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Abstract 

This paper studies the influence of productivity, pollution sensitivity, and adaptive capacity 

on optimal mitigation and adaptation in a two country global pollution model. We investigate 

the effects of changes of these parameters on the allocation of emissions, adaptation 

expenditures, and welfare. In our analysis we distinguish between cooperative and non-

cooperative behavior. Our findings imply that unilateral improvements in productivity and 

adaptive capacity have strategic significance and do not necessarily lead to mutual welfare 

improvements. They raise the emissions not only in the country where the technological 

improvement takes place, but also globally. An improvement in global welfare is guaranteed 

only under cooperative behavior with respect to emission and adaptation choices. 
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1. Introduction 

While the economic analysis of global pollution has mostly focused on emission reduction 

(mitigation), some recent literature has started to address the issue of how countries can 

protect themselves against the adverse impacts of global pollution by means of adaptation. 

The new focus on adaptation may be viewed as resulting from an increased awareness that, 

due to free rider incentives and a lack of enforcement institutions, effective international 

agreements on the reduction of global emissions are difficult to achieve. In contrast to 

mitigation of global pollution, adaptation does not require an international consensus.  

Though adaptation can be implemented on a national basis, decisions on optimal adaptation 

must take the level of emissions into account. Since mitigation and adaptation are (imperfect) 

substitutes with respect to damage prevention (Ingham et al. 2007), the issue arises as to the 

optimal mix between the two (Kane and Shogren 2000, Lecocq and Shalizi 2007, Tulkens and 

van Steenberghe 2009). The optimal mix will be different for different patterns of behavior 

(cooperative versus non-cooperative). In addition, it will depend on the countries’ costs of 

mitigation, their adaptive capacity as well as on their sensitivity to pollution.  

The main purpose of this paper is to study the influence of these latter parameters on 

‘optimal’ mitigation and adaptation in alternative behavioral scenarios, that is, by considering 

the global welfare optimum (fully cooperative behavior) and the Nash equilibrium (non-

cooperative behavior). Specifically, we investigate how a country’s mitigation costs, its 

adaptive capacity, and its sensitivity to pollution affect the allocation of emissions, adaptation 

expenditures, and welfare. In our analysis we capture the marginal costs of mitigation 

(emission reduction) by the marginal benefits from emissions, that is, we identify costs with 

benefits foregone. A major determinant of those benefits is the productivity of emissions in 

the production process. Moreover, we derive and use a reduced-form (optimally adapted) 

welfare function. This methodological device greatly facilitates our analysis. To keep matters 

tractable, we confine ourselves to the two-country case. 

Concerning the parameters that we study, a country’s sensitivity to pollution can largely be 

considered as a ‘natural endowment’, related to the country’s geography. In contrast to that, 

the economic benefits from emissions can to some extent be influenced by economic choices, 

e.g. by investing in higher carbon efficiency. Similarly, the effectiveness of adaptation 

measures may be increased, e.g. by improvements in irrigation technology. In fact, in dealing 
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with global pollution, many countries have started taking measures to increase the produc-

tivity of emissions (or of the inputs which cause them) and the effectiveness of adaptation.1  

According to our analysis, such technological changes will affect the outcomes of the global 

pollution game. For instance, in the non-cooperative case, raising the benefits from emissions 

or the adaptation capabilities in one country will induce the other country to reduce its 

emissions and will imply a welfare loss in that country. Efforts to attain technological 

improvements in mitigation and adaptation technology thus have strategic significance. In the 

case of cooperative behavior, improvements in one country’s adaptive capacity may be 

mutually beneficial, but improvements in the benefits from emissions still have negative 

effects on the other country’s welfare. In no case are such technological improvements in one 

country unambiguously of mutual advantage. 

In addition to their effects on welfare, unilateral improvements in productivity and adaptive 

capacity unambiguously raise the emissions not only in the country where the technological 

improvement takes place, but globally. In promoting efforts to attain the technological 

improvements studied, decision makers should be aware of these effects. 

An early study of the interdependence of abatement (mitigation) and self protection (adapta-

tion) is Shibata and Winrich (1983). Kane and Shogren (2000) study the influence of uncer-

tainty on the mitigation-adaptation choice. While Ingham et al. (2007) and Lecocq and Shalizi 

(2007) emphasize the (imperfect) substitutability of mitigation and adaptation, Tol (2005) 

discusses trade-offs in substance and methods between the two. Zehaie (2009) investigates the 

possible strategic role of adaptation measures (but not technology changes) under various 

assumptions on the timing of mitigation and adaptation decisions.  

To our knowledge, none of the previous literature has studied the impacts of changes in a 

country’s economic benefits from emissions, its adaptive capacity and its sensitivity to 

pollution in a mitigation-adaptation framework. Even in more simple (traditional) models 

which disregard adaptation, the effects of changes in the benefits from emissions or 

differences in the sensitivity to pollution do not seem to have been investigated. Our analysis 

shows that those effects are – qualitatively – the same no matter whether adaptation possi-

bilities are admitted or not. 

The paper is organized as follows. Section 2 develops the model and presents a basic 

proposition. Section 3 derives and discusses our results. Section 4 concludes. 

                                                 
1 An example of the former kind of measures is the European Union’s “EU Climate and Energy Package” which 
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2. The Model and a Basic Proposition2 

2.1 Assumptions 

We start by setting up our model of global pollution and adaptation to (or self-protection 

against) pollution. Since we are not interested in (dynamic) issues of learning and uncertainty 

(as are, e.g., Ingham et al. 2007), we proceed in a static framework without uncertainty (as do 

Hoel 1991, Welsch 1993, Barrett 2008). Moreover, following much of the literature (Hoel 

1991, Zehaie 2009), we employ a two-country framework, i.e., we assume that the world 

consists of two countries.  

A country’s emissions, E, yield economic benefit equal to the sum of consumer and producer 

surplus from a produced good Y. Emissions serve as an input in the production of this good, 

 Y Y E . Benefits can be written as   B Y E . We set     :B E B Y E  . Since some 

models in the literature are formulated in terms of emission reductions rather than emissions it 

should be noted that the marginal economic benefits from emissions are identical to the 

marginal costs (benefits forgone) of emission reduction (mitigation). Furthermore we assume 

that emissions are an essential input. This implies that production (and consumption) without 

emitting pollutants is impossible which yields the condition  0 0B  . As a consequence the 

(temporal) sequence of emissions and adaptation is determined. Adaptation can not take place 

before emissions. As shown by Zehaie (2009) timing of adaptation simultaneously with 

emissions and after emissions are equivalent. For simplicity we therefore assume that 

emissions and adaptation take place simultaneously and proceed in a static framework. 

A country’s benefit function is assumed to be twice continuously differentiable and to have 

the usual properties of strict monotonicity and strict concavity: 

 0, 0B B    (1) 

Let E  denote the other country’s emissions and assume that global emissions, E E , imply 

(monetized) damage  ,D E E A  in the country considered. In this formulation A denotes 

expenditures on adaptation. By means of this specification we avoid the problem noted by 

Lecoq and Shalizi (2007) and Barrett (2008) that there is no common physical metric for 

adaptation, as adaptation involves a variety of measures (constructing dikes, moving 

buildings, shifting crops etc). The postulated relationship between adaptation expenditures 

                                                                                                                                                         
stipulates a “reduction in primary energy use … to be achieved by improving energy efficiency” (see 
http://ec.europa.eu/ebvironment/climat/climate_action.htm, emphasis added).. 
2 Parts of this section are based on Ebert and Welsch (2009). 
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and damage is based on assuming an optimal mix of physical adaptation options, that is, 

adaptation expenditures A are allocated to available adaptation options in such a way that the 

reduction in damage at a given emission level is maximized. 

The damage function is also twice continuously differentiable and has the following proper-

ties: 

 0,   0E AD D   (2) 

 0,0  AAEE DD  (3) 

 0 AEEA DD  (4) 

Condition (2) says that (monetized) damage increases in global emissions and decreases in 

abatement expenditures. Condition (3) means that there is increasing marginal damage from 

emissions and decreasing effectiveness of adaptation. Condition (4) says that increasing 

adaptation expenditures reduces the marginal damage from emissions, while increasing 

emissions increases the marginal damage reduction from adaptation.3 

The country’s welfare is defined by  

 ( , , ) ( ) ( , )W E E A B E D E E A A     . 

Welfare is assumed to be strictly concave in  ,E A , that is, 0, 0EE AAB D D     , and 

    2
0EE AA EAB D D D      . 

The first two of these conditions are implied by (1) and (3). The third condition is equivalent 

to 

 2 0EE EA AAD D D B   , (5) 

a condition which will be used below.  

2.2 Welfare Maximization by One Country 

It will prove useful to formulate the country’s welfare maximization as a two-stage problem. 

In the first stage, welfare is maximized with respect to adaptation expenditures: 

 max ( , , )
A

W E E A . 

The first-order condition 
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 ( , ) 1 0A

W
D E E A

A


    


 

says that adaptation should be pushed to the point where the damage reduction from a 

marginal increase in adaptation expenditures is unity. The condition yields optimal adaptation 

expenditures as a function of global emissions, ( )A A E E  . Given a (generally) non-

separable damage function D, the global level of emissions thus determines a country’s 

optimal adaptation effort. From the implicit function theorem we obtain the properties 

 0AE

AA

DA A

E E D

 
   

 
. 

Optimal adaptation expenditures are thus an increasing function of each country’s emissions. 

Replacing A in ( , , )W E E A  with ( )A A E E   gives the reduced-form (optimally adapted) 

welfare function 

 ˆ ( , ) : ( , , ( ))W E E W E E A E E    , 

which is strictly concave in E and concave in  ,E E . 

In the second stage, welfare maximizing emissions are determined such as to  

 ˆmax ( , )
E

W E E . 

The first-order condition 

 
ˆ

( ) ( , ( )) 0E

W
B E D E E A E E

E
      


 

says that emissions should be pushed to the point where marginal benefit equals marginal 

damage, taking optimal adaptation into account. The condition yields the optimal emission 

response function ( )E RE E  whose derivative is given by 

 ( )
dE

RE E
dE B







 
 

, (6) 

where 2: /EE EA AAD D D    is a measure of a country’s vulnerability (see below). 

Replacing E in ( )A A E E   with ( )E RE E  gives an optimal adaptation response 

function ( )A RA E  with derivative  

                                                                                                                                                         
3 Assumption (4) is consistent with Ingham et al. (2005) and Tulkens and van Steenberghe (2009). For a 
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 ( ) ( ( ) 1).
dA dA

RA E RE E
dE dE

 


     

The properties of the optimal emission and adaptation response function are stated in 

Proposition 1 

Under assumptions (1)–(5), the following holds: 

 If 0   (case 1), then 1 '( ) 0RE E   . 

 If 0   (case 2), then '( ) 0RE E  . 

Moreover, 

   0RA E  . 

Thus, the slope of the optimal emission response function can take values from the interval 

 1,0  or can be positive, depending on the sign of the expression  . The optimal adaptation 

response function is upward sloping in both case 1 and case 2, that is, a country responds to 

the other country raising its emissions by increasing its adaptation effort.  

2.3 Discussion 

As seen from (6) the crucial term for the slope of the optimal emission response function is 

the expression 2
EE EA AAD D D . A large value for EED  (steep marginal damage function) 

indicates high sensitivity to global pollution. A large value for 2
EA AAD D  indicates high 

adaptation capacity: The effectiveness of adaptation in reducing marginal damage, EAD , is 

large, and/or the extent by which effectiveness of adaptation diminishes, AAD , is small. In the 

terminology of IPCC (2007), high sensitivity to pollution combined with low adaptation 

capacity is referred to as high vulnerability. In this sense, a large (small) value of 

2
EE EA AAD D D  indicates high (low) vulnerability of the country considered. Proposition 1 

thus entails that the optimal emission response function is downward sloping in the case of 

high vulnerability. Downward sloping optimal emission response functions are a standard 

finding in models of global pollution which disregard adaptation possibilities (Hoel 1991, 

Welsch 1993, Finus and Maus 2008, among many others). In the case of sufficiently large 

adaptation capacity, however, the optimal emission response function will be upward sloping. 

                                                                                                                                                         
substantive argument see Lecoq and Shalizi (2007). 
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For the second country, similar relationships hold. The second country’s benefit, damage, 

welfare and response functions are also assumed to possess the properties discussed above. 

These functions will be indicated by an asterisk. 

3. Results 

3.1 Solutions of the Model 

Up to now we have focused on one country. In the following we will consider the interaction 

of the two countries. We differentiate between cooperative and non-cooperative patterns of 

behavior by considering the global welfare optimum and the Nash equilibrium. In this 

analysis the reduced-form welfare function introduced above will prove to be a helpful tool 

since it reduces the dimension of the problem. 

At first we examine the global welfare optimum  ,G GE E  for the two countries. The objective 

is given by the aggregate welfare function of both countries. The resulting allocation 

represents a reference allocation for the normative assessment of the Nash equilibrium. Using 

the reduced-form welfare functions we obtain global (aggregate) welfare as 

    ˆ ˆ, ,W E E W E E   . 

Given the properties of the individual welfare functions this global welfare function is strictly 

concave in  ,E E . Therefore a unique solution of the corresponding maximization problem 

exists. It has to satisfy the first-order conditions4 

 
ˆ ˆ

0E E

W W
B D D

E E


      

 
 

and 

 
ˆ ˆ

0E E

W W
B D D

E E


 

 

      
 

. 

After some rearrangements we get the efficiency conditions  

          , ,G G E G G G G E G G G GB E B E D E E A E E D E E A E E                (7) 

                                                 
4 Since the partial derivatives 

E
D  and 

E
D   and, respectively, 

E
D  and 

E
D 

  are identical we always use 
E

D  and 

E
D  in order to keep the notation simple. 
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for the global optimum  ,G GE E . 

This means that both countries’ marginal benefits have to coincide and have to be equal to the 

sum of marginal damages. The second part of the condition reflects the fact that emissions 

damage both countries simultaneously. Therefore the right hand part of equation (7) repre-

sents a kind of Samuelson rule.  

In a second step we investigate the Nash equilibrium  ,N NE E . Each country maximizes its 

welfare given the other country’s behavior. Then the first-order conditions derived in sub-

section 2.2 hold. We obtain 

     ,N E N N N NB E D E E A E E      

and 

     ,N E N N N NB E D E E A E E         . 

In this case the marginal benefit of each country’s emissions is equal to the marginal damage 

in that country. The other country’s damages are neglected. As one has to expect this solution 

is inefficient. 

An equilibrium always exists (because of the continuity and concavity of the welfare 

functions). Furthermore, the equilibrium is unique if      4 0B B            (cf. 

Rosen 1965). 

3.2. Comparative Static Analysis 

In this section we study the effect of changes in a country’s benefit from emission, its 

adaptive capacity, and its sensitivity to global pollution. For a comparative static analysis of 

these effects we introduce some (exogenous) parameters which can be varied. Therefore we 

now assume that for one country, which we henceforth call the home country, the benefit 

function is given by  bB E  and the damage function by   ,D e E E aA , where , , 0a b e   

represent parameters. An increase in b means that the home country’s emissions are more 

beneficial. An increase in e means that the country is more sensitive to pollution, whereas an 

increase in a indicates higher effectiveness of adaptation. It should be clear that – as a conse-

quence – the adaptation function A and the vulnerability   also depend on these parameters. 
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There is no change for the other country, which we will call the foreign country. Without loss 

of generality we assume that 1a b e    in the initial situation.  

We again distinguish between global welfare maximization and the Nash equilibrium. In both 

scenarios we start from the respective first-order conditions, introduce their total differentials, 

and rearrange the terms generated. In principle we arrive at an equation 

 
dE

M C
dE

 
 

 
 

where M  denotes the matrix consisting of the derivatives of the first-order conditions w.r.t. 

E  and E  and the vector  ,
T

C C C  denotes the corresponding derivatives w.r.t. to the 

parameter c   , ,c a b e . The details are discussed in the Appendix. For the interpretation we 

first assume that the technologies are standard, i.e., 0   and 0  . Later on we consider 

the nonstandard variant 0  . 

We turn to global welfare maximization. In order for the inverse of M to exist we introduce a 

sufficient condition and suppose that 0    and   0bB       or that 0    and 

  0B       . The results of the comparative statics are collected in Table 1. Given that 

the aim is the maximization of global welfare, it is intuitive that an increase in b and a will 

improve the overall situation, whereas an increase in e will deteriorate it.  

The results for 0db   are consistent with this idea. As the home country’s emissions become 

more beneficial its emissions are increased whereas the foreign country’s emissions have to 

be reduced. Since global emissions increase, adaptation in both countries rises. Then the home 

country faces an increase and the foreign country a decrease in welfare and we get an 

improvement in total welfare. 

If e is increased pollution becomes more damaging in the home country. Therefore the 

optimal emissions in both countries are reduced. The implications for adaptation in the home 

country are not clear because there are two opposing effects: adaptation is reduced because of 

the decrease in emissions, but increased due to the increase in the effectiveness of adaptation. 

For the adaptation in the foreign country the latter impact is missing. Thus adaptation is 

reduced. Global welfare decreases, but the welfare implications for the individual countries 

are ambiguous. 
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An improvement in adaptive capacity of the home country  0da   leads to an improvement 

in global welfare. It allows both countries to raise their emissions. The impact on the home 

country’s adaptation is again ambiguous since it is pushed by the increase in emissions and 

dampened by the improvement 0da  . While global welfare rises, the effects on each 

country’s welfare are ambiguous. In principle we obtain for 0da   the converse result to the 

case 0de  .  

It should be mentioned that the qualitative effects of 0db   and 0de   on the variables 

ˆ ˆ ˆ ˆ, , , , ,E E E E W W W W      are identical to those in a simple model in which adaptation is 

absent. Then  0EED   . This statement is true if the technology in both countries is 

standard, as defined above.  

If, however, the vulnerability of the home country is sufficiently low, i.e., 0  , then the sign 

of dE  and ˆdW  are no longer unambiguous for an improvement of benefits  0db  . 

Optimal emissions in the foreign country might increase since they depend on   . Welfare 

in the home country may also decrease if the emissions E  increase. 

For the Nash equilibrium some results are different. While for the maximization of global 

welfare both countries have a common objective and every change in one of the parameters 

concerns both countries in a similar way, now any improvement or deterioration is at first 

related to the home country and then indirectly to the foreign country via this country’s 

reaction. The results are assembled in Table 2 again for the standard technologies 0   and 

0  . 

An increase in the home country’s benefits  0db   has largely similar (qualitative) impli-

cations as before. Especially, emissions and welfare rise in the home country and decrease in 

the foreign country. But now the foreign country is affected more negatively than in the 

cooperative scenario, and the sign of global welfare is therefore ambiguous. Similarly, now 

the rise in the home country’s sensitivity  0de   and the corresponding decrease in its 

emissions are unambiguously advantageous for the foreign country. It raises its emissions, but 

the global impact on welfare is indefinite. Finally, the improvement in the home country’s 

adaptation possibilities leads to an increase in its emissions, but to a decrease in the emissions 

of the foreign country since now the latter reacts. Again all effects of 0da   are mirror 

images of those implied by 0de  . Especially, the home country’s welfare increases and the 

foreign country’s welfare decreases. 
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Again the qualitative results for 0db   and 0de   are not changed if we restrict the analysis 

to a simple technology without adaptation. Finally we consider the variant that the home 

country possesses a nonstandard technology  0  . In this situation the implications for 

emissions of an increase in e are ambiguous. In principle the home country should reduce its 

emissions. But since the foreign country’s reaction might also be a reduction in E , which in 

turn will give an incentive for the home country to increase E  etc., the results are ambiguous.  

3.3 Discussion 

From the detailed results presented in Tables 1 and 2 a number of insights can be gained. 

When considering improvements in a country’s benefits from emissions (viz. productivity 

improvements), we see that their effects on emissions and welfare in the ‘home’ country are 

opposite in sign to those in the foreign country. While emissions and welfare increase in the 

home country, they decrease in the foreign country. This is true not only under non-

cooperative behavior, but also under full cooperation. Improvements in adaptive capacity also 

have opposite home country and foreign country effects on emissions and welfare in the non-

cooperative scenario. Under cooperative behavior they lead to increasing emissions not only 

in the home country, but also in the foreign country. Under both behavioral scenarios, how-

ever, both types of technological improvement imply an increase in global emissions.  

The emission enhancing effect of productivity improvements is intuitive, since such 

improvements imply an increase in the benefits foregone when emissions are reduced, that is, 

an increase in marginal mitigation costs. Higher marginal mitigation costs clearly imply 

higher emissions. The emission enhancing effect of improvements in adaptive capacity is 

intuitive, since they reduce the marginal damage from emissions. 

As regards welfare, the two types of technological improvement yield an increase in global 

welfare under cooperative but not necessarily under non-cooperative behavior. In the latter 

scenario the home country disregards the negative effect of its ‘technologically induced’ 

increase in emissions on the foreign country. Even though the latter reacts by reducing its 

emission and increasing its adaptation effort, there is a welfare loss in the foreign country. 

This welfare loss can be so strong that global welfare decreases. 

As far as the effects of improved adaptation capacity are of a definite sign, they are opposite 

to the effects of a greater sensitivity to pollution. Improvements in adaptive capacity are thus 

qualitatively equivalent to lower pollution sensitivity. 
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From a policy point of view, it is remarkable that improvements in productivity and adaptive 

capacity lead to higher emissions. Though intuitive, it is questionable whether policy makers 

are aware of this effect when promoting such improvements. 

In a welfare sense, rising emissions need not be detrimental per se. As seen, an improvement 

in productivity leads to an increase in the welfare of the home country. An improvement in 

adaptive capacity leads to such an improvement in the Nash equilibrium, whereas the effect 

under global welfare maximization is ambiguous. An increase in global welfare, however, is 

guaranteed only under global welfare maximization, not in the Nash equilibrium. Moreover, 

in none of the behavioral scenarios are such technological improvements in one country 

unambiguously welfare enhancing for the other country. Rather, they are clearly detrimental, 

except for improvements in adaptive capacity under global welfare maximization (in which 

case the effect is ambiguous). 

4. Conclusions 

This paper has studied the influence of productivity, pollution sensitivity, and adaptive 

capacity on optimal mitigation and adaptation in a two-country global pollution framework. 

We investigated the effects of changes of these parameters in one country on the allocation of 

emissions, adaptation expenditures, and welfare. As an important methodological device we 

derived and used a reduced-form (optimally adapted) welfare function. 

Considering both cooperative and non-cooperative behavior, we found that technological 

improvements in productivity and adaptive capacity in one country will lead to increases in 

global emissions. Under non-cooperative behavior, this will negatively affect welfare in the 

other country, while the effect on global welfare is ambiguous. Under fully cooperative 

behavior, the effect on global welfare is positive. However, the effect of one country’s 

productivity improvement on the other country’s welfare remains negative, and the effect of 

one country’s improvement in adaptive capacity on the other country’s welfare is ambiguous. 

Our findings imply that unilateral improvements in productivity and adaptive capacity have 

strategic significance and do not necessarily lead to mutual welfare improvements. They 

unambiguously raise the emissions not only in the country where the technological improve-

ment takes place, but also globally. In promoting efforts to attain the technological improve-

ments studied, decision makers should be aware of these effects. 
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Table 1:  Global welfare maximization 

 0db  0de  0da 

dE  + - + 

dE  - - + 

dE dE  + - + 

dA  + ? ? 

dA  + - + 

ˆdW  + ? ? 

ˆdW   - ? ? 

ˆ ˆdW dW  + - + 

Assumption: 0   and 0  . 

It is always assumed that exactly one (!) parameter is changed. 

 
 

Table 2:  Nash equilibrium 

 0db  0de  0da 

dE  + - + 

dE  - + - 

dE dE  + - + 

dA  + ? ? 

dA  + - + 

ˆdW  + - + 

ˆdW   - + - 

ˆ ˆdW dW  ? ? ? 

Assumption: 0   and 0  . 

It is always assumed that exactly one (!) parameter is changed. 
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Appendix 

(1)  At first we introduce the reduced welfare function for the home country. We have to solve 

     max ,
A

bB E D e E E a A A   . 

The FOC is given by 

   , 1 0AaD e E E a A    . 

We obtain  , ,A A E E e a   and  

 

 

2

0, 0, 0,

0.

AEAE

AA AA

A

AA

E E DeDA A A A

E E aD b e aD

DA A

a a D a





   
       

   


  


 ���

 

Then 

         ˆ , , , , ,W bB E D e E E a A E E e a A E E e a        . 

(2)  Welfare maximization 

The FOC’s are given by 

          , , , , 0E EbB E eD e E E a A E E e a D E E A E E             , 

          , , , , 0E EB E eD e E E a A E E e a D E E A E E               . 

In the next step we totally differentiate these equations and get  

   

     

2

0

E EE EE EA

EA EE EA

B db bB dE D de e E E D de e D dE dE eAD da

A A A A
eaD dE dE de da D dE dE D dE dE

E e a E

 


    

       

                 

 

and 

 

   

     

2

0.

E EE EE EA

EA EE EA

B dE D de e E E D de e D dE dE eAD da

A A A A
eaD dE dE de da D dE dE D dE dE

E e a E

   


    

      

                 
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Rearranging terms and rewriting these equations we obtain 

 b e a

dE
M C db C de C da

dE

 
   

 
 

where  

 
   

   
bB

M
B

   

   

 

  

     
 
     

, 

 
 
 

,
0

E

b e

E

D E E eB
C C

D E E e









             
,  

 

EA A

AA

a

EA A

AA

D D

aD
C

D D

aD

  
   
  
 

,  and  2 2 2
EE EA AAe D e D D   . 

The determinant of M is given by 

 

       

    

2

.

M bB B

bB B B

     

   

   

   

       

     

 

It is strictly positive if   0    and    0B       . 

Then the inverse of M is given by 

 
   

   
1 1

.
M

B
M

bB

   

   

  



 

    
 
     

 

In the following we consider only those expressions whose sign is ambiguous for 0   and 

0   (cf. Table 1). 

(3)  Preliminaries 

  
ˆ ˆ ˆ ˆ

0 0.E E

W W W W
D D

E E E E

 
    

         
   

 

Analogously  
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ˆ

0
W

E









. 

Then 

 
ˆ

0
W

E





  and  

ˆ
0

W

E









 because of the FOC’s. 

  
ˆ ˆ

0, 0.E A

W W
E E D AD

e a
 

      
 

 

(4)  0db  , 0de  , 0da   

 

 
      

       

     

0

ˆ ˆ ˆ ˆ
0

ˆ ˆ ˆ
0

d E EdA A A

de de eE E

dW W dE W dE dW

de E de E de de

dW W dE W dE

de E de E de









   



 
      

 

 
          
 

 
       

 







 

 
   

ˆ ˆ
0E

d W W
E E D

de






    . 

(5)  0db  , 0de  , 0da   

 

 
      

       

     

? 0

ˆ ˆ
0

ˆ ˆ ˆ
0.

d E EdA A A

da da aE E

dW W dE W dE dW

da E da E da da

dW W dE W dE

da E da E da









   



 
     

 

 
          
 

 
       

 







 

(6)  Nash equilibrium 

The FOC’s are given by 

       , , , 0EbB E eD e E E aE E E e a       

and 
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     , 0EB E D E E A E E          . 

We differentiate these equations totally and get 

 

 

   2 0

E EE

EE EA EA

B db bB dE D de e E E D de

A A A
e D dE dE eAD da eaD dE dE de da

E E a



 

    

              

 

and 

     0EE EA

A
B dE D dE dE D dE dE

E


          


. 

Rearranging terms and rewriting these equations we obtain 

 b e a

dE
N C db C de C da

dE

 
   

 
 

where  

 
bB

N
B

 

   

   
     

, 

 
 

,
0 0

E
b e

D E E eB
C C

    
         

,  and  

0

EA A

AAa

D D

aDC

    
 
 

. 

The determinant of N is given by 

      .N bB B bB B B                     

It is strictly positive if 0   and   0B     . 

The inverse of N is given by 

 1 1

N

B
N

bB

 
 

 




        
. 

Again we consider only those expressions whose sign is ambiguous for 0   and 0   (cf. 

Table 2).  

(7)  0db  , 0de  , 0da   
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 

       

ˆ ˆ ˆ ˆ ˆ ˆ ˆ

0 0 0.

d W W W dE W dE W W dE W dE

db E db E db db E db E db

dE dE

db db

    

 



     
    
   

           

 

(8)  0db  , 0de  , 0da   

 

 
      

 

       

0

ˆ ˆ ˆ ˆ ˆ ˆ ˆ

0 0 0.

d E EdA A A

de de eE E

d W W W dE W dE W W dE W dE

de E de E de de E de E de

dE dE

de de





    

 



 
      

 

     
    
   

          





 

(9)  0db  , 0de  , 0da   

Analogously to (8). 
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