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A new no.merr mrlr,d,mensiotul 'cJing rechnique ß presdr'd Thererlod is

tdsfotuLionJree (no monororr d3', rtatufoma'iotr) and oP'mr'"s dr'e" on
jistanc* 

"nd 
<t^t-at o.aeß Numeric examples d€monstmte that this method is

"",lri-i"ii. 
,r. a.*ta -met.ic iechnique;. An anarvsis or LNGoEs & Ros<^M's

0973) order a maüices Produced results vith a stil ihProved dk{idd_isomorphv

fine neue nonmerri\che mülidimen$on2le SlalErunesre(hnik wtrd 
'orge$eUr' 

Die

M€ürodc vedkhß, "ul mono,one Drren'd'Iormationen Md benüzr out D6tden

'"i i-"-a*."* i--t'rlb d€r D,ren NuFeirsrhe B'rspiele d'mon'trierrn dnß

i'. rl-r'äa. aoilL",i..rea nonre'rMhm sra}e erlahren nichr unt€rleeen it
e.i". ,t*r*. "." rt"..* -d Roskü (1973) Ordnungs-4 M.trie bnchte Ergeb_

' tuse mit einer noch be$.retr RdgordnungsisomorPhi€'

Backgtoüd

Nonmetric multidimasional scaling m proposed bv KRUSKAL (1964a,

1964b) and GüTrM^N (1968) involves ninimizarion or a badness-or fit measute'

Minimization is done itentiv€]y. E.ch itention coßists of two stages I

Stagelr*:*+1
{k @rlll-i : rrtlnl

' ,L*ldÄdk) :6jnt

0)

Q)
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vheie: *: number of iteration
L@IA) ne.fls minimization ol Z vith fix€d , and vdiable /
(Z : srätistical los-lunction)

/ : set of distanc€s (dedved ttom the model)
I : set of dispzrities (derived from the data by means of monotone

regression or rznkimäge trarsformation).
The disparities e "close" to the / but consüained to some

criterioo of monoto.icity vith the data.

Convelgen e of this ptocess is obtäined il h : zLE ot dE : dk \'r o\
," : ,*+1. we realize that the ser d is dbral"te4t ece$ary fo! this kind or no'l-
m€tric "two-stage" scaling. In our "one{tage" algorithm we can omit the
dispäliries without any loss of informatioß.

There remains still one point of criticism: inPlicit weightilg of "effot"
by quadratic "eüor" felms. Z is in most programs a quadratic "error" fünc-
tion (least squares principle): each "errot" (4r -Ät is weishted by a lactor
(.lu - d1i. Ltgd departures ltom monotoricity ar€ veighted more thm

I{ we look at Z as an euclidean distance function, which measures the
distance ol the codiguntionltom the ideal configuration, ve cao use the same

arguments which were wrjtten 2boüt the problem ol implicit weighting in MrN
Kows(y-distance fuoctioos (CRoss, 1965; WENDER, 1969! CooMBS, DÄwEs &
TrrRsKy,1970; A{RENS, 1972,1973). AoZ vith g(eater sensivity and vithout
implicit weighting of departures from monotonicity should look like the
city-block distmce (21-approxination).Look at (3) md (4).

Ihph ,a;ski"s af dniePa ,iet t t MlNKo\\s{\-diitarce-fulft td :

4,,:' h'." ,/^'l'" ; [+".;'l' ' t,,* *,*' {r)

r. metric-parmeter
(1<'< e)

_ \ f ".isr,t "r ll d'-.*i"'. I
z1 | speciric-distancc ll gp(ir,cdshnce 

J

Inphit eeighti"r af .lep t,t* ftuB noratalttctry lry tvartqe laßfffinih L :

- -, " stl2,r ,r',r'lr r
L.td.A _ _ tL_ | V,t ,1,,1 \4)t1 lNL,ld,d)l

\ I ""tn, I l o'c""' r'- |

if / : 2, then least-squre*nethod (Zr-approximation)
N : normalization factor which is specific for

the chosen algorithm
Zr : Ia-apProxinrtion

Ach. Psyclrol., ld. t13, HeI. 3/4
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Only in the case of Z1 .pproximatioo (SFÄru, 1973, 1974) are the erors
l/a /il weighted equally with a factor 1. Because of the lack of a statistical
efior theoiy the desiräble statistical p.operties of Z?approxination (least

squar€s €stimatort do not hold in nonmetlic scaliog costexts. Tberefore, the
onlv reason for using 1a'apptoxination li€s jn the smoothness ol the loss

{unction, so th2t one can use standatd gradient techniques for mininization.
A furth€! poilt to improve is $e no tueli. agg,egatiü af kdiritual data

which is fte.ted rather cumbersomely in the classicd approaches. \ve shall
show below (20) how this canbe done very eäsih and efficiently, even lor large

The degree of appro matior is evaluated in most "two-stage" plograms
by means of three measules ol lit: KRUSKAL'S stress 1 and stress 2 and Gurr-

L:.tt - 't'(!'-d)"' 
'4' 

di'

GriarM^N's rbt ali2td bhi:

,],ta' - a a' at

- t- (s)

L:SZ: ,V, <*t - *'l' 3,$" *lli" *l
j',@' aY ,,2, @t ö

dispatities as a result ol KRUsK^r's monotone regression

mean of all distances

(6)

d:
It-

(7)t i, ,i'

whüet A1 : disparities as a result of GurrMAN's iatrk image trmsformrtiotr

Thedistinction between -tr and.!z is onlyrelevantin the case of "off diagonal"
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A remarkable step in anew 'rone-stage" was t2ken by JoENsoNt (1973) by
introduciDg a type ol stre$ (lo$), which opeiates only on distmces and raflk-
orders derived lron the dat2. Monotone datärransfolms de not used anr
longer. Minimiratioo teduces to m one{tage proces vith no iterations:

Stagel: *:1
rl (4) : ninl

JoNSoNt msNre of stress is free of disparities aod dcpends solelv on
distaoces aod data-rankorders. His a.lgorithm is resüicted to the euclide.d
meftic nnd symmetric proximity matrices.

:
ia:t ötj. (,iil ,!ih),

L_SZ _ : ninr (8):
'-.:, @& ,t:)"

rI: (; 2)(i 1)12 +j
KL : (A 2)(A 1)12 + I
di : dissinilarity between ; andj
/r : distance between t ändj

'rhe restiction IJ < KL was not inüodüced by JoHNSoN, but it is helpful
because it halves compute! tine for evaluatioo ol Z. II th€ distances are in thc
wrons order (: inversion of dist2nces), the numerator is inüeäsed by. "well
defined" rnount. Äre oo the other hand the distances in the tight order (pro
velsion of distaftet the numerätoris not inceäsed. Ties are heäted according
to two options: KRUSKAL'S PRIMARY (distances may dillet evenin thecase of
riedfrorin irie')and :t( ONDqRY dis,r, ce.nr\ no,"diRFri.,hecAeolried
proxitri,.e.) rDDro2.h. ln rhe Lr,, .d5r ,he ,erm Ai 4J, sho-uld b( ,dded .o
nej, her numek,or nor dcnominrror or L In rhc sc.ond c. c L/i arir" 'hord
be added to both nunetator and denoninator. Il /risunknown all conparisons
involving /,J are completcly left out (missing dara optioD). In JoHNSoNt stres
(8) ve notice d even gre2ter weighting of eftor than in (5) (7).

t I am vely grateful to hN SrNcD and FoRREsr V/. YouNc for reading an
€arlier drart ol the oanusüipt. They also informed me th3t GlrrN'AN (at the Xlxth
Congress for Psychology in 1969 id I-ondon) and DE LEEUW (unpublished Eanu
sr.ipß) scre the very 6at to introduc€ the conc€pr of üanslormation free scaline.

1,]t sign (dü dr)
+ siso (lti ih')

0, otherwise and if 4t : 4,



A4

\qe think, that only the discepancv l/rr /.,1 should b€ of any interest,

ifll md /*r show an inversion. This discrepancyis hidden in JoENSoN's stress.

It is weighted by a factol, which deteliotates the oldüitanarylry bet\]een the

dissimilaritl' data änd the distanc€s. In .later section ve vill see that this is

rue ät leäst for ordet-4 üatrices which wete used by LrNGoEs & RoSKAM

(1973) comparing various scaling älgorithms lf we look at the n merätor we

@% dtrt, - l'4, , dül.l(dü dkr)@u + drizl (e)

disdePancY veightinslactor
: amount oi

idversion

D;crepäncies are weighted much more in the case of great distaoces. The algo-

rithm tends to reduce the weighting factot first. Reducing the amount ol
discepancies is not of ptim.ry intetest. This vill sometimes happen at the cost

Method

On the basis ol SHITARD'S verbal definition ol nonmeüic MDS ve vant
to propose a badness-of-fit mezsure fo! a "one stage" Procedule vithout anv

implicit veißhting of "error" or dis.lepmcy (Mö!us, 1974).

(L)-s,: J'

J +J

whete: .tr : Sun of Proversions
.f : Sum of inversions

d : 1, if ao inversion occurs; 0, otherwise
€ - 1, it an Provelsion occurs; 0, otherwise

,! po$e$€s a strong coroection to KnNDALL'S7, toKENDAtL-SrLrrrro's Tand

GooDMAN KRUS !'s 7 (KENDALL, 1948; Srrrrro, 1947; 1959) as will be

shown ifl the "Method"-section. JoENsoN's algorithm pulls and pushes points

with great distanc€s into a "best" position even at the cost ol in inüe4sirg
ounber ot inversions. Th's afltefilanaryl4) between däta and nodel (one of the

m2in goals of notrneüic MDS) is deteriolated Although J ! reflects th€

lunb€r ot violatiols of rankisomorphy it is not.ppropriate for a ioss lunction
Being r stepjunction it is awkward to minimize : one needs 6peciaj 2tgorithms

for integer progmnming. Further, J , o.ly takes the ,t r'l,rr but not the

sevedty ot each inversion into 2ccount But, because we are provided with
metric information on the model side, we m extiact more inlolm.tion than

J o does. Thus we cao imProve.t-,,, which leads us to (10).
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SEEr,{RD (1972) gave the cler md distinctive definition of nonm€tric
scaliflg:

"We se€k, simply, that con{iguratiod of, points in the (Euclidean) space

of smallest possible dimensiofl such that, to an4cceptabl€ degtee of aPProxima

tion, the resulting inlerpoint distmces /iJ are monotonically related to the
given proximity data in the sense that

du < dn qheneser di < lw ."

Our stress .en be looked at an nonmetric anelogue of .t ,, which plays a
prominent ro)e in tank-coüelztion methodology (at least in the KENDALL-

tradition). Thus minimizitg our str€ss is equivälent to muimizing anonmetric
analogue to KENDADk (purely ordilal) lank-correlätion coe{ficient .. Thus
being a "paiNise" method 2t the first glance it is now obvioüs thit this kind
ol str€ss uses information from the lull rank-orders. Ouralgorithm can be used

lor alt meaninglul distance-formulas. we extend the stress-me.sure to the case

of squale no$ymmetric un/conditionat näftices and shov hov to 2ggregäte

individual data the nonmetric vay.

O* typc af $t6r: "ptoportion of weighted inv€rsions .te-":

t

| ,i,t^"" ^*, 
- 

^u] 
* 

| ,frt "*. 
a^, ,.,1

00)

d tf (titt aki

1

0
0

0
0
1
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00)

0
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0 (0) :0

0
0
1

1

0
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ln our method we compar€ prirs of dissinilärities with p2irs of distances.
(10) is simple to re.d. The inequalities t >j aod,€ > / r€strict us to the lower
haf of the symn1etric dissimilarity matria. The inequality 4 < rZ saves us

fron unnece$ary comparisons. If th€ distarces are notin the same order.s the
dissimilarities, ve noti.e än inversion and 6:1. The severity of the in
version is equal to l/r- /rr . This amount is add€d to the numeiator. In the
case ol orderisomorphy, (distances and dissimilarities show the correct order),
ve notice aproveßionands : 1. The actual eirors are added in the nuherator
and the matimum possible errols are added in the denominator. Thus .t. 

" 
is

normalized and lies between 0 and 1.

Tr2nsforning .t. o we get a coefficient 9 which shows a strong r€sern-

blance to KENDALL'S z änd vhich (m be looked at its nonmetric alalogue:

-1g.9:1-2Su!<+1.
This can be seen very easr if we translorn .t-" (or ä") into KENDÄ!!'S z (no
ties) o! into GooDMAN & KRUSKALT 7 (ties and PRIMARY apprcdh) jNt

.t<a:1_25 1< j-1.

we cao summarize the comparison betv€en .tu ,,.t , and JoHNsoNk stre$ as

desir^bleweishting rundesirabieweighting: t€nslormation
oI inversion 0 : ol ettot ,lrdu

I no I KENDllts r
ruirh6"r r e<r

GooDvaN &
KRUs(^L's / (lvith

: tiES ANd PRINIARY
app(o4ch)

no : nonmetric analogue 9
to Knofr's z

'ife hope that statisticäl inf€rences in nonmetric multidimensional scaling will
b€ frcilitated in the future by 9. Minimization has to be done utrder the side-

I Normrlisn;on of
z' - ' .onfisufurron

which leaves sffess invaii.nt.

(1r )
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'lhere is still another inteipretation ol stress. (4), (5)-(7) define the
eüdidem distancc of the configuration fron the ideal configuration i! a
stinulus-pair space ,nd (8) shows similaritl. to an euclideän distdce of an

empiricaily delired configulation to the ideal coofiguratioo itr a "complete
comparison späce". Our srress cdn be interyreted as a city-blocL distance in

Despite the conceptual ädvantages of (10) it c4nnot be milimized with
stasdard gradient nethods. This is due to the fact tlat Z cannot be diFerentiat-
ed at e.ch point. Io some aleas vhere no further orderviolätioos have been
found, Z is const2nt 2nd the ggdient is zero. In some other 2reas vhere ör,d
switches overfrom zero to one the gradient is undetermined. These ar€ te$ors
for using . gr2dient free hill-climbing method.

The origin2l version of the gsdient-free hill-clinbing method was
published by NELDER & MEAD (196s). Än improved aod colrected version
vas prblished by TIBDE 0973). \Ve used the latter rersion but with some
modilicatiods in the starting simplex.

Stdrti"g.orfiß,ratia": To save computer time ve choose the appro4ch
which wäs recomnended by LTNGoES & Ros(aM (1973, p. 18). \ve transforn
the dissimilditv matlix in a matrit of r.nks. Computing scälar products
according to the fornula:

, t\n lr(l- r, I '-''t l\1)
oL 'et Qt 1...--- - p,t ! p1, - rzn' ol l,I 

P, - mcaq of :rh rou

and solving for the roots and vectors of B offels us the initial conllguration.

S tdtti"s r;n phx : 7he tunctioo we vaot to minimize is I P: F(Xr, &, . . .,
xr,..., xt. The side condition isr >!i:1. The aigument vector is. vector
in confjguration space (KRUSKÄL, 1964b). We choose a starting point
P0-(x1, r:), ..., ,r, ..., r") in configuration space under the side condition,
whi.h means that Poljes in mi.imization space (:surface of a hypcrsphere in
conliguration space with rädius 1). P0 consists of the conponents of the
nornalired eigen\-ectors ol the matrix B. Late! io the algolithm Po can be a
result ofa stcp ir optimizing the st2rting simplex. We äre now moving pärallel
to the 6rst coordin2te rxis lith a step-width 4 I 0 in order to g€t the point
P'i: (xt)-dL kz, ..., xr, ..., x") and rhe corresponding values F0 : i
("0) and F'11 : F(P'rr). Ir we mofe backwatds we get P':.": @1- dL
xs .. ., r' .. ., !, and F n- F(P'*). Now ve choose the smaller value
F'l:'JJ|f(F tu F'1t and rhe corresponding point for P'LIt F'r>F(Po)
ve turn over to the next djDension and nove along the secood coordlnate
aris vith o P6 beiog teplaced by the best point on the pieviors path ä1ong the
axis. In this case P0 : Po(ord). Th€ morement aloog the second axis produces
P',r : (!r, !, 1 /,, . .., ri, . . ., r") etc.
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othervis€, in the case of F'11F(P6), it seems to be promisitrg to t*e t
further step patallel to the first coordiüte dis in a favosble direction. \ve
seek th€ point P'r : (,'r+d L xz, ..., xN, ..., !,). /"1 : SIGNT(/I+/r,
x'L xi.lt F"r<F'r Po is replzced by P"r, othetwise, P6 is teplaced by
P'r. Nosi we possess a better Po.\ve @n t2ke this P6 and go along axis 2. A1l

described steps are compüted for rhe higher dim€nsions ceteris paribus, with
P0o€v) : best point ve found by moving along the previous axis Ea.h Path
elong the ,-th ol the r coordinate axes produc€s a "best" point Poi At the end
of our sef.h through the des $e get a set ol r + I points {P0, Por,. . ., Por,
. .., Ponl in con6güration space, vhich $'e call the !tun"g iathx.

Eral"atk af f"",tia": Alter colle.ting and comparing all values of the
startiflg sinplex ve look for the highest ( Fr, the second highest ( F ) afld the

rowest (.Fr) va1u6: Fh: F(Pk), F" - F(Ps), F1: F(Pr). Because -P, is
the vorst point of the startirg simplex it would be vise to substitute it by 2

Refhxi1n: Fot tbts pn+ose it is necessary to calculate a veighted centroid
of the reduced starting simpler, Nhich does not contain Pr:

S6,-/. >G, ''t!j] 1 : F (:centroid of simplex)

G!:(Fh - F,) +0.7.(Fh - FL\.

(12)

03)

Nümeric.l experimentation has shovn, that (12) is nobile, so that the ddg€r of
being trapped inlocal mininais reduced. The "iumpy" character and the great
nunber of function evaluations arc good aid in this respect. Points vith smiller
function values ettract the centioid vith a "gteater lotce" than points vith
greater function values will do.

Nov we have to substitute P, b) thtt point we get by a "reflexion"

P:(1 * a) P - dP, vhere a >0 (: coerficieflt of reflectioo:
in this Progran : 1).

04)

lr'heresul, ir fr' /' r"sereplacerlby P.butil i1 frwereencourueed
to contioue our search in this direction 2nd perform an "expansion" oper2tion

1 FORTRAN IV funcrion
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Expareaa : By d e\p nsion we ge,,he poin, :

i'-(t + D.F 1F where 7 > 1 (- coefricient of exp.rlsion: (15)
in this program : 2).

Th"" -" .o-put" F i"d compare this value with the previously obtained 1ä,

t,. and fr. lf fr f ue sub{irute /n b\ r. lf on rhc orher hand / / r.

P7"ull bereplacedb. i 't r'ei. rt4"naSt?rr\P\ F'tjt.taa,e'
of F,< F our refleaion was not v€ry successful. W€ now proceed to make a

aastldclio,t: Vle distiognlsh tvo cNs. If -F" < F]| < F-we advance dircctlv
to a .ontlaction, .olher\rise, il Fr < F < Fr we substitute (before the con-

tnction) P, by P. The.onff.ction formula isl

i': tt - Pl.p F dPr where 1> P > 0 (: coefticieot of coitractionl
in this progran : 0.5) (16)

P .s the rcsult of the contraction is always pushed avay from the point vith the

highest value (either P or Pr) This result seems to be very desirable. \ve nov
..^p,* i -"i,r, 

Fh. fi F F^ w. replace P/, br 2 
"nd 

s'an ui'h " ner
iteration. Il, however, F, <-Freflection and contraction shoved no inprove-
menr rnd ve trve ro sh- r l' he dLole sinpl"x.

.t ,rtuj, of the whole simplex: The center of shrinkdge is Pr. All other
points are moved tovard this "besC' pointl

P1: @r + Pil2. (17)

Then a new ifemtion n *rri.d

The most important thing we hav€ to consider in a computer progran
for our version of noometric MDS is the speed of a FUNCTION, vhich
computes the distm.es and "1. For this purpose all drays are stored one
dim€nsionally. Index computation is made only by additioos md subtractions.
"Slow" opetations such as mdltiplicätions 2nd dilisions or y are used onll, in
absoiuteiy necessary instances.

Erch time we calculate F (this is dotre by olling FUNCTION), we nor
malize the configüration. Thus minimization is done on a surface of 2

p dimensional hypeßphere (l:nunber of stimuli.number of stimulus
dimeosiooE with r2dius 1 in contiguration sp2ce. For hore detäils look into
the flov chärt (Fig. 1).



250

!
E

'P

rr 9

E

',E2r9i
^4 i ö;
oil q:
d G; i 91

:!r Eägl !
!Yii!:185" -
4fri!?in 73 : 1-

igt t IE;: i. . 5{-!dto:;o.Frr:)t:-Q:7\ Vl-7i.-:"-üEYqrHl;tg{
:;i"'iEi3:;:+l
i Fr iEl; :!r ; a:
Eü :äi 7ä h;

3

{ii

9!:E
e :ü

i !: ä.ii !{e: i * 5t i!?;;iE;:.
5 :5 4 4,q?F



Nofltuedc Multidinensional Scaling without Disparities and Derivatir€s 251

Some people will hesitate i! using a 'tearch" technique. However, one
ought to keep in mind tl2t these techniques as vell as gradient-methods belong
to the hill climbing algorithms. All hill dimbing methods de in fact search-

techniques, sone of them using grädients. It is interesting to knov that the
more advanced gtadient techniques (e.9. the conjugate gradient method)
include gradient free /i,.zr searches to imptove results. Neady äll nuherical
studi€s hale shown that without a good initial configutation one often gets
tnpped i! a local minimum vhen using a gradient method. This is not tlue
for the /rr,ral sinplea. But in order to get eveo more safety we estimate the
initial configuration (- P0) by ToRcERsoN scaling the matrix of rankscaläF
products. The numerical precision of the method .an be seen id Trl,le I
where coordinates ol poiots coincide at least lor two decimals. Thisis true
for points 1,3,7,9 (dimension 1) for 1,3,7,9 (dinension 2), ror 2, 8 (dinension
1), for 4,6 (dimension 2), for 4,6 (dinension 1), for 2,8 (dimeosio! 2) and
Ior 5 (dimensioo 1 and 2) in the tvo dimensional solution.

Computer tine for stress evaluations incre$es very fast with a growing
numbe! of comparisons. Ät the presedt time ve recommend this method only
up to 20 points. It is hovever possible to compaie the proximity matrix with
a che*-board. Each "white" matrix entry is completely left out in stress
evalu.tion thus simulating the missing-drt2 dpproich. Fuahet reseatch is
needed in evaluating the relttion b€tweeo "precision of scaling solution" aod

"number of orderrdations".
At the same time this apFatent drawback of one-stage scaling is compen-

sated by thc rapid aggtegatioo of individuat däta matrices. Thisvas notpossible
vith the same efGciency in classical nonneric scalins.

Handring ties, missing data, nonsymmer.ic condi.ion.l
dd unconditional 'diagonal' data

Missing drta and ties are handled according to JoNSoNt proposals
(1973, p. 14). If 4, is unknown, zll comparisons \uhich involve 4r ale l€lt out.
ln the case of tied data thc values of , and E ate taken from the täble on päge 245.

In order to analyse 2 nonsymmetric 'diagonal' mltrir i!1 which all ele-
ments ze compar.ble t-i|a,t, ntaldü;aaal , f zzrlz: proRimir) mlri\.
GREEN & CARiroNB, 1970, p.31) ve minimize (18);

IL: S. ,:
:

,.,.2 o,. 
öl t,t - a nl a-,.1-. *,.4 at - d al

N\ete, Il : (i -1) "+jKL: (k 1).t, + l
, : number of points.

: ninl 08)



252

when we have a nonsymmetric 'diagonal' maair whose elements

comparable only vithin a rcv (: i"td./, ca"dttia"dl matlix) ve use (19):

0e)

Nonmetric aggr€gation oI individual dat.

If therc is ,r, dis/similarity m trix lor ed.h pe$on, it is 
'rot 

correct to
rggregate individual infornation by averaging, when the data de less thatr
intervalscaled. Notrmetric aggregation cao be handled very easy (under the

asumption of homogenity of individuzls) by redelioition of ä{j, }, afld .r:r,a:

löu.*t." ) q:, 
"r.":--N

: proportiotr of proversions
lor conparisor (i,e/)
in rhe whole sdple

Qo\

: proportiod or ordeFisohorphy
violations for complrison (i, /61)

in the whole semple

Local minima dd 'Clustered' sotutions

Ea.h.umetic miiimization techoique has to lace local minimum ptoblems.
Howev€r, the danger of getting üapp€d into a local minimum is redüced by
various leatures of the algorithm: choosing a quasimetric initial configuration
by ToRcERsoN-scäLing the mahix of rank-scalat ptoducts (: initial P0 itr
configulation space); Ict changiog directions of search; switching between
conüactions and e{Pansions.

In some cases we get a clustered solution. Il ell dis/similarkies of one

stimulus to the rem,ining stimuli are greater/smaller than the remaidrg,tr,/-
stinuli dis/simila.ities ve get a "clust€ted" configuration. The cotresPonding
point is moved fär away and the rest of the stimuli is coil2psed ioto one point.

Nume.ic.l examPl€s

we scaled Mrssrcr & ÄgELsoNk (19s6) fmous exaüPle wnh (8) and (10)

to demonsttate the numeric precision of the search ptocedure (SECONDARY
approech). The "d2t." consisted ol the interpoint distances ol a unit square.

Results can be seen in Table 1 and Figure 2.
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37651 193
dJaqßa 's llrcss ( StC?MAm Wnach): m din

b,d) lwo dineosional soluliaß

c) Ao Sbess (SECANAAT apptBch)tüedin

Fig. 2. Scllirs soludoß ol ME$rc(\ dd ABELsoN's "Squre" Data (1956) on the
b,sis ol an rracr un<ondirional slmme,,ic prorioicy fta,r'r

zj JoHNsoN's Str$9(SECONDARY app.oach) MrN(owsq Ä : 2 .t : .36222 on+
dimdsiolal solurion

,: JoNsoN\ Str€ss (SECONDARY approach) MrN(owsq R : 2 j: .00085
two-dim{sional solutio!

.j Our Stres (SECONDARY approach) MrN(ovs(y R:2 S : .30286 o e
dimsion l solution

r': Our Stres (SECoNDARY approach) MrN(ows(r R:2 J :.00001 twc
dimension l Bolurion

The anaiysis of nonsymmetric squde pioximity matrices is demonsüated
with rn *alnpl€ fromCooMBs, D^vEs & TVERSKY (1970, p.73f.). See Table 2
dd Figure 3. "Clustered" solutions are shown itr Table 3-
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ä-.:,,

Fis. 3. Scalinß solutids ofCooMBs, D^w!s & TvERs(Y's (1970' P.73f.) data (matix
oI rBiduals, Tab!€ 2)

/i KRUsdL\ conliguration (CooMBs et dl ,ln0, p.75) based on th€ 'conditiotul'

Z' ct'. '*-t-tr"or; con6euß,iofl (op. or') baed on rhe conditio"l aPProdch

, r Ou. conlsuration bded o; Jo."soN-tt"e st'ss ard on the 'conditional' approach

lr our coiisumtion based o; JoHNsoN-qPe sress and on the 'uncondidotul'

5: öirr conGgutation based on out (18) t/aß and on tt,e '""nndttio,al' 
^PPt@cl16: our confiluration based on the oui (19) dftr and on t|,e 'ntditi',1t' 

^ppro 
ch

Ju,,\-_,/
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Disridcr ord€F4 marices

In Tables 4-7 we cohpare ou! scaling results vith iesults obtained br
LTNGoE & RosKAr{ (1973, p. 56) who evdluated thc KRUsKÄr,- and currrß\
LrNcoEs,scaling approäches. I-INGoES & RosK^Nr explain their motil-at;oo for
analysing distinct orde{-4 matrices (LrNGoEs & RosKAM, 1973, p. 55):

"!0e shall be .oncerned . . . virh a fairly deidited analysis of ihe bebnlior oI
vrrious rlgn! am\ ^r ail pu ,ible orJe14 . rn", ma ri.e. !\. F .rr 'ie.,. \ hite
adniredly ol sligbt subsrantive impot. strch änalyses could shc<t eime lurher right
on sDch issues as robustnes, conv€rgencc p.oblems, the role ot the nritial con-
figuation ln obtaining hinimal s.lurios, dre relarionships amorg conversed
rolu'ronq odrd or o nfl enr.onirdlrr. er.. Ore or rne I hrl J \,1 r'Ae. o \,,irinÄ
wr,l .-.1 .mrr drr'i.es n t\d $e "r. rnr.- errr." ner e\hrl.. \ct) I tJ-Be , Toe;
oi possibilities at a lov cost and provide a &iterion s€r of results tbat misht be !*d
by others lor testing diferent algoritlms. Vhile some oi our rsults wouid seen !o
be a iuncrion ot soall ,, the main conclusions .re consonant wntr those obtained
irom alalyses ol much larger m.rices Gince, wirhour tbe latter, rhere qould be
lirde sroDnd lor generaljzation). rt is our opinion tlzt, ii anythins, rhese rnalvses oI
ordf.4rrrrn!\I ghiehIoreolrheproblcn.,h/r"reonl\ hir,;di in,t - r;, . e.

LrNcoES & Ros$M divided the 30 order-4 matri.es into three groups:
gtoup A with matrices vhich have a pcrfect süongly monototric lit jn otre
dimension 2nd grouF B with 14 matrices which p.oduce zero stre$ sotutions
Ghe number of diferent distances (d) is lc$ than six which occurred b! eithcr
collapsing stihuli into o.e point or by tying distm.es) and g.oup C vith
hatiices which posscss a non-,ero one dimension2l Gt (Tabic 4). \le use the
sme pdtition to facilitate comparisons. Our original sczling solutions äre
given in Table 5a and rhe roonded and flormed solutions in Table 5b. F'or the
matrices io section Ä änd B ve obtained zero srress solutions which fairly
aglee with those lrom LrNcoEs & RosKAM. Mah ditrdences occur only in
section C. \ve analysed nztrices 20 30 (LrNcoEs & RostuM's rounded and
norned solotions, our o.igilai md our rounded and normed solutions) with
JoHNsoNt (8) and our stress (10) (: J Stre$ and O-Stres), per.entase of
ordcr \iolarions or rn\ebjons \DLLT\P). 5rFAn!Ä\'s iink cotr..rrion
coefficient rho, KENDALL'S tau (in rh€ case of untied disrances) or GooDM^N &
KRUSKAIt 1, (in the case of tied distuces). The resuits can be seen ifl Table

J( and J solutions have been already compared br LNGoEs & RosKArr.
Takins .r ! (: DELTAPi 100) 

^ 
d 7 

^s 
a.canla"r;".g neasures ot soodoes

of ordedsomorphy a certain superiority of ou! algorithm (at least with these
däta sets) cmnot be def,ied. It seems to be better to tic distances rhan lewing
then inverted and faciry ä deteriorared orderisomorphy. Let us take mdüix
30, where the gteatest discrepancy between our strcss solotion and rhe -t
solution can be observed, as 2n eshple. Fo! the.t+olution 7 is .20, for our
original solution .60 znd for the rouoded 2nd nolmed solution .78. What

Arcb. Ply.hor, Bd. r:3, HLtr 34
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\^ble 4. AI dilti".t ude,-4 drnx asd th,, nirintz .o"fqsfdtias! obldised bl
LrNcols & RosRArr

croupÄ(,(:.t:0;d:6)

'\ 125,34,6
2125,43,6| 3 1,25,36,4
4125,46,2
5135.46,2

42.9, -, 14.3, -\00.0,33.3, 11.1. -100.0,71.4, 100.0, - 14.3,
55.5, -100.0, 11.1,
66.7, -100,0, 33.3,

GroupB((:.t:0;rd<6)

6 t36,45.2 100.0,
1 126,35.4 100.0,
8 124.35.6 75.7,
9 126.45.3 100.0,

10 123,54,6 0.0,
tt t23,45,6 0.0,
12 13465,2 100.0,
13 135.64.2 100.0,
14 136.54.2 100.0,
15 124,36,5 100.0,
't6 126,34,5 100.0,

100.0
100.0
100.0
100.0
100.0

100.0 62.7. 4.9, 100.0, 100.0
100.0 25.6, 51.0, 100.0, 100.0
100.0 25.6, 100.0, 51.0, 100.0
100.0 54.1, 100.0, 38.1, 100.0
100.0 54.1, 100.0, 38.1, 100.0
100.0 35.9. 100.0, 5.9, 100.0
100.0 35.9, 100.0, 6.0, 100,0
22.4 t1.2, 100.0, to0_0, 44.2
24.2 11.2. 100.0. 100_0, 46.3

t7 124,53,6
ta t34,56,2
19 t24,56.3

70.1,
33.3,

100.0, 54.4, 100.0
100.0, s5.3, 100.0
75.7, 100.0, 100.0

100.0, 0.0, 100.0
0.0, 100.0. 100.0
0.0, -100.0, 100.0

100.0, 100.0, 100.0
100.0, 100.0, 100.0

-100.0, 100.0, 100.0
100.0, -100.0, 100.0
100.0, 100.0, 100.0

24.7, 100.0, 100.0
100.0, 70.1, 100.0
100,0, 33.3, 100.0

(rolution .tiolutiot
42.9, 42.9, 100.0, 100.0 41.4, 41.4, 100.0, 100.0
47.4, 41.4, 100.0, 100.0 47.4. 41.4, 100.0, 100.0

Group C ((,J >0)

20 125,63,4
2\ 126,53,4

n \26,43,5
23 124,63,5
u t24,65,1
25 125,64,3
26 t26,54,3
27 123,46,5
2a tn,56,4
29 123,65,4
30 1%,64,5

62.a. 4.9, 100.0,
23.t. 53.8. 100.0,
23.8. 100.0. 55-1.
41.5, 100.0, 45.1,
52.2. 100.0. 35.6.
40.4, 100-0. 0.7,
38.0, 100.0, 6.1,
25.7, 100.0, 100.0,
30.2, -100.0, 100.0,

This narix is adapted lrom LrNcols & Ros(Ar! (1973, p. 56). Mati: cntries for
ianks are rirted ior upperhall oi matrix, i.e.: r'r) : 1, 1ß :2, p14 :5, prr : 3,
p2' :4, p|a : 6lot nrtir No. 1. The sc2le values of the co'ligurations a.e coo
puted and rounded br:rä:200 (rä xhh, JünN 100vhere:/r'mx:naa(te)
-min (ta) on dimensionz. (is theco€liciert of.lienationin GunM^N & LrNcoEs'
SsA-l-procram and .t is stres 1 in KRUsK^it M D SCAL progran (LNcoEs &
Ros(M, 1973, p. vii).
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\^b\es^. AI dbtird anl*4 ,tdtri.$ 
'rd 

tu,n tuitirtrh .o"Jis8atia"! d! d rürry af"Naszßtri
ttali"a Dithaü dnptrie! dwl ddtati*f' (otigintl sQIe lalües: Sum ol squares : 1)

1 -.110052 -.106833 -.341324 -.267735 -.41347
6 .44146
7 -.313578 .28175
9 -.4520310 -00042

11 .00004
12 -.4941713 .49987
u -.4943715 -.2446716 -.2610217 -.1510118 -.43528t9 -.2317
20 .00119
2t -.1070322 -.4201323 -.1500224 -.1558925 -39A4526 ,.44430
z7 ,.a1r40
28 ,.0A524
29 ,.12956
30 .1t6t2

OriBitul.nnlisuorions

-.04381 .61685
.09077 .69170

-.41635 .00741

-.63t69 .20527

-.55390 .32015

-.48108 .34429

-.3t331 .22929

-.2a224 .2a243

-.45116 .15029

-.00082 -.70681
.00054 -.70711

-.50181 .49819

-.50010 .50019
,.49425 .49858
,.24467 .28867

.25929 .26102

.15107 .69082

.55016 .43730

.67081 .22131

,.70611 .7A721

-.00047 .00031
.10596 .46053
.42456 .74821

,.74413 .42637
.55848 .38701
.53077 .35169
.67580 .01045
.68111 .04482
.76264 .44464
.43020 .75821

21062 05015 .60102 .76149
-.-.21980 .13389 .63851 .72442

34132 .47635 .OO741 .41021
24561 61361 .190U5 .70893
41387 55390 .42014 .64762

_34899 .34897
.24467 .28867
.04406 .04404
.4523t .45295
.00002 .00001
.00011 .00062
.49970 .49991
.49992 .49992
.49942 .49993
.24467 .28867
.24467 .28867
.\6435 _t6457
.34020 .61984
.2%44 .66982

.22361 .22359

.24098 .14858

.25274 .04423

.22357 .22357
-2236t ,.6708!
_49992 .49996
.45004 .45001
.25320 .59178
.22354 .67074
_2235t .66810
00019 .00020

.77011

.70716

.81027

.694t6

.64762

_6t625
.45617
.44643
.75289
.10723
.70661
.49800
.49978
.49804
.86602
.78133
.69076
.55274
.61066

.00069

.70718

.77470

.47367

.47424

.56993

.62739

.12475

.12353

.44552

.79404 .50392

-.28867 .A6602

-.65834 .74644
.75222 .75304

-.70703.70702
-.70673 .70724

.49949 .50012

.49986 .49998

.49990 .49985

-.2AAd.46602
-.2AA67 .46602
,.6A743.64761

.34018 .61987

.22337 .66993

.67081 .67081

.63040 .72280

.54972.75421

.67074 .67074

.2236t .67041

.49979 .50009

.15004 .75001

.DA435.76063

.22358.67475

.66913 .22261

.70582 .70581

Stres-values in Table 6b are based on rhese original configuiltions
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't^blc 5b. A/t dinnd üdtl 1 ,'dtiur .d ttujr fü"iM.üJtg#atiür d! d t\tlt of"Nah,utn
td/iflC ,itba"t dsldith! dtd d.itatir*"

croupA(Stßs:0!d:6) Rounded md norned conlignrations

1

2
3

GroupB(Stres:0id<6)

6 136, 45, 2 -100.0,7 126, 35, 4 -100.0,8 124, 35, 6 -100-0,9 126, 45, 3 -100.0,10 123, 54, 6 0.0,
tt 123, 45, 6 0.0,
t2 134, 65,2 100.0,
t3 735, 64,2 - IOO.O,

14 136, 54, 2 -100.0,15 124, 36, 5 -100.0,\6 126, 34, 5 100.0,

17 124,53,6 - 21.9,
18 134, 56,2 - 79.1,
19 124, 56, 3 33.3,

GroupC(Stre$>0)

20 t25, 63, 4 0.2,
21 126,53,4 100.0,

22 126, 43, 5 - 93.5,
23 t24,63,5 - 2.1,
24 124,65,3 , 3.4,
25 125, 64, 3 71.6,
26 126, 54, 1 85.7,
27 123, 46, 5 14.8,
2A tn, 56, 4 - 15.0,
29 1,23,65,4 4.7,
30 123, 64, 5 6.A,

100.0, 50.8, 100.0
100.0, 85.6, 100.0
100.0, 100.0, 100.0
100.0, 0.0, 100.0

0.1, 100.0, 100.0
0.0, 100.0, 100.0

100.0, 100.0, 100.0
100.0, 100.0, 100.0
100.0, 100.0, 100.0
100.0, 100.0, 100.0
100.0, -100.0, 100.0

21.9, 100.0, 100.0
100.0, 78.4, 100.0
100.0, 33.3, 100.0

100.0, 100.0, 0.1

- 0.1, 0_1, 100.0

- 8.3, 100.0, 100.0
92.0, 100.0, 100.0

'100.0, 92.2, 100.0

-100.0, 67.6, 100.0

-100.0, 52.4, 100.0
100.0. 0.9, 100.0

-100.0, 3.5, 100.0

-100.0, 100.0, 100.0
97.7, 100.0, 100.0

Our stress

- 42.7, 4.4, 100.0, 100.0

- 38.6, 13.3, -100.0, 100.0

- 79.0, 100.0, , 24.8. 100.0

- 50.4, 100.0, 21.6, 100.0

- 76.7, 100.0, 45.5, 100.0

-100.0. 100.0, 27.3. 100.0
,100.0. 100.0, -100.0, 100.0, 12.5. 12.5, -100.0, 100.0

100.0, 100.0, 0.3, 100.0
0.0, 0.0, 100.0, 100.0
0.0, 0.0, 100.0, 100.0

100.0, 100.0, 100.0, 100.0
100.0, -100.0, 100.0, 100.0
100.0, -100.0, 100.0, 100.0
100.0, 100.0, 100.0, 100.0
100.0, 100.0, 100.0, 100.0

23.9, 23.9, 100.0, 100.0
54.9, -100.0, 54.9, 100.0
33.3, -100.0, 33.3, 100.0

- 33.3,

- 42.4,

- 50.0,

- 33.3,

-100.0,
-100.0,
- 49.9,

- 33.5.

- 0.0,

33.3, -100.0, 100.0
15.1, -100.0, 100.0

0.0, -100.0, 100.0
31.3, -100.0, 100.0
100.0, 33.3, 100.0
100.0, 100.0, 100.0
100.0, 0.0, 100.0
100.0, 0.0, 100.0
100.0, 33.3, 100.0
100.0, 100.0, 33.2

0.0, -100.0, 100.0

Matix JoHNsoN\ Str6s
125,34,6 27.0, 17.4, 100.0, 100.0
125,41,6 16.4, 11.8, 100.0, 100.0
125, 36, 4 79.0, 100.0, 24.8, 100.0
125, 46, 3 45.1, 100.0, 26.3, 100.0
135, 46, 2 76.7, 100.0, 45.6, 100.0

/" 
' 

Lmbc. of drller.nr d .rance\: rhere are 10 unique rIr ces oI un'ied LalJe{, vl€n $e
l-r.,4.Iruhpoi.n:Thcoren\l .\,o' &Ro.ßrv. Iolj.p,58r:T.eredree\rcrlv{!lltl
itu.t"i!./e,t (di,srl,n t) symmerric matrices with conshnt diagonal €lements 2nd on€ ech of
tbe intgcß Ganking numbeß) 1.2,3, . . . 

"Q1 
1)/2 in the oil diasonal cells; where A is

not €quivalenr io ts ifl there is no perDutation mat.ix ? such that PAP': B and, >3 for
di+ aü (i + j). The oticia l scale values where norned the way LNcols & RosK^M did
(look 2t the bottom of Table 4).
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Table 6a. lNGoEs' d/ RosE^M's ,,rd,/r'

OS JS DELTAP RhO',I]

2A 125634 -42.9 42.9 -100.0 100.0
2t t26534 -41.4 41.4 100.0 100.0
22 t26435 62.A -4.9 100.0 100.0
23 t24635 -23.1 53.8 100.0 100.0
24 t24653 23.8 -100.0 55.1 100.0
25 t25643 -4t.5 - t00.0 45.1 100.0
26 t26543 -52.2 -100.0 35.6 100.0
27 t23465 - 40.4 - t00.0 -0.7 100.0
28 123564 -38.0 -100.0 6.3 100.0
29 123654 -25.7 -100.0 \00.0 22.4
30 123645 -10.2 -100.0 100.0 28.2

JS : ioENsoN's st€s

.17 .36 30.77 .62 .34

.16 .37 30.77 .62 .3a

.06 .t7 20.00 .83 .50

.10 .22 20.00 .17 .60

.10 .21 20.00 .77 .60

.14 .35 26.67 .66 .47

.13 .35 20.00 .11 .60

.10 .18 20.00 .'17 .60

.09 .17 20.00 .'17 .60

.16 .22 26.67 .54 .47

.21 2A 3113 49 .33

't^ble 6b. Cat;gqattu,! a' a

OS JS DELTAP Rho7, r,

20 125634 0.00t2
2t t26534 0.1070
22 126435 0.4201
23 t24635 0.1500
24 124653 0.6559
25 125643 0.3984
26 126543 0.4483
27 t23465 -0.01942A l%564 -0.085229 123654 0.1296
30 123645 D.ll61

0.7068 0.7p71
0.0005 0.0001
0.1060 0.4605
0.4246 -A.74820.7447 tt.4264
0.5585 0.3870
0.5308 0.3517

-0.6758 0.0104

-0.6831 0.0448

-4.7626 0.4467
0.4302 -0,7583

o.0aa7 .40 .27 46.67 .20 .07
0.7072 .40 .27 40.00 .26 .20
0.7747 .08 .09 20.00 .83 .60
0.4737 .15 .15 20.00 .77 .60
0.4742 .12 .31 20.00 .77 .60
0.5699 .13 .24 26.67 .71 .47
4.6274 .t1 .27 20.00 .77 .60
0.7u7 .10 .11 26.67 .71 .47
0.7235 .10 .11 20.00 .77 .60
0.,1455 .24 .18 40.00 .43 .20
0.4442 .n.14 T.33 .54.ll

J'solution - solution on the Basis oi Jo,NsoN's ste$ (8)
O{olution : Solution on rhe Basis ol Oür sre$ (10)

\able 6c. Nanßd a"i ror&led ürftg tdtioh

OS JS DELTAP Rhoi, z

20 125634
2l 126534
22 ',t26435

23 124635
24 t24653
25 125643
26 1,26543
27 123465
28 t23564
29 123654
30 123645

0.2 100.0
100.0 0.1
93.5 8_3

2.1 92.0
3.4 100.0

?1.6 100.0

-85.7 -100.0
-14.8 -100.0
-15.0 -100.0

4.7 -100.06.8 97.7

100.0 0_1

0.1 100.0
100.0 100.0
100.0 100.0
92.2 1,OO.D

67.6 100.0
52.4 100.0
0.9 100.0
3.5 100.0

100.0 100.0
100.0 100.0

.40 .27 46.67 .20 .07

.40 .27 46.15 .15 .08

.08 .09 20.00 .83 .60

.15 .15 20.00 .77 .60

.1,5 .15 26.61 .7t .47

.13 .24 26.67 _7t .47
.11 .27 20.00 .77 .60
.10 .tl 26.67 .71 .47
.10 .11 20.00 .77 .60
.24 .14 38.46 .44 .2i
.23 .t8 33.33 .5+ .33



Nolnetric Multidimensioul Scding vithoüt Dispariries .nd Deri'atives 263

dnd tuBrt/d.a,fiz'.rdtia,r

OS JS DELIAP RhO T. ]'

^41.4
- 41.4

62.1
25.6
25.6
54.1
54.1
35.9
35.9
tt.2
11.2

100.0
100.0
100.0
100_0
100.0
100.0
100.0
100.0
100.0

46.2
462

.62 .3E

.62 .38

.83 ,60

.71 .47
-77 ,60
."11 ,47
.77 .60
_71 .47
,77 .60
.49 .33
.43 .20

41.4 ,100.0
4t.4 100.0
4.9 -100.051.0 -100.0100.0 51.0

100.0 38.1
100.0 38.1
100.0 5.9
100.0 6.0
100.0 100.0
100.0 -100.0

.37 30.17

.37 30.17

.17 20.00
,23 26.67
.23 20.00
.35 26.67
.34 20.00
.76 26.67
.16 20.00
.\9 33.33
-20 40.00

.1,6

.16

.06

.10

.10

.14

.11

.10

.09

.18

.2n

os JS DELTÄP Rho r,/

0.2216
0.u10
0.2527
0.2236

-0.2021
0.4999
0.4500
0.2532
0.2236
0.2235

-0.0002

0.6708
0.7228
0.7582
0.6707
0.6064
0.5001
0.7500
0.7606
0.6707
0.2227
0.7058

0.2236 -0-67080.1486 0.6304
0.0842 0.5897
0.2236 -0.67070.6064 0.2021
0.5000 0.4998
0.4500 0.1500

-0.5918 0.0843

-0.6707 0.2236
0.6683 0.6691
0.0002 0.7058

.t4

.14

.05

.07

.07
,13
.08
.10
.07
.\4
.10

20.00 .77 .60
20.00 .77 .60
13.33 .89 .13
7.69 .88 .85

15.38 .79 .69
26.67 .71 .47
15.38 .77 .69
20.00 .77 .60
20.00 .71 .60
20.00 .66 .60
20 00 .77 .60

^ d r'!,/t ofa"t 
'lgotitb

Js DELTAP Rho r, /
33.3
42.4
50.0
33.3
33.3

100.0
100.0

49.9
33.3
33.5

100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
100.0
13.2

100.0

33_3 100.0
15.1 100.0
0.0 100.0
33.3 100_0

100.0 33.3
100.0 100.0
100.0 0.0
100.0 0.0
100.0 33.3
100.0 100.0
0.0 100.0

.41 15.38 .79

.43 t3.33 .83

.2 7.69 .91

.29 1.69 .88

.29 15.38 .t9

.35 12.50 .62

.32 9.09 .77

.22 21.43 .75

.17 t5.34 .77

.25 20.00 .66

.40 tt.l1 .68
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't^t lc 7 . co-pdrnai aJ s+al"ria, d"d ab nn' 
'o/,tia, lal nattix tt)

(round€d and normed)

4-3 5
4-2 4
4-1 3
3-1 2
2,1 \

200.0
't46,3

77.8
77.8
77.4
77.8

200.0 6
146.3 5
53.7 I
57,5 2
88.8 3

111.2 4

100.0
200.0
100.0
100.0
100.0

0.0

3.5
6
3.5

1.5
1

3,2
43
42
41
31
2l

i" SaalBtian
4r shows inv€isions proveßions

wirh da sith Ä,

i a$ lrffir nlstiar
lij shoss inveßions proresions

vith /d wirh /d

t ,: +-6:0.40 : DELr^Pnoo

a:020

1

d +-T
:0,11 : DEI,TAP/IOO

?:078

hrppened? This can be seenin Table 7. Äfter selecting m rix30w€conpared
th€ -t-solution (last lifle in Table 6a) with oür solütion (last line io Table 6c).
The resülts in the lover half i! Table 7 shov thrt the numb€r of inversions in
our solution is lowet (11%) than in the .t'solution (40%). This is a result ol
tying disränces. If the rankorder of the dissimilarities is so "conplicäted" that
one cm not find r rankpleserving isomorphic mapping, it seems to be beaet
to tie distances than to leave them wrongll invened. This means that the
algorithm tends to redüce the nunber of "group C" solutions and to increase
the oumber of "group B" solutions. The postulation that a good nonmeüic
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algorithm should avoid tied distances has to be modiEedr A good algorithm
shouid not tie distances äs tong as it does not create nev inversions lt s€€ms

trot to make sense in multidimensional scaling to demand diferent distänces

at the cost ol lower order isomorphy.

Relarions betwee! on€-srage and two-stage slr63

It is possibleto ttansform our stress (10) hto a classical tvo{t.ge nezsure
(1, 2) siftilar to KRüsKALt stress (5).

For a two+tage stress ve need a set ol disparities, which can be intei-
pteted x ilcal distawu with the same rankorder as the dissimilaiities- It is inter
esting to see vhi.h parts of our stress cm be looked at "disparities" or ideal
orde.preseffing distances. If ve reorde! the nuneßtor ol (10), we set ä '1wo
srage" stress vith disparit€s, rs follows:

. j u, ,t,t+t1a,t t a,, a,
"*P-- d,"*** D

I u,t - t"t
D

whee: 11 : all }l) äa,u l4i {11 is the "dispzrity".
The disparity (ideal distaoce) is equal to the dist2nce minus that amouot

(:ä147 -/rrD vhich dGtroys the rdkisomorphy vith the data. Because the
dispälity is ftve! greater than the distance there is no need for squaring error
terms in the nümerator to get positive values (Zrapproximation).
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