worse than the corresponding one for ordinary gradient descent, since c
may be considerably larger than 1. This is in sharp contrast to the good numerical
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performance observed in applications. CG_DESCENT often even outperforms L-
BFGS, see [23]. Nevertheless in the initial iterations CG methods can sometimes be
observed to be actually worse than ordinary gradient descent, which conforms with the
theoretical analysis. But for a sufficiently accurate line search and twice continuously
differentiable strongly convex functions n-step superlinear or even n-step quadratic
convergence can be established, which explains the superior numerical performance
near the solution, see eg. [13, 28, 43].

Based on the idea of proof in [43] we extend this result to restricted strongly
convex functions for CG_.DESCENT of Hager and Zhang. In the following we again
use a generic constant ¢ > 0. For an increasingly accurate line search we replace the
second Wolfe condition (3.2) by the strong Wolfe condition

[ gk d) | < —min{e, e} - (g, di) - (3.24)

with a null sequence €, > 0. The assertions and estimates of Theorem 3.13 then
still hold true, i.e. the iterates x, converge linearly to some minimizer £ € X;
with ||ap — 2|, = O(q?) for some 0 < ¢ < 1, and we get | (grp1,di) | < c-ep ||gk||§
Furthermore we infer from the sufficient descent condition (3.23) that ||gx||, < c-||dk]l5-
We will make repeated use of the following facts established so far

lgklly = Olldklly) > lldrlly = OCllgrlla) > llgrsally = OClgrlly) (3.25)
k N k
(ger1,di) = Olex - llgrl3)  llgell, = Oa?) »  llzx — &, = Olg?)
0< t'min < tk < tmaa: ) ‘/BI{;V| <c.

We assume that f is twice continuously differentiable and denote by H (x) its Hessian
at . We set H := H(&) and define

1 A
FEy Z:/O (H(xk + 7t dk) —H) dr. (326)

Note that limy_, || Exll, = 0. If H(zx) is even Lipschitz-continuous then we have
B[l = O(llzx = 2[],)-

At first we analyse the asymptotic behaviour of the step length ¢5, the CG param-
eter B and the search directions djy with respect to the Hessian H at the minimizer.

LEMMA 3.15. If f is twice continuously differentiable then for CG_DESCENT
with increasingly accurate line search there is kg € N such that for all k > kg we have

(a) % > c and % = O(ex + | Exll5),
Zlgn.d
(b) t, = W + O(ex + || Blly),

(¢) B = Bi'" + Olen-1).

Proof. By the sufficient descent condition (3.23) and the strong Wolfe condi-
tion (3.24) we get

c- ||9k||§ <Agk+1 — G, di) = tj - <dk ;Hdk> +ty - (di , Exdy) ,

from which the first part of (a) and (b) follow together with the facts stated in (3.25).
By the same arguments and ||yx—1lls = [|gr — gr—1lls = O(||gr—1]5) We can estimate
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the second summand in 3% to obtain (c). The second part of (a) then follows from

iy - <dk+1 ,ffdk> = (dr+15 9611 — gr) — th - (dry1, Erdy)

= - <9k+1 y 9k+1 — gk> + ﬁl]cv+1 : <dk y Gk+1 — 9k> + O(||9k||§ : HEkHz)
= —{grs1,yk) + BES - (diey) + O(llgwlls - (ex + | Ekl2))
= O(llgkll3 - (ex + |1 Exll»)) ,

where the last equality is due to the definition of Blffl. 0

Now we can proof r-step superlinear convergence.

THEOREM 3.16. Let f be twice continuously differentiable. Consider CG_DESCENT

with increasingly accurate line search (3.24) and restarts with r > ¥, where 7 is the
rank of the Hessian H at the minimizer & = limg_.oo xx. Then it holds

(a) We have r-step superlinear convergence in the following sense

mer+7 dist m-r faX
lim g +||2:0 and ist(Zm-rti5 Xr)

. =0.
m=50 || gm.r[l; m=oo dist(2pm.r, Xf)

(b) If H(z) is Lipschitz-continuous and e = O(||gk||,) then we have

||9m‘r+f||2 mer. diSt(xm-r+f‘7Xf) mer
= =0(q 2 and —————— - =0(q 2
el — 08 Tist(amr X;) O\

).

(c) If there is a unique minimizer Xy = {&} then under the assumptions in (b)
we have r-step quadratic convergence in the following sense

||9m~r+f||2 2 [ *57”2 112
= =0(lgmrllz) and —————== = O(|[zm.» — Z[3)-
”gm'rHQ iz |Zm-r *x||2 " 2

Proof. For simplicity we write k := m - r for all m € N. For all 0 < j < r we have

My j = max {||Epyilly, exrif 0 , k—o00.
0<i<j

At first we inductively show that for all 0 <4 < j < r we have
(ki1 s diri) = OUlghrilly - lgrlly - Mi.j)
(Iitjt1 s Grri) = Ol gr+illa - Ngwlly - Mi,j)
(dirgars Hdri) = OUlgirilly - gelly - Mis) (3.27)
For j = 0 this follows from the strong Wolfe condition (3.24) together with d, = —g.

for k = m - r, and Lemma 3.15 (a). Now assume that the assertion holds for some
j<r—1andall 0 <i<j. Then we have for i < j

(Grtj+2 s Akti) = (Grtjt1 Deri) + (Ghtjr2 — Grtj+1, ki)
= (Grrjr1,drri) + tgjrr - <(ﬁ + Eryjr1)ditji adk+z‘>

2-O(lgs+illy - lgrlly - M) + Ol gr+illa - llgxlls - [ Ertitlly)
= O(llgr+illa - llgrlly - Mk j+1)
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And for ¢ = j + 1 this follows again from the strong Wolfe condition (3.24). Then we
alsoget for 0 <: < j+1

(Ghtit2 s Geri) = — (Grjrz » Deri) + Biri * (Grrjr2 s dirio1)
= O(llgr+illa - N1gkll2 - Mij+1) + Bis - OUlgrvi-1lla - lgklls - M j41)
= O(llgr+illy - llgrlly - Mk j+1),

where the last estimate follows from || 3., - dyti—1 H2 = ||dk+i + Gr+illy = O(|gr+illo)
and ||gx+i—1ll, = O(||dk+i—1ll5). For ¢ = 0 this holds since g = —dj. Finally for: < j
we get

<dk+j+2 »ﬁdk+i> = - <9k+j+2 7ﬁdk+i> + 51]€V+j+2 : <dk+j+1 aﬁdk+i>
= - <9k-+j+2 7f{dk+i> + Ol gr+illy - gwlla - Mi)
where we have

thti <9k+j+2 ; Ifldk+,;> = (Gktj+2 Ghritt — Gkti) — thti - (Ghtjr2 > Brriditi)

= O(llgr+illz - gkl - My 1) 5

which yields <dk+j+2 ,IA{dk+i> = Ollgksilly - 1gklly - Mi 1) for i < j. Fori=j+1
this follows from Lemma 3.15 (a). Hence (3.27) is proven.

Now we define upy; := W;{%Qi‘ﬁ:r“ € R(HY?) = R(H) for 0 < i < r, where

H/? is the unique symmetric positive semidefinite square root of H. Note that by

Lemma 3.15 (a) we have Hﬁl/zdkHH > c+||gk+illo. Then ||ug4s|l, = 1 and from (3.27)
2

we infer that for all 0 <7 < j < r we have

(g uni) = O (el g ) (3.28)
We will prove assertions (a) and (b) of this theorem by contradiction. Assume that (a)
is not true. Then there exists a subsequence of £k = m-r, again denoted by k, such that

% > ¢. Tt follows that [|gk|l, = O(llgksrlls) = O(llgks;11]l,). Hence by (3.28) we

get limy o0 (Uktj+1,Uk4s) = 0, i.e. we may assume without loss of generality that
the vectors uy, . .., ups—1 converge to an orthonormal basis g, . . ., %s—1 of R(H/?).
But then, using (3.28) again for j = # — 1, we arrive at a contradiction, because

i1 i1
1= (uppr, @) |2 =Y [ (hr s ungs) + (upgs, @ —ugpa) 2 =0, k= o0
=0 =0

Now we turn to (b). Since ||z — I, = O(¢?) and llgell, = O(¢?), a Lipschitz-
continuous Hessian H(z) and e = O(||grll,) imply ||Ex||, = O(q?) and ¢ = O(q%).
Hence My, j = O(q? ). Assume that the assertion in (b) is not true. Then there exists
dorerlly 5 o6 for k — oo.
lgrlly-a2
But then we also get Hg’“’j“QQ >c- ”gk”‘li — oo. Hence, again by (3.28), we get
llgrlly-a2 lgxllo-a2
limp 00 (Uktj+1 , Ukti) = 0, which leads to the same contradiction as in case (a).

a subsequence of k = m - r, again denoted by k, such that
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Finally (c) follows similarly, because for a unique minimizer X; = {#} we have
|z — 2|, = dist(zk, Xf) = O(||gk]l5), and we can use ||gx||, instead of ¢z. 0

As demonstrated in Counterexample 3.2 an exact minimizer ¢ for the line search
need not exist for restricted strongly convex functions. And even if it exists, e.g.
in case of a bounded set of minimizers Xy, convergence of the whole sequence
to a minimizer £ € Xy cannot be guaranteed, which is crucial for the proof above.
Hence we actually have to use inexact line searches, both from theoretical as well
as computational considerations. Note that, since the rank 7 of the Hessian H at &
may be considerably smaller than n, Theorem 3.16 suggests that in this case faster
convergence can be achieved by making restarts with r smaller than n. This may then
also be the case for strongly convex functions, if the Hessian H has several eigenvalues
close to zero. Preliminary numerical experiments seem to support this conjecture, but
more experiments are needed for decisive conclusions. To the best of our knowledge
this is the first kind of such a convergence result for CG methods applied to functions
with a rank deficient Hessian. In this regard Theorem 3.16 gives further strong the-
oretical support for the superior numerical performance of CG_.DESCENT compared
to several other CG methods. Indeed a close look at the proof of Theorem 3.16 reveals
that we needed the following properties of CG_.DESCENT:

o sufficient descent (3.23) with a (strong) Wolfe line search,
e the (asymptotic) conjugacy condition (yx_1,dg) = 0 inherited from the CG
method with 87 of Hestenes and Stiefel, cf. Lemma 3.15 (c).
So far we do not see how to extend this result to other CG methods, or even (L)-BFGS.

Finally we consider the case of strongly convex quadratic splines f. For such
functions it was shown in [33] that the iterates of a special CG method reach the
unique minimizer & of f after finitely many iterations if f is twice continuously dif-
ferentiable at . This method uses exact line searches and, instead of cyclic restarts,
automatically restarts if an iterate enters a new polyhedral region, where the repre-
senting linear quadratic function changes. Here we can extend this result to the CG
methods with any of the parameters §; in Table 3.1.

THEOREM 3.17. Let f : R™ — R be a strongly convex quadratic spline with unique
minimizer &. Consider a CG method with an exact line search (LS4a) and any of the
parameters By in Table 8.1. If we restart only if an iterate enters a mew polyhedral
region, where the linear quadratic function representing f changes, then the iterates
converge linearly to & in the sense of (3.8) and (3.10). If f is twice continuously
differentiable at T then the iterates reach I after finitely many iterations.

Proof. For strongly convex f and exact line searches all CG methods with any of
the parameters g in Table 3.1 are known to be globally convergent without restarts.
It follows from Corollary 3.10 and Remark 2.9 that after finitely many iterations kg
all iterates will always be in a solution region of f. If never more than n consecutive
iterates stay in the same solution region, then restarts always occur after at most
max{n, ko} iterations, in which case the assertions of Theorem 3.12 remain valid.
Otherwise the linear quadratic function representing f remains the same for at least n
consecutive iterations, and, since a restart occured at entering the region, the method
reduces to the standard linear CG method which terminates after at most n iterations
with the exact solution Z. Finally, if f is twice continuously differentiable at & then Z
lies in the interior of some solution region and hence the iterates will eventually stay



28 Linear convergence of descent methods for restricted strongly convex functions

in this same region, cf. proof of Theorem 3 in [33]. O

3.3. Linearly constrained optimization problems. Together with Theo-
rem 2.12, applying the descent methods to the unconstrained dual of (1.6), we imme-
diately get linear convergence of the primal iterates.

COROLLARY 3.18. Consider the linearly constrained conver optimization prob-
lem (1.6) with a strongly convex objective function g : R™ — R and unique solution
g € R™. Apply any of the descent methods discussed in the previous subsections to the
unconstrained dual (1.1) with objective function f(z) = g*(ATx) — (b, ), and define
the primal iterates as yy := Vg*(ATxy). If f satisfies Assumption 3.1, then there
exist constants g € (0,1) and v > 0 such that

~ k
e —9lly <v-q7-

Especially this holds under the assumptions of Theorem 2.12. Furthermore, if g is
twice continuously differentiable then the CG method with B of Hager and Zhang
guarantees r-step superlinear convergence in the sense of Theorem 3.16, and also with
the corresponding expressions for ||yx — 9, replacing dist(zg, Xy).

Proof. The assertion follows from the estimates
lyr = 9lly = ||Vg* (ATax) = Vg* (AT Px, (a1))]], < Lg- - | All, - dist(zx, X5)

and dist(zx, X7) = O(||[Vf(2r) = VF(Px, (21)) ) = Ollyr — 3ll,)- O

We remark that here the explicit value (LS1) may be replaced by ), 1= — —C{gxde)

Ly || AT dg|3”
which only involves Ly« and needs no estimate for || Al|,. And instead of the iterates
zy, it suffices to store the iterates y; := ATz, because we have Ypi1 =Yg +itk -ATdy,
yr = Vg*(y;) and gr = V f*(x) = Ayp — b.

4. Conclusions. We have proven that, for a large class of descent methods for
unconstrained minimization including nonlinear CG and BFGS, linear convergence
rates can still be guaranteed if one replaces the assumption of strong convexity by the
weaker assumption of restricted strong convexity. For CG_DESCENT we could obtain
r-step superlinear convergence, even if the Hessian at a minimizer is rank deficient.
Somewhat surprisingly there remains a little gap. So far we succeeded for the standard
BFGS method und its damped limited memory variant L-D-BFGS, but neither for
the damped BFGS [1] nor the undamped L-BFGS method. It would be interesting
to know whether this gap can be filled. Furthermore we have shown that convex
quadratic splines and objective functions of the unconstrained duals to some linearly
constrained optimization problems are restricted strongly convex. Future research
should establish restricted strong convexity for more classes of functions.
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