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Building Domain Models by Novices in
Stochastics: Towards the Probabilistic

Semantics of Verbalized Stochastic Relations

c.Mi'busl,2. o. sclrrodcr2

-1 FB Lfm"hL LlLnrtit! 1L,'l t I Ot,h'l tt:. G,rLt, ,\
, glFlt r'!\!tu!,. E,. t\tui 4 2. t, 2.t)| oht<1'tary. Gttn ht

E Mdil: {tuö(bus. klracntl @itlbrtutik.t i,oLlanh rq.ta

AhsrE.r: h dris ntlFer wc dcscribe !k owledgc tuquisiüD,nc xd pfi.h D.te3
it ßssible to terLt novices kr consrrucr Bnycsi Derwork mott ts oJ their ovt
.?ou zi,. We dd orhd h.d to rentizc th ltEre is a seveß tomwledge ..{juisition
k rlencck. It is Ded, nnrns\ihle to rcrh mvtues lNw lo ro.srucL Bnyesnm ncr
nodels of $eir o{o dondn &cause of üe huge nunhc. of.omlirn'nd F)bniiliries
that e needcd r) dqrcribe llk links or rlD B.yesi.n direcred rry.ric gr.Dh (üg).
B{ause of this you I ve r] us€ roy d h tnx..cxrb.x)k exiünDtes. Tltis leads to
motivrtional p()blens beciuse novices üe otter villtu! n) ad.tt ä new
ncthodology only qlren il nr(xniss an e fic ienc y griD nr srvii! !tublens Nithour
inposing ncw ones. Ttrey exl€d leln in pircipl€ I srtutidr skerch whiclr
leasibilny cän b€ denonsmled. So we ottd ttp aossihitily lhd rbe slüdents dn
d€snb€ a nodel ol then own donair iI verhd re.nrs. l ho system dml,ircs rhese
sl.teDenl\ nrb r dr!. Fuabcanoß, nr üi\ l)ltlr rwn rnellx'ds rft Flnsed th l
.tllow üe aLltuisirio. of qu.Ilitrrivc drh tioD rlr€ verbdly nared qu.lihtive
infomdlion. Tbe Lnner is needed tur üo flJticrrion ot ltr Bryesi n oetwork lnr
infdence r$ks. ON ol tbe melhorts is hsed o! likcliln{ s. lhc orher dne is hr\ül
on lilqüency dislriburnDs. An nnBrr.nr ddvru .!c or rbe l rcr method is üar it
'uhsbliilb Elu*. rhr nmhtr.r rcre," rv to.,wi-t"c rquurr, *16
Both neüods cnable the plusin or0rohtitity nblcs wrrieh dcnlr.E dre tinkN orüe
dag, a'd whicl ee I cNssuy lrfl ot Bnyesim net. Tttrs the rrbrcs e solely
drived lnnn verbrl (Ntemenß b(Nr $mhNic Et ions. Ir is rr' twblem b obran)
lhese verö.lizrü'ns t^nn dondn cxnq$

M 
' 

rc.j-worlLl J,'m ins Jrc r,'nnl(x. Jyn nn, Jnü unlu rin I,tr (^Jmnle. in &eJs
dr\erre as bD\rners JnJ mcJnrne. th( n'nhl.nr \,lvfr ,,tl(n hJ.. tr nJk( iaisioni wnd
tnowled€e ahour lhearrDrlsitu!tr,nirihrnmnt(I<,whrnrctrtnjn\rh,,urimllnnjrv idbt6.R
slüchaslic {or nor erlcll) knnwn'. rnrl wirun unexF\rcJ (r(nts e p'$siht( Ttur sjruJüonr
tunner conrpli(flcJ h) lhe trcr tll!l !xtl{nrJtinn jt.rur rr,ritrr\tn trits JnJ retrrions ie oftrn
only {lared in \crbrl rnirn. I'k( tor exxmtlc lt ,s *ctt trkr.y rhJt ! J^l,crinn Lt rnDccrtu.l
blood vas.ls may l(rJ ru r,crnrrninr hcrrJrrt( Iv(nJ,, irx e\ncn\ !u(n he,irxrr ro\h.
numerical rclari"tuhins, $ tr{ cral'nlf in xkJn rnc ql

On ths i'ther hrnd. d,,m!rn nridct\ ,ttrrLtrt h( r trrcJ r\ nr((r\.tv Jr n,,,siht( il lhev ü. h
be used ror rurther Plnhlcnr,nl\rng rnd intrrrrtr"r'g r^i. t,r (\r;nnk. in m(dicrm.
prec'sely sraled Jnrnrin m,,ri{t r: J nr(r(.lurrle t,( cttr(i.nr nil clte(rivr drrcno"h
consulrarion. rnd rh(run) tLnninU w( IL rurer ty J..\(r,,trnd MFDTCUS (mod; irl
explanrtion. and lLrgtro\ir iurnltr' I,r !rmDtc\, un((,rJiI \uhiar, ln rcr\ ßt,. I slsrlm rh;
rupporls model builüng r, well r\ rh( ämlrrni,,n,r'B'dct. i.{ JirAnor,,,'o,utirrion. s0
therapy plannin8. But MEDICUS cxn aho be äptlied lo sroclustic domains orher ürr
medicim-,An adurl examplc is Lt(ri.r,n rrnf'trr in rtr d,,nrrin.'r husines\ (nroiecr SHA|TT
In MEDICUS. unceflrinry rs hlndt.Lt hy rtia BJlc.rrn ncrq,{k ätll,trch Li SiTAFT rh.r.
extended by inJlDence diagraN ll0, 1ll.
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The acqnisition and conrmunicaft)n of kndwledge is a tnajü bottlcneck for the
con$rucdon of complex models in uncenlin don'ains. Tlris troblcnr is exa@rblted ibr novices
iD probahility and uncertainry rheory. rnd lor l)eßons (novioes or experts) who want l(}
c0mlrllct üncerBin domnin models whcre obieclive p('bübility drt! ure missing. We lhink that
tbis problem often evd prevents Fople äom buildidg rdcqü e nx'dels in unceturin domains.
h lhis paper we wmt k' look nr rhe I'roblcDr how ro sntporl novjces in bujlding stochastic
nodels: h it Fssible to ucq{ire tlre qulDlitrrivc srochrstic knowled8e necessary for these
nodels ftom verbally slale.l iuzzy con.e s rnd relrrnrns? Tbis rleüs thur tlre qlanritritive
b0wledSe needed ior the slecilicrtion of a Buycsian ndwork hls ro bc acqujred from the
ftÖrlly stated qüalitäüvc knowledge abne- This tarture is esFcirlly necersary if the ußer wanls
1o {Mte a Bayesian neiwork nbdel ä)r his,,r domrin wilh sonrc objective probabilitig
oissing. Thjs task can only be eiäciently sutpoaed il llre ocecssäry quün[l{ive know]edge can
be acquired in a notuexctive wxy. There are lechniques i(tr &qüning qü0ntilative knowledge
tün subjects [12] but lhey are loo rine-consuDring ä)r hrge donuin nndels. No usd wiu be
{illing ro answer questi{Ds abonl hundreds of coDdirn ä] ptubrbilities. A nlüe economic
mehod has been developed by Heckerm D t4l hnt it rlso requires lors or jüdgentenls.
Aptroaches lrying ro assess rlr (prubrhility) scnrlntics oa adlcrh phrlses like prcblbly",
'peih|I)s', naybe eto.. and 

'nodul 
vcrb titrns likc'should', "wilf,'may'etc. U, 15, 16, 18,

191do nol address mulrivuriare disrriblrioni wnich is ncccssary when we re nrleresred in the
semanrics of relätional te.nrs suclr s rsscrrn)ns rhr'üt iDlluences, eovlriad.es. or condilional

If the semantics ot "tuzzy" dcscriprnDs of rehtn'ns crD bc ncqlircd in ilre eay sketched,
0rs the deation ofdo'nxin nDdels ün he süpnorrcd hy llrc litlowing ilcps:

, Lettrng üe user (novicc or cxJ)cro stlrc verhll rssertions about tlre domrin of jnierest
. Convqting lhese .sscrtir)ns i U nunMic.l rehn,nslips hctwccn the donrlin vüiubles. ValidaÜn8 these nlnteric l ielarionslrips. und llowing rlrc usc. cririciz xnd chüge them. lttting the user ap0ly tlE nndel tirr dirgnosis lrsks. consulrrlion (rsks, änd ollrer

inibrentid atplicati(rrs.

We tlunk üal l\is atp(rach is valulhlc espciauy tur noviccs be.aüse nr this way drey cdn
t0nmünicate lheir owD nn)del xssumtriuns in r qurlitrrivc wry xnd yel nrake use ol tlre
qülntihlile nodel lor inlercslir! rusks ol diugnr)ris, ärrecrsting. erc. But rhe .p0roach should
s be vaiuable iar experrs. rr lersl in rhose sirrrrnrN lhcre qndrnaüve intbrbdton is rot

Id this paper, we ftsrly will givc u shon ovc.view of MSDI( lJS. ID the Dxin lrrr of dre
plper, we wiu lbcus on tltc prcblcnr ol ucqünnrg ilü ntil.tive nrlrDnthn äom qualitälive
ßlaüonal statements. Firsl we will Fesenl rn exlcnsion o, un cxisting approach based on
tuzzy menbe.ship rljnc(ions ro nulrivariare sinüri(nls ("/ik lihoon qt roült'). We vi,\1show

ftat this runs inlo sone problems. TlreD we will tresenr än rllernrdve melhodology
lliiibülioa aryronch') Ihrt strys wirhiD tlre Bitycsian nctwork altrcüch lioD tlre beginning.
ll allows to acqune lhc scnrlnrics of vcrlrdl relrtnDll le.ns wlrh r lnniled nünrber ol
judgcnents. It cän bc slrown though tlnr lhe likclin(nd rtf,ioxch cd dlso be secn tion a
räyesian vjew. (Figure 9 su'nn[riscs both !pp(]xchos.) Wc Nill end ]ilh r discüssion of lhe
qEn points and direcft)ns of iuaber work,

2. An Oveniew ofMEDICUS

iIEDICUS is fi environnreDt titr suporting nNdel huitdinS rnd nrlcrence tasks like diagnosis,
logastin8, aclion planni'r8, and.oNullrü)n nr conplex, !.ecrl in donuins. Uncertainty of
ii0trledge is handled by the Baycsian net*ork q,troach. A Bryesirn netwo.k u0, l1l
Etrese.ls knowledge xs a set of prcpsitir)nrl varirbles r'rd F('habilislic inlerrelationships
ldween üem by a directed acyclic grapb (drg). Tlre vx.irhles re rctresenled by lhe nodes of
lie graph, and ihe relattuns hy dnected dcs. Tlre relärn)ns ure quantitatively described by
{orditional probability Dxrices (e$b vrri.hlc condirn,rcd oD its nlrcnts in the Detwork) that
define a joinr p.obabiliry distribution oi tlr varilhlcs. Indefndeneies hetween vüiables üe
Jepresented by ontitting ärcs. which simtlilies üe s)resF)ndirg conditn)nrl diskibnlioff.

EdiHtve reasoning, For exa'rtlc, ! physician er
lrlshly selective manner t2l. This selectivity can

An important .eason ibr cboosint lhe Brycsiln nerworkng lhe Brycsiln nerwork atF)üch is thät it supFrrrs
physician engrged in nredicll dilSnosis p.oceeds in a
ectivitv cxn he des.rihed hv rlre indenendencies ,lso

3d in nredicrl dilSnosis p.oceeds in a
descrihcd by rhe independencies älso

Wsent in Bayesian nctworks. Qü.lit!üve rexsoning sünponed by Bayesiän networks &ems
Lr mftespond closely lo hunran reasoning tälrerns [5, 6. l7].
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One of rhe mlin eodls ol MEDICUS is tr) ussisr llre lcrrdd in devcloting a no&l0t
perceived causes, eftlots, and orher rclltionshiJ)s in a donrnin of interesi wirh B0yesiü
networks. B0yeslan networks provide r p.ecise bdsc li,r rea$Ding änd conunnnication, rndfo
deriving consequences (in,/de|endencies, af'osternri disrribufins) useiul tor apdic{rjoDr. Bül
specially lnr novirec. rl 

's 
n((<s\Jr) rh l lle lc rnfr i\ Jhlc n, strrr iJqs in cn inlormal 

"tywh,ch he ls ured ru. Thcrellrc. wc Jrv<l,,FJ i ii 'fl' cJ nJluhl I EürEi itnSAx. rail
ed or. Allet sl!lint hi\ m.'Jcl in rhi\ (ürl,r. rhe ry\rrnr irn F(n<rrti rn !nitirl grath

Figure 1 shows ! sntxll exrDtle wirb tirur senrencds. TIre tedrner creales sentemes llth
the help ol r menu RclJri'rnrl l(1m. c .lr.jitic,t hJ\iJ ,,I I, nr.'hrhili\ti( (onc(DF 0t
causrlrty [11] r{Scniscd nl,rdind r,' tinü.r rntNLn(.J \t iiri\., niA i\(, rnJ üirftioo0l
intluere" (är.waid, backwärd. or undneeted), lnd ii) lxrs-r'ln / is-r lrierarchies, For ex nDle,
the verb "crus$" Gecond senlcnce 

'n 
Fisure l) exllrcses I lirwlrd. F)sirive intluence b$rejr

two vriables A add B: rA < lB. p{B I A) > dB). lt rl'c leunrcr uses r verb nor yet avdhhhi!
ihe linSuislic Dodei editu, hc nny clrsiti it xccordiig to tlrcsc dimenstuns. The senßncs
created by the leüner are chdked hy I delinirc eluusc gmDrnrr rlrll gives fcedbäck ifn de&rt

The learner Day ask lhc systeDi tr) crelle I gr!ü refrescnr tur ih. lhe nudcl spccifid
rFiSure 2). Inu(lunFrhe8rr|h.r.|],intuJ,(,rfr$rorrJhvlrnrsqh'$rJ dlroni deisd oi
Ltr lealu'es ol r( \erh h..inE seJ in rl'( lingui.lli nFrlLl r,l .tr. f,r (\rnrftr, if lh(;.hüül
beleen vdiables A and B is cxFesscd by x vcrh designating a ti)rwrrd. posilive iniluence
between A and B, then r link is üedcd thrt l]oints lioDr nodc A lo n.de B. R)r reldioff
desc.ibing dndird)red relations (like '.orestoDds l{r ). u dial0g is cvoked whe.e lhc tearn{is
alked to specify thc dirdlion, or nr spccily anotlrcr vrrirhlc xs lhc connx'n cuuse or efti,{r0f
the vdiables in quertnrn.

The graph is an initiul hcuistic prclbs.l. Alier tlrc iniliul tunnuhtion of the modet, ithö
to be analysed and revised oD r qnaliorive lcvel. Ir hrs to hc veritied th.l üre depcndencis üd
indcprnJencir imtli.d h) rh. ErJth (trr(.nt rtrl Lt rn+ J\j.frirtn\ \trt.d hy thi nroJ<ttü.ln
Bayeriatr ncrworks rnJcFnJ(n.r-.. Jr..c\r,n\\nl l.) nri\\'nr trnt{ l-.r cxrilntc, rtrc erJnh.i
FiBUre 2 sor(s th!t st!r( !r\l cI'cnr J J hJ(r.r'J)|JrLri r rr'n Jrc inrj(p(ndcn]. iivm
inju'y ((har is. \Ilnc rr.t',ikn'(nr l!1rurv, - ni\n r. r.rt irr hr'r linluy. hr.m"JynJmi!

The qDalitätive knowlcdge of rlrc nn'deller is lcquirud in rhre. srets:
1 For ä case, the modeller snecifics thc lctu lly kn({vo irlbnnrrnu (firrL Fur a cJre. Lhc mudcllcr \nc\iln\ rl'( rrtL ll) ar.,^v ir't,tr ., i,,r rti{ s\ rntt.. Ji\t"ürtun
ol vasel\" and iniurJ . \4 |-rrur( 2'. Ncrr. h f.1,rn . 1 (rJgn ,sr!( ||yt,,t||c,i\ \t,r *rmpk,
the hv.oLhesis thJr rhu nrrrrr r n'irl'r \"rr.l r',, "the hypolhesis that the tutjcDt mighl su'Gr tionr u 's!!cc reqriremeda Droccssi like tor
example inner blecdnr9. Thirdly, hc sirccitlcs whxl nrturm iur he woutd kxrk tar next (ir
eramde! haemodynlnric iriihrnrf lnd vonriring') Indcpcndenries arc obl|ined äom this
dialog in the ibllowing vay: InlbrDurnD not .onsidcrcd relevlnt to the hypothcsis by lhe
modeller. giv(n Ihc Iisr'a) J'rr rnJ \)nnr.rn.. r. 'JitnLl.i .'l th( h)trh*F tnorr
eramPle. ipcrmJnrnl h(rdJ.h( wr: ,,iI :.111(d. \r' rslL.'n' nr hcrJ.(ih( irn rnltt
rcqDnemena are c"hrJcrcJ inJcn(nJcnr. !rr{r, irJ|r} JnJ rlisl.,i.rtFn,rl r.$rh :nl.nrk

'equiremenr 
I iniüO.,li:1,'(Jtr,n r,t \e{j.,t\. nrIrLr(nr r'L rturh|r: Irr\tJ(( rquiramän

rntury, dislocrrnrn in !ssul\).
2. Thc n.drlld \rrre\ rlk IDn, li\i\ rl'Jr rl( irrfll ir ,.rr\nrrr w t' rt( int,rm i,in q\,üld
by her or him in rh( ürdn,srL Jrrl,,E lr'. 'y\'f , Jnt\$s tt.ir tr)n.tth(\is urnB dr. d.
lepüaüon(r't('x.nllllTtuiLr)hrJr,,.i,(,rtrn,ti,t...s.iB'c..rtrr.JlrtregrJttrxnitrtkin
/ d(pcndefties lr. (iin.i.r(nr h, (d!". l,r\r ... h. ,r,'.. vj,l r'!4,, rh.. srJil i;,{der r. rr
cossisrent widr rhe in-/dcpendcncies. .) edScs huvc to bc rddcd r() rhe grinh. or d) c.lges h c
to be.emove{i äon äid uddcd tr) the grxnh !s wcll
3. On further reqüest, the nhdeller nray üsk tlrc syslcn tur xxliticrtnrn proJ)osats and d
explaMtion of lhese trdtloslls. In llre ex! rtlc sturcd. thc syslcnr F{rlroscs titr FlSnle 2 t0 fiu
an edge ni,m strr. krtriren,enr' r'r'lL'enriJyn rli. i..iurr.,n h6r'Ne rlK rnodclld sty. ifiül
rlEl "hamodynrmic ilitr!'4r'i\ rnt,trnrr'i\(,i \p rr hrtuircn,(r't Er!Ln intormrrionrhJr
''dislocatiotr of vessels" and iniury.

After qtralitadve reänenlcnt ol the Dodel, nunrcrical p(rbrhilfty rables cän be entered,
antl rhe mndel mry hi !pt,lred tii inlcrrn(( tr\ks QuJnlitirJtr,n r\ ! nrt,{ kn,,sl(J$
acquisition hnrLleni(k (r* next jc ri.,nr wi tr !f\trlrt !' rtnt:r,rtn,nr MFDTCU\ r(ndJ;
qualiriLive recomm(nürri ns hJscd,,n qLJnllrrtrvL ir,p:rrrri,i r,r ,lrrrno.i., ronsul-rns. sd
üerapy plannrnt in \clc.rdl suhJ.{rrin\,,t cn\ii ,d,ril ,e.tnlr 'l ti( roJ(l\ dc Luiftnr.,
develoned roteüc! wirh ,,ur ,''indJtlrr tIUhls trt!, rre !i n,J r !\r-.n\ bDt nol \r!rish\i-ni
The \ysrem ljsb Ihe \ynJn,n ll)Frhu.u: I',\r In,hJht. |' rtrr lrr.t.ti,t rrturt (\rJeftc. rnJ r
recommends what symnkrnrs. external ircrors. aDd !etj('Ds ro con$idcr ncxt.
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4ßWatuofvkß $ccndny {hrir}rs äft,trlt Wxt,rt4qi h4trLqhe

Fifift 1: F('üsetrlences cre L{ ir lhc InlruisliL nxxlLI txlilor
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Figue 2: (jiDh represell lnr gercr (c tur rlt snrutrccs ofFigure I

3, The Compilation ofQu{lilitive Ftrzry Srxt€mrnts alrout Sn,ch;Lstic ßdäliom inlolheir
Quntitltive Counterpans

As already indicxted, melhods hrve lo be devehncd rnd rpplicd rlur enable, encourage, and
lupporl novjces to nodel in uncert.in donrlins. Tl)e D(sr ndnrcäclivc wly would he to exdoii
$e infornalion akeldy givcn hy lhc Nrdcllcr in nrruful hDgur8c nrdelling i$sertnrns slated
in üre linguislic model edi(n (Fi8üre I) Mrny cnipiric l iDvcsrigrrions oi the semantics of
Ndv€rb phrases like 'F)hahly , Frhaps . rrraybc . crc.. lnd nn)drl vcrh lbrms like "should",
'*ill", "may", etc. ($ llrerdy mentn)ned !hov.) riy ro rssign ntcntbership ihnctions o thcse
linguistic forms, for example hy f,rescDrnrg dillcrcnt wlrccl ol li)rhrnc" 0ontlguratjons to
rübje.$, For a list ol linSuisric rcrD$. tlrc snbjdcts rlreD h.ve n) iodicale how well each term
desajbs the "wheel ofiortune coniigDrari(n |)relcnrc{. F(,r exürnple, ä whcel of ibrtune with
r {,lnning area of 2{)% and 

'l 
l(x'sing arc! of 807 is bcler descrihed by the sralenenl It is

pssible that I will win" lhan hy the stlrenEnt "lr is vcry likcly rbrr I will win.
Eul as indjcated, these studies do Nt rd.lress rlre Dnrlrilri rc c$e. We sce two apFoaches to do

. ao exteruion ol lhe fireübcrshit' tunctnrns xrun)rclr h) mulrivrriare distrihuriorls. This
leads to what we clll a likelilrood Ntpnüch .

' a solely probab'lity-brscd tI'() ch ('disrrihrtnrr rnr()rch )

4, Extending mehhership ludcliotrst' rctrtionälterms in lhelbrm oflikelihoods

We cm appiy the whccl of Iirtune pundignf n) condir i( üxl cvcrrs. Tlris crn he aohieved by a
yhed of fonurc onfigur tion äs dcdcred in Figure 3: It spinning shect A lerds to llre e!en!
'A+. Lhen the wh.cl B rner A{ ri \pu[, llerwr\( rhc shc.l B r ir A] is srun. (R{
JDplicily. we onl) c,'nrdc' hrnJr) \r'irhl.\ lrurJ...llr,L!l Ml I'ICUS h.nJlf\ nult'\rlued

Next, nembeßhip tunctions of rhese wheel,oiä'nüne configurärions ro . lingüistic
chffacterjsalion like lbr example'B is a typicit oonscqücnce (,f A" have ro be obtained
enirically. It is possible lo assign a prohähilistic senrxntics ro these menrbership runcüons:
"rodng sematrtica" tll. This Deäns rlrrr you ü!n intcrprct lhc vrlucs of the lüzzy rnenbership
iDcdon attet some ftrn'rli/]|i"n r\ (,'nJrri,rnrt pr,,h hititn. rct^\(n'ing lt)( iuhiative vict
0f r vor'ng üommi c.. Th( \rlu(" ,,t llN t //y I..nrl.('itrit lun ir'n rre r er {om(
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nomalization equivrlent (o n)e condili'Jnrl (!otii!) proh,rbility p(byruthesis I evidcnce).
Under a bayesian view this condirnDrl voting proh.Dility is cqnivdcnl lo lhe suhielive eslinde
of the aposleriori probubiliry ,br rhe hypolhesis when soDc.vidcn.c lüs heen observcd.

B xliüA+ B nlidA-oo
flA+)=0.8 B+^+)= o., n(D+iA-)= rr.5

n( -) =r).2 n(B-lA+) =rrl n(B-^,) =rr.5
Fidurc 3iWhel of tannnc la.ßlnrirnrs h.rsLu lrvo hinry vrri$les 

^ 
nnd D

According lo ptubahilistic conccprs ol crusrlily U3l. r t'osilivc inlluencc of vriuble A or
vaiiable B can be expressed by dB+ A+) > D+ I A ). lnd r ncgdivc inlluencc !s I'(B lA+)
> p(B- lA). Thus ir seens rerson$le k) lryporhesisc rhrr lirzy rclarhns cxr'ress r cedain
relanonship betwccn t(B+ I A+) rnd B+ A'). o. herwccn p(B- I A+) und t(B- lA-),
resp@tively. This reldi'nr crn he extrcsscd hy rlrc tikclilxnd t'(B+ A+) / dB+ A-), Thus rhe

idea seems reason.ble lhal tlrc vahrcs ol nrcn'hcrslrip l() ! "luzzy' concept describing lhc
relalion between lwo vdirblcs A änd B .rn be exffcsscd xs . liro.rn)n of tbe likeljbood p(B+l
A+) / p(B+ I A-). Furtli$Dt(xc. by hking rbc likclihood liucri{nr wc achieve ä reduction byoß
dimension compüed nr fte nunrhcr of lhe ündcrlying condili(lnl !()brbililies or "wheels 0i

Thus the likelihood r i{) tlur co hc dclivcd lirrn rro wheels oi turtunc ("0 aäer A+'
and "B after Ar') js r bivrrirle Nnäloguc ro rlrc onivrriNrc s'rtrrri(D wnh orz wheel of fonune
pußued in the studics nrenrnrcd br)vc. This srrlighrlirlward exrcnsion ro mullivarirre
dßliiburroß was lr()lD$d ind skcrcncd h [41.

lf we inierprer DeD)heahip luncrn,rs r pftrblhilirics ncertrdin! ro rbc voring senanrics,
then the Fobability thlt r ccrtrin lrulrcr ol llcrs t is cxllrc\scd hy ll'c vcrh l phrüsc V, p(V 10,
is proporüonll to llrc ntnrhcrsllin vrluc tV(F) 'n F itr v. ll wc irrcrtrcl V as cvidcnce E ud
F as the hypolhesis H, lheD p(V F) = E I H) is rlr. cnus.l F)hlbilily h Brycsi.n ldns, rnd

IE(H) is öe coresponding nreNhership lrn.rnü luzly rc Ds.
Using lhis assun,ptil)n. prohlhililics p(vc!h!l lhruse I likclihood) = p(V F) can be

oblajned,likeibrexxDrlrlct('B+isconsideredäcncturA+'lp(B+lA+)/I'(B+lA)=x).li
addidon, an apriüi disrriburi,n or rbc likcliho,d. n(p(B+ | A+) / B+ | A-) = x). is necded
Then the desired 'diagnosric piohdbilirics H I E) = !(F v) = p(lirclihood verbal phnlse) =
p(tp@+ I A+) / p(B+ I A-)l "B+ is considcrcd r cuc li)r A+") cun hc ohlanrc'j. ftc nx'de 0r
lhis diagnoslic proh^bilny disriholnr is rhc likclihood furn' rl)rl hcsr represenls llre verhrl
phrde itr quslioD: prnxx (H I E).

If lhere is more rh.n onc vcrhrl phfuse tur a ccrhid rehln,rslif'. lirr exrnrple lerblL
d$ripliom provided by dillercnr cxl'cns (likd D+ is coDsidcred r.nc ärr A+ , A+ Dry crur
B+" and lo on), rhen we crn.l nhi.e evidcnle hy rlr rposrcrntri r'n)hahililies p(H I El, E2)=
p(lp(B+ l A+) / p(B+ l A-t l B+ is consiLlqcd r cuc inr A+ .' A+ n'ry cruse B+'. ...)-

ln the binary c$e, the eondnidrNl p()brhilirics dB+ I A+), p(B+ I A') c(c. needed fü thc
BÄyesian network cän be .hrrnrcd lio ) rhc dcsircd rlrosrcrnrj ilirgnosric Fobubilitis lmar
(likelihood I verbd thrusc) = pmäx (H I E). (Fitr cxxntde. ir B+ A+) / p(B+ I A') is knosi
to be cl dd p(D' I A+) / p(B- I A') is kNwn n) he .2. lltcn flB+ I At = (l-c2) / (c!c2), 0G+ I

A+) = (cl'clc2) / (cl'c2), rnd so or).
Th's "likelihood apttuach has a scrious drawhuck so thrl il bccomcs inieäsible i!

multivdiate sittratiors. You hrve lo lry Drdny ditlcrcnr lnglcs oi rlre whels of lbrtüne !trd
likelihoods to get rlre most typicrl diirg.osric t(,hlhiliry nDrx (H I E). rnd llre n$st tyticrl'
likelihood H.

5, An alternalt!e Bay€sian-nrl-blrled ,pproalh {ith dislrihuln'nul h}pothes6

The second Äü)roach is b$ial on Bryesiln ncrw{rks nd 
')n 

disrrihurnnN. Thc busic jder is i) t0
let subjecls rale the ldequ.cy ol sele.ted vcrhrl rcldrnDrl lerDs !s des.rip&rns for so re
p.eselected dislribDrtuns or liequency lrhles, ii) n' hretprot Snle verbal evidencc inr
dlslrlburioru of hynorheses, and iii) k' conturc exFcrcd vllucs tör iheir cclls with the help oi
lhe aposteriori probabiliries ol tlNsc disrribnrnrns. Ihus ohruinirrg u lailorcd" disrributn)n
repr4enting the givetr set of verhal sratemcnts N)sl xdequ.rely. (Tlris is ofcouße a D)?othesis
rhat can be and bls lo h0 tescd eüpirjcully.) Thc tr'lin ldv Dtrgc of this rlFrach - xnd ns
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min dlference to lhe approlch dcscribed ahovc - is lbur il srves lds of rssessmeDt slqs: Only
r few, seleited liequenoy diskiburn)ns h.ve n) hcjudgcd by lhc subiccls.

The other diildence betwccn the unprorchcs - likclinoods brscd on llre "whcel of lbrtune
p[adigrn'vs, distribulhns - is ldss lundxnrenr l bcciusc wc could use tlrc whel of li).tune ibr
generating disr.ihutions as wcll, or llsc disrrihurnnN insrerd ol larlunc wheels lin conlpuling
Iikelihoods. But we lltnk ürl disrihurnDs brvc sonrc crntiricrl udvlnllges over tbe wheel of
lortüne" approach, lü the knowledgc .cquisitiur rDd nrldcl eonslruclnrn r.se, irey nriSht be
ersid ro understund tor $rhjccls usul n) aork wnh drln Drlcrirl.

\ve srüt by ässuDring scvcr.ü dislribnrnnt hynorlr.scs (sec Figrrc 4) rboul re stochästic
ßlaton between two binry vrri.hles Wc asiunrc u sel ol ttiniDll indcJ)endent hypotheks so
thrt we can span üe sh.le dislribtrtnn spree. This nrcrns thrt wc ciD gcDerärc all disribuliü$
bJ a llnear comhinxr!,n I r'ur lDF ln(.(' (\|Ju.U\. 1) w Ji rrr. lllJl n)n',lhcvs hrve EluJl
aUiuo pri'h!hililic\ thc cxtc,lrLt vrl . 'tl lIr.'tri'tri h)t'rl(cL' ii I n"ninli{rnrlive
$ocbastic relation beNecn rhe sr(rl)asric vxrirblcs: r distrihuli(D ol indelrendcnt vnriables. The
htlorheses are.ealisxftrns of lhc hyrulh$is vüiuhlc which is Ilre root node in . lwo-laycred

Figüe 5 shows sonrc cxunrl'le disfibürnD hyflnhcscs litr lwo hnwy vxrirbles X rnd Y.
(ln this example we used !rcbrbililies.) On lhc rillrl ol Figurc 5 rlrc cx0&red dislnhulion H is

The l(rr nodr.,,1", n,r'{ fiLJrr 4 iilrn\.n. irn \ rr,tu. rr.trrr( lrrrJLni(i li{ lh(
hypolheses. The evjdenecs rre lhc vlri(Ns vcrbrl srrlcnrctls tlrjch QD he used lo describe
nochäsdc reladons: X.oüeldlcs ftlhe. high wilh Y, X h$ r slrong inlluence on Y, "X
vealem Ihe jnfluencc tunl Y on 2 ... Tlrc roor Dodc is lirrked () lcrl nodcs by arcs which hlvc
t0 be denoled by conditnnul frcbrbililies p(evjdcnce I l)ytollßsiD. Tlcse cirus,l ' ttubabilities
hrve b be acquired hy emf'nicd sndics hehrc il is possiblc to {se tlrc Bayes ner lor tlre
calculation ofthe expctcd distrihurnrn coDdirn l{) lhc eDrfiri.dl evidence. ID iuzzy ternrs
üese probabilitis co(esNnd lo rrfl1 rcllisrlions ol lho rncDrbeahiP lirncln)n !V(F).

Fi*ue 4: Bayesia! Nlwork widr ncon.enrnodc (nxr nodc).ontrü nr! srvcn disnibulnnr nypotltcss,
md n({c\ ßnrescnri+l vri('us v(firil tuhln ßnDs (lrrü Ndes)

In sunnary, the exFcted ll)ostciiori distrihurion (EAI)) c{n be c'mpted by r llvee nef'
locedure: (1) acquni'rg erntirical vuhal cvidc cc rhour rhc sl{,.hrsric relrtun belween
vadables (by letling subiects conärn or disconllrn scnlcnecs likc IiJr cxlnrplc: Il is true thirt
X strongly influcnces Y dcscribes rhe sirurrion in byp{nhesis H2. ), (2) Frprgating llis
evidence back lo thc root hyporlrcsis nr)dc, (l) c(rlhidiig rhc byporlrses disl.ibutions with
hen aposterturi proh.bililies so thai rhc resultiDg EAI) is rlrc cxpccred value rI'of fte
h)?orhesis distriburi.ns compüed wirh tlre rfirslerirtri tn)brbililics of tbese hymtheses. This
EAD js a sDbjective esrim tc. Condilnlral [ohrhilirics obtlircd l]on il are plugged inlo the
Sayesian dag äi long as we do nor have heucr rnd obj.crivc esrimrtes tbr (he quaDtjtalive
iDformariotr. Note rlut we only nced a srhlll nudrhcr ol disfiburnDs Hi ro be iDdged by

bjecß (step (l)).
But there is ! [ohlenr with rhis rmrorch: Il lhe disrrihllionll h}?othescs kx'k like the

ones tn Ft$re 5, lhen nor rll possible EADS crn hc 8cnefured. Ii we do nol wart to conslrain
i\e spä@ of possible EADS äI'ri( tri. we nced lhc Ii)ur cunonic l djsrr ihutions slnwn in Figure 6.

But it seems reasonable thrt subiecß would nrve sdvere touhlc judging the rdequacy of
smren@s ljke the ones in Fixurc 4 tbr 0rcsc disrrihrri('ns. Thcrclnrc we r'tuü,se u rhree-luyerd
nelwort as shown in Figure 7. Tte htrrx,sr nodc corrains rhe lryfx)rllescs H ol Figure 6. ][e
niddle node conlains lhe hyptbeses H of l-igure 5. 'nre rchtnrshits he(weer the uppd two
layers agäitr have k' be dcterDrincd cmdricauy by luviDg suhiccts rulc thc sioildly ol elch of
the nypotheses H tu one hyporhesis H i ar .1 rnDc Tlris inä)rmdnrn would lully srcoiti the net
ofFigure 7, and we can conrpute our EAD by cllcrllliDg rlre exterecl dislribution on H'.

X sLrongly
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6. Sumnary .nd whnt t0 do

FiAure I sumnarises lne ldsl rwo scctions. The iir)ll ll, our .nP()!ch consirls of I givü
stochasric relaljon and ! (sel ol) vcrhdl dcs..iflion(s) in lbis relrlnD. 1'1)c slochüstjc rcl 0n

mcv he reori\.nred hy whl(ls,'l l,{l'rn .f n) r rrtrrlr,linrLrFn,nn tln'hrh'l!(y / liequ(n.J
tabie Theluhle ün ni j,'ur.".rl\,' n. dundJI(J r, ' .,l,. wlhll'n,1{rurß(nnri8ümrn'rr'ne
informalion given in llre llble rruy ho cxprcsscd by likclihoo(ls, lc..ling to ! Llinlension

redtrction. The mullidinrensn)nrl l hle ({ likcliluod intunnrril)n as wcll) is lir.l of a ntinlntd
atrd exhauslive sel ot hynltrescs of r lwo lrycrcd or lhcclryercd Baysian net- Afler
acqüinB cüurul p'.rhJhilrly c.li'nrru. r rtiri(Jll, rrlr' nn,h hrl.lir\ .,i vJIh!l {rlrrnrnls Snri
each ol ihe hyt''ahe..s, 1.tr lIir rinrrnrl (\nJuri\r srl. rl sl.lntr Jrnrihdln'ni rrc smJ'u.d
tor rhe hyDoriFrs lhrr r( u:d r.tr ! r r ir.8 rr J\I,((r'\l |)n'llle i. (irldlrJ lJhlc i
''exDecred likrlih,'nJ l th,. exn!rr(J ll)nlrl'.5is i.rvJ. r. llre hr\( li! i.rnPUling lhe

conJiÜonrl pn'hrhil'r!(. nf(Jrd, { rh/ Br)Lsr n r'(lwiirk 'n rltr I"J.ll.J J"ntrrL
wc rErfnrnd irli.'l c rprrr(Jl nLür(, wi'.r r.\' Ji lrrhLrr,L rt|l,J(ll 1\d.li,'c,i:r

tisur( 7 The r6ull. sretrr t'r{r1r\,n! W l rrrJ '{rr r.).'l I r h'd:li.\l rmr.' I t,{Jrng I'

llAue 4 wirh thc r n'nir.'lsillDn,l.'.\(\rlrr'ufr',r'.lrrnrrtrrll)rlr.lrnlcrtul\ulll,i(Nl{
oi. r,üposer. on( ,,r lh( nr\r rrlr. h r,i v lrJ.,r( rl( Jrnf' h J J, rrtnurn n\ sunrrJr<J Tlr
could for example be doDc hy lclling sulliecis sFeily distrihulnrüs li)r Siven verbal relatjonrl
shrements, or by hrving thenr scled tlrc m,sl süilrhlc di(ribulilr lion a sel contxininS lhe

Sercrated expeded dislributnD.
The atproach sk$obül ahove shotrld ol course nol hc rcslricled lo hivarille distribulions

of binary variäbles. We arc w('rkii! al extcnsn)ns iD tlrcsc dircclions (()o,

Frlur 7: N' r '{ Ir;ü'(,1 \h'Llr,lh\ rv..{l('(!f r"{.
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